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Preface

Networks play a central role today, since many aspects of information technology
like communication, mobility, and transport are based on networks. Social in-
teractions and political activities of single persons as well as large organizations
also rely on networks. In these times of globalization, our social and economic
networks have certainly become ever larger and more complex and at the same
time the need to understand their structure and the processes on top of them
has become more and more important for every single country. This fact was
demonstrated recently in the current global financial crisis with its complex and
nearly incomprehensible entanglements of various structures and its huge effect
on seemingly unrelated institutions and organizations. With higher automati-
zation and larger computing power, our knowledge about biological networks,
e.g., gene expression data or metabolic networks, has also strongly increased
due to the large amount of data available. Finally, the Internet which can itself
be seen as a large and complex network, has enabled us to build on top of it
various kinds of networks. Whereas the latter’s structure can be influenced by
the software that mediates its building, the structure of our social and economic
or existing biological networks is not easily controllable but at least analyzable.
In all of these cases there is an intricate interplay between the structure of the
network and processes on top of it or problems that have to be solved on it.
Thus, it is on the one hand necessary to design efficient algorithms to study the
structure of a given network or—if the structure can be controlled—to find out
what would be the best network structure for a given problem. On the other
hand, it is neccessary to design new and more efficient algorithms for solving
various problems on these networks since many of them have become so large
and complex that classical algorithms are no longer sufficient.

This volume surveys the progress in selected aspects of this important and
growing field. It emerged from a research program funded by the German Re-
search Foundation (DFG) as priority program 1126 on Algorithmics of Large
and Complex Networks. The program consisted of projects focusing on the de-
sign of new discrete algorithms for large and complex networks. The aim of this
priority program was to bring together scientists that work on various aspects
of this field, to promote and support algorithmic research in this realm, and to
enable new applications on the basis of the resulting algorithms. In its course,
basic algorithmic methods have been developed further with respect to current
requirements from applications, and new network design and network analysis
tools have been proposed.

The research program was prepared collaboratively by Martin Dietzfelbinger,
Michael Kaufmann, Ernst W. Mayr, Friedhelm Meyer auf der Heide, Rolf H.
Mohring, Dorothea Wagner (coordinator), and Ingo Wegener. The first meetings
took place in 1999 in Berlin and Bonn. After a short version was submitted to
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the DFG in December 1999, a grant proposal was worked out during a workshop
at Schloss Dagstuhl in February 2000, submitted to the DFG on March 10, and
the program was granted in the spring meeting of the DFG Senat. The duration
of the program was six years, divided into three periods of two years each.
Altogether, 24 projects have been sponsored out of which 11 projects ranged
over all three periods, five over two periods and eight projects received founding
for one period.

The chapters of this volume summarize results of projects realized within the
program and survey-related work. The volume is divided into four parts: network
algorithms, traffic networks, communication networks, and network analysis and
simulation.

The first part presents research on general algorithmic problems that fre-
quently occur in the context of large and complex networks. More specifically:

— In “Design and Engineering of External Memory Traversal Algorithms for
General Graphs” Deepak Ajwani and Ulrich Meyer survey the state of the
art in I/O-efficient graph traversal algorithms.

— In “Minimum Cycle Bases and Their Applications” Franziska Berger, Pe-
ter Gritzmann, and Sven de Vries survey polynomial-time algorithms for
constructing minimum bases of the cycle space of graphs and digraphs.

— In A Survey on Approximation Algorithms for Scheduling with Machine
Unavailability” Florian Diedrich, Klaus Jansen, Ulrich M. Schwarz, and De-
nis Trystram present recent contributions to sequential job scheduling with
online and offline models of machine unavailability.

— In “Iterative Compression for Exactly Solving NP-Hard Minimization Prob-
lems” Jiong Guo, Hannes Moser, and Rolf Niedermeier survey the conceptual
framework for developing fixed-parameter algorithms for NP-hard minimiza-
tion problems using the iterative compression technique from Reed, Smith,
and Vetta (2004).

— In “Approaches to the Steiner Problem in Networks” Tobias Polzin and
Siavash Vahdati-Daneshmand overview relaxation algorithms, heuristics, and
reduction approaches to the Steiner problem and show how these components
can be integrated into an exact algorithm.

— In “A Survey on Multiple Objective Minimum Spanning Tree Problems”
Stefan Ruzika and Horst W. Hamacher review the literature on minimum
spanning tree problems with two or more objective functions each of which
is of the sum or bottleneck type.

The second part deals with algorithms for traffic networks, i. e., networks on
which physical objects such as cars, trains, or airplanes travel. More specifically:

— In “Engineering Route Planning Algorithms” Daniel Delling, Peter Sanders,
Dominik Schultes, and Dorothea Wagner overview techniques to speed-up
route planning algorithms and point out challenging variants of the problem.

— In From State of the Art Static Fleet Assignment to Flexible Stochastic
Planning of the Future Sven Grothklags, Ulf Lorenz, and Burkhard Monien
develop flexible strategies for aircraft assignment that can handle uncertainty
in the input data at planning time.
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— In “Traffic Networks and Flows Over Time” Ekkehard Kohler, Rolf H.
Mohring, and Martin Skutella deal with optimization problems for traffic
management and route guidance in street networks from the viewpoint of
network flow theory.

The third part covers various algorithmic problems occurring in communica-
tion networks, i.e., networks such as the Internet on which information is sent.
More specifically:

— In “Interactive Communication, Diagnosis and Error Control in Networks”
Rudolf Ahlswede and Harout Aydinian survey results on connectors in com-
munication networks, fault diagnosis in large multiprocessor networks, un-
conventional error-correcting codes, and parallel error-control codes.

— In “Resource Management in Large Networks” Susanne Albers reviews on-
line strategies for buffer management in network routers and switches and
online and offline strategies for Web caching where limited reordering of
requests is allowed.

— In “Multicast Routing and Design of Sparse Connectors” Andreas Baltz and
Anand Srivastav summarize studies of the minimum multicast congestion
problem and describe efficient architectures for communication networks.

— In “Management of Variable Data Streams in Networks” Anja Feldmann,
Simon Fischer, Nils Kammenhuber, and Berthold Vécking show how and un-
der which conditions interaction of selfish agents in communication networks
leads to a Nash equilibrium, develop an algorithm to compute approximate
equilibria, and design an online traffic engineering protocol.

— In “Models of Non-atomic Congestion Games — From Unicast to Multicast
Routing” Lasse Kliemann and Anand Srivastav overview results for non-
atomic congestion games and introduce and analyze consumption-relevance
congestion games that comprise all other models.

— In “New Data Structures for IP Lookup and Conflict Detection” Christine
Maindorfer, Tobias Lauer, and Thomas Ottmann present a survey of data
structures for the representation of dynamic range router tables and outline
improvements to online conflict detection.

The fourth part contains chapters on the analysis, visualization, and simula-
tion of, among others, social networks or sensor networks. More specifically:

— In “Group-Level Analysis and Visualization of Social Networks” Michael
Baur, Ulrik Brandes, Jiirgen Lerner, and Dorothea Wagner present meth-
ods to define and compute structural network positions and techniques to
visualize a network together with a given assignment of actors into groups.

— In “Modeling and Designing Real-World Networks” Michael Kaufmann and
Katharina Zweig discuss models that explain how recurrent structures in
real-world networks can emerge and treat the design of local network gener-
ating rules that lead to a globally satisfying network structure.
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— In ‘Algorithms and Simulation Methods for Topology-Aware Sensor Net-
works” Alexander Kroller, Dennis Pfisterer, Sandor P. Fekete, and Stefan
Fischer describe fundamental algorithmic issues for wireless sensor networks
and present the network simulator Shawn.

We would like to thank all authors who submitted their work, as well as the
referees for their invaluable contribution. The group of initiators is grateful to
Kurt Mehlhorn for his helpful advice during preparation of the grant proposal.
Finally, we would like to thank the DFG for accepting and sponsoring the priority
program no. 1126 Algorithmics of Large and Complex Networks. We hope that
this volume will serve as a starting point for further research in this important
field.

March 2009 Jirgen Lerner
Dorothea Wagner
Katharina A. Zweig

Referees
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Design and Engineering of External Memory
Traversal Algorithms for General Graphs

Deepak Ajwani' and Ulrich Meyer?*

! Max-Planck-Institut fiir Informatik, Saarbriicken, Germany
2 Goethe-Universitét, Frankfurt am Main, Germany

Abstract. Large graphs arise naturally in many real world applications.
The actual performance of simple RAM model algorithms for traversing
these graphs (stored in external memory) deviates significantly from their
linear or near-linear predicted performance because of the large number
of I/Os they incur. In order to alleviate the I/O bottleneck, many exter-
nal memory graph traversal algorithms have been designed with provable
worst-case guarantees. We describe the various techniques used in the de-
sign and engineering of such algorithms and survey the state-of-the-art
in I/O-efficient graph traversal algorithms.

1 Introduction

Real world optimization problems often boil down to traversing graphs in a
structured way. Graph traversal algorithms have therefore received considerable
attention in the computer science literature. Simple linear time algorithms have
been developed for breadth first search, depth first search, computing connected
and strongly connected components on directed graphs, and topological order-
ing of directed acyclic graphs [25]. Also, there exist near-linear time algorithms
for minimum spanning trees [21,[44,[55] on undirected graphs and single-source
shortest paths [31L36] (SSSP) on directed graphs with non-negative weights. For
all pair shortest paths (APSP), the naive algorithm of computing SSSP from all
nodes takes O(m - n + n?logn), where n is the number of nodes and m is the
number of edges. It has been improved to O(m - n + n?loglogn) [54] for sparse
graphs and O(n3/logn) [20] for dense graphs.

In many such applications, the underlying graph is too big to fit in the internal
memory of the computing device. Consider the following examples:

— The world wide web can be looked upon as a massive graph where each
webpage is a node and the hyperlink from one page to another is a directed
edge between the nodes corresponding to those pages. As of August 2008, it
is estimated that the indexed web contains at least 27 billion webpages [26].
Typical problems in the analysis (e.g., [14], [47]) of WWW graphs include
computing the diameter of the graph, computing the diameter of the core

* Partially supported by the DFG grant ME 3250/1-1, DFG grant ME2088/1-3, and
by MADALGO — Center for Massive Data Algorithmics, a Center of the Danish
National Research Foundation.

J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 1 2009.
© Springer-Verlag Berlin Heidelberg 2009



2 D. Ajwani and U. Meyer

of the graph, computing connected and strongly connected components and
other structural properties such as computing the power in the power law
modeling of WWW graphs. There has also been a lot of work on understand-
ing the evolution of such graphs.

— The citations graph of all the scientific papers in the world from specific
domains, where nodes are the publications and a directed edge from one
paper to the other reflects a citation. The main problem here is to understand
the nature of scientific collaboration and identify communities.

— Telephone call graphs: Telephone call graphs have the telephone numbers
operated by a company as nodes and there is a directed edge between two
nodes if and only if there has been a call from one number to another in
a certain time-frame. The call graphs managed by telecom companies like
AT&T can be massive. Typical problems on telephone call graphs are fraud
detection and searching for local communities (e.g., by detecting maximum
cliques [2]).

— GIS terrain data: Remote sensing has made massive amounts of high reso-
lution terrain data readily available. Terrain analysis is central to a range
of important geographic information systems (GIS) applications concerned
with the effects of topography. Typical problems in this domain involve flow
routing and flow accumulation [10].

— Route planning on small PDA devices [39,59]: The PDA devices used to
compute the fastest routes have very small main memory. Although the
street maps of even continents are only a few hundred MBs in size, they are
too large to fit into the small main memory of these devices.

— State space search in Artificial Intelligence [33]: In many applications of
model checking, the state space that needs to be searched is too big to fit
into the main memory. In these graphs, the different configuration states
are the nodes and the edge between two nodes represent the possibility of a
transition from one state to another in the course of the protocol/algorithm
being checked. Typical problems in this domain are reachability analysis (to
find out if a protocol can ever enter into a wrong state) [41], cycle detection
(to search for liveness properties) [32], or just finding some path to eventually
reach a goal state (action planning).

Unfortunately, as the storage requirements of the input graph reaches and ex-
ceeds the size of the internal memory available, the running time of the simple
linear or near-linear time algorithms deviates significantly from their predicted
asymptotic performance in the RAM model. On massive graphs (with a billion
or more edges), these algorithms are non-viable as they require many months or
years for the requisite graph traversal. The main cause for such a poor perfor-
mance of these algorithms on massive graphs is the number of I/Os (transfer of
data from/to the external memory) they incur. While it takes a few nano-seconds
to access an element in the main memory, it usually takes a million times longer
to fetch the same element from the disk.

Figure [ displays the results of experiments with the commonly used BFS
routine of the LEDA [50] graph package on random graphs [34,135] G(n,m)
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Fig. 1. Time (in seconds) required by BFS from the LEDA graph package on random
graphs with m = 4n edges

with m = 4n. These experiments were done on a machine with Intel Xeon 2.0
GHz processor, 1 GB RAM and 2 GB swap space on a Seagate Baracuda hard-
disk [64]. On random graphs with 3.6 million nodes (and 14.4 million edges), it
takes around 10 hours as compared to just 10 seconds for graphs with 1.8 million
nodes (and 7.2 million edges).

In such situations, one often applies heuristics, pre-computations or exploits
special properties of the underlying graphs. Such solutions are usually tailored
for particular domains and are often application-specific. Ideally, we would like
to have practical I/O-efficient algorithms for traversing general directed graphs.

1.1 External Memory Model

The huge difference in time between accessing an element from the main memory
and fetching an element from the disk (I/O) is (nicely) captured by the external
memory model (or the I/O model), which was introduced by Aggarwal and
Vitter [3]. It assumes a single central processing unit and two levels of memory
hierarchy (cf. Figure 2)). The internal memory is fast, but has a limited size of M
words. In addition, we have an external memory (consisting of D disks) which can
only be accessed using I/Os that move B - D contiguous words between internal
and external memory. For graph problems, the notation is slightly altered: we
assume that the internal memory can have up to M data items of a constant
size (e.g., nodes or edges), and in one I/O operation, B - D contiguous data
items move between the two memories. At any particular time, the computation
can only use the data already present in the internal memory. The measure of
performance of an algorithm is the number of 1/Os it performs. An algorithm
incurring fewer number of I/Os is considered better.
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Fig. 2. The external memory model

In this paper, we will assume that the external memory consists of only one
disk, i.e., D = 1. This assumption allows us to ignore the D term from the 1/0O
complexities of the algorithms and simplify the presentation.

Typical values of B range around one million. As an example of what the
different I/O complexities mean in terms of actual running time, consider a
graph with 1 billion nodes and 10 billion edges stored on a Seagate Barracuda
hard disk [64] (average latency: 4.2 msec). An algorithm incurring m I/Os will
need around 1.3 years, one with n I/Os will require around 1.6 months, n/\/B
I/O algorithm will need about 1.2 hours and the one with n/B I/Os requires
only 4.2 seconds.

1.2 Cache-Oblivious Model

Modern computer architecture consists of a hierarchy of storage devices — regis-
ters, different levels (L1/L2/L3) of caches, main memory, and the hard disks —
with very different access times and storage capacities. While external memory
algorithms can be tuned for any two-level memory hierarchy by appropriately
modifying the values of B and M, this tuning requires the knowledge of several
hardware related parameters which are not always available from the manufac-
turer (particularly between the L2/L3 cache and the main memory) and are
often difficult to extract automatically. Furthermore, parameter tuning makes
code portability difficult. Ideally, we would like a model that captures the essence
of memory hierarchy without knowing its specifics, i.e., values of B and M, and
at the same time be efficient on all memory hierarchy levels simultaneously. Yet,
it should be simple enough for a feasible and meaningful algorithm analysis. The
cache oblivious model introduced by Frigo et al. [37] promises all of the above.
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The cache-oblivious model also assumes a two level memory hierarchy with
an internal memory of size M and block transfers of B elements in one I/O. The
performance measure is the number of I/Os incurred by the algorithm. However,
the algorithm does not have any knowledge of the values of M and B. Conse-
quently, the guarantees on I/O-efficient algorithms in the cache-oblivious model
do not only hold on any machine with multi-level memory hierarchy but also on
all levels of the memory hierarchy at the same time. In principle, cache-oblivious
algorithms are expected to perform well on different architectures without the
need of any machine-specific optimization.

Note that any cache-oblivious algorithm is also an external memory algorithm
with the same I/O complexity. On the other hand, cache-oblivious algorithms
may have a worse I/O complexity than their external memory counterparts be-
cause of their generality. Also, the cache-oblivious algorithms (even those that
have the same asymptotic bounds as their corresponding external memory algo-
rithms) are usually slower in practice because of larger constant factors in their
I/O complexity (see e.g., [5]).

1.3 Outline

In the last couple of decades, there has been a lot of work in the design of external
memory (EM) and cache-oblivious algorithms for traversal problems on general
graphs. Many algorithms with worst-case I/O guarantees have been designed.
This has led to a better understanding of upper and lower bounds for the I/O
complexity of many graph traversal problems.

Simultaneously, there has been work in engineering some of the more promis-
ing external memory and cache-oblivious algorithms into good implementations
that can make graph traversal viable for massive graphs. Such engineering has
been successful and has significantly extended the limits on the size of the un-
derlying graphs that can be handled “in reasonable time”.

This paper surveys the design and engineering of I/O-efficient graph traversal
algorithms. In Section [2, we discuss various tools and techniques used in the
design of these algorithms in external memory. Section Bl discusses the tools for
engineering these algorithms. These include external memory libraries which play
a crucial role in fast development and high performance of the implementations of
these algorithms. Section @l discusses the key problems in externalizing the simple
linear or near-linear time internal memory algorithms. Sections Bl [6 [ and [
survey the problems of computing connected components/minimum spanning
tree, BFS, SSSP, and APSP, respectively on undirected graphs. Section [ covers
the problem of A* traversal in external memory. Section [I0 describes the I/0O-
efficient directed graph traversal algorithms.

1.4 Notations and Graph Representation

In the rest of the paper, we will refer to the input graph as G(V, E). A directed
edge from w to v will be denoted by (u,v) and an undirected edge between u
and v will be referred as {u,v}. For a directed edge (u,v), we call u the tail
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node and v the head node. We use the term adjacency list of a node u to refer
to the set of all edges incident to u. Note that this term does not refer to the
(pointer-based) list data structure.

In addition, we will use the following notations: n = |V|, m = |E|, d, to
refer to the degree of a node v € V| and d(s, t) to refer to the distance between
the node s and t in G. For algorithms involving unweighted graphs such as list
ranking, and BFS, the distance between two nodes is the number of edges on
a minimum-length path between them. For weighted graphs (those arising in
SSSP or APSP applications), we define the weight of a path P as the sum of
the weights of the edges belonging to P. The distance between two nodes in this
case is the minimum weight of any path between them.

For the problems considered in this paper, the input or the intermediate
graphs are stored on the disk. The actual graph representation varies between
different implementations, but in general it supports efficient retrieval of the
adjacency lists of nodes (see e.g. [4]). Often, the nodes exist only virtually as
consecutive numbers, and are not stored explicitly on the disk.

2 Tools and Techniques for Designing I/O-Efficient
Graph Traversal Algorithms

Many different tools and techniques have been developed for graph algorithms
in external memory in the last couple of decades. In this Section, we describe
some of the commonly used building blocks for the design of I/O-efficient graph
traversal algorithms.

2.1 Parallel Scanning

Scanning many different streams (of data from the disk) simultaneously is one
of the most basic tools used in I/O-efficient algorithms. This can be used, for
example, to copy some information from one stream to the other. Sometimes,
different streams represent different sorted sets and parallel scanning can be
used to compute various operations on these sets such as union, intersection, or
difference.

Given k = O(M/B) streams containing a total of O(n) elements, we can
scan them “in parallel” in scan(n) := O(n/B + k) 1/Os. This is done by simply
keeping O(1) blocks of each stream in the internal memory. When we need a
block not present in the internal memory, we remove (or write back to the disk)
the existing block from the corresponding stream and load the required block
from the disk.

2.2 Sorting

Sorting is fundamental to many I/O-efficient graph traversal algorithms. In par-
ticular, sorting can be used to rearrange the nodes on the disk so that a graph
traversal algorithm does not have to spend £2(1) I/Os for loading the adjacency
list of each node into the internal memory.
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Sorting n elements in the external memory requires sort(n) := O( -log s 5)
I/Os [3]. There exist many different algorithms for I/O-efficient sorting. The
most commonly used external memory sorting algorithm is based on (M/B)-
way merge sort. It first scans through the input data, loading M elements at a
time, sorting them internally and writing them back to disk. In the next round,
we treat each of these chunks as a stream and merge O(M/B) streams at a
time using “parallel scanning” to produce sorted chunks of size O(M?/B). By

repeating this process for O(logzg ) rounds, we get all the elements sorted.

External memory libraries such as STXXL [28,29] and TPIE [I2] provide fast
implementations of external memory sorting routines. STXXL also has special-
ized functions for sorting elements with integer keys and sorting streams.

In the cache-oblivious setting, funnel-sort [37] and lazy funnel-sort [15], also
based on a merging framework, lead to sorting algorithms with the same I/0O
complexity of (7} log as %) I/Os. Brodal et al. [I8] show that a careful imple-
mentation of this algorithm outperforms several widely used library implemen-
tations of quick-sort on uniformly distributed data. For the largest instances in
the RAM, this implementation outperforms its nearest rival std::sort from the
STL library included in GCC 3.2 by 10-40% on many different architectures like
Pentium ITI, Athlon and Itanium 2.

2.3 PRAM Simulation

A Parallel Random Access Machine (PRAM) is a basic model of computation
that consists of a number of sequential processors, each with its own memory,
working synchronously and communicating between themselves through a com-
mon shared memory. Simulating a PRAM algorithm [23] on the external mem-
ory model is an important tool in the design of I/O-efficient graph algorithms. A
PRAM algorithm that uses p processors and O(p) (shared memory) space and
runs in time T'(p) can be simulated in O(T'(p) - sort(p)) I/Os.

Each step taken by a PRAM involves each processor independently reading a
data element, computing on it and writing some output. In order to simulate it
on the external memory model, the read requests of all the processors are sorted
according to the location of the required data. Afterwards, one scan of the entire
data of the shared memory is enough to fetch all the requisite data. This is
then sorted back according to the processor ids. Thereafter, in one scan of the
fetched data, we perform all the computations by all the processors and collect
the output data (together with its location) that would have been produced
by each processor. This is then sorted according to the memory location and
written back to the disk. Thus, each step of the O(p)-processor PRAM algorithm
requiring O(p) space can be simulated by a constant number of sorts and scans,
i.e., O(sort(p)) I/Os.

PRAM simulation is particularly appealing as it translates a large number of
PRAM-algorithms into I/O-efficient and sometimes I/O-optimal algorithms.

Even without directly using the simulation, I/O-efficient algorithms can be
obtained by appropriately translating PRAM algorithms, as many of the ideas
applied in parallel computing for reducing a problem into many independent
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sub-problems are also useful for designing external memory algorithms. For many
problems, the bounds obtained by appropriately translating PRAM algorithms
are much better than those obtained by direct simulation.

2.4 Algorithms on Trees

Efficient external memory algorithms are known for many different problems on
undirected trees. These include rooting a tree, computing pre-order, post-order
or in-order traversal, computing the depth of each node, least common ancestor
queries, etc. Most of these algorithms (e.g., the tree traversal algorithms in [23])
are efficient translations of their PRAM counterparts.

2.5 FEuler Tour

An Euler tour of an undirected tree T' = (V, E) is a traversal of T that traverses
every edge exactly twice, once in each direction. Such a traversal produces a
linear list of edges or vertices capturing the structure of the tree. In order to
compute such a tour, we choose an order of the edges {v, w1 },...,{v,w;} inci-
dent to each node v of T. Then, we mark the successor of {w;, v} to be {v, w;;1}
and the successor of {wy, v} to be {v, w;}. We break the resultant circular list at
some node 7 by choosing an edge {v, r} with successor {r, w}, setting the succes-
sor of {v,r} to be null and choosing {r,w} to be the first edge of the traversal.
An Euler tour of a tree can thus be computed in O(sort(n)) I/Os.

2.6 Priority Queues

A priority queue is an abstract data structure that stores an ordered set of keys
and allows for efficient insertion, search of the minimum element (find min) and
deletion of the minimum element (delete min). Sometimes operations such as
deleting an arbitrary key and decreasing the value of the key are also supported.
Priority queues are fundamental to many graph traversal algorithms, particularly
for computing single-source shortest-paths.

One way of implementing efficient external memory priority queues is using
buffer trees [7]. Buffer trees are useful for batched operations, i.e., when the
answers to the queries are not required immediately but eventually.

A buffer tree has degree ©(M/B). Each internal node is associated with a
buffer containing a sequence of up to ©(M) updates and queries to be performed
in its subtree. Leaves contain @(B) keys. Updates and queries are simply per-
formed by inserting the appropriate signal in the root node buffer. If the buffer
is full, it is flushed to its children. This process may need to be repeated all the
way down to the leaves. Since flushing the buffer requires ©(M/B) I/Os (which
is done after inserting @(M) signals) and the tree has O(log,,p 1) levels, the
amortized cost of the update and query operations is O(Il3 . logag 5) 1/0s. It
can be shown that the re-balancing operations for maintaining the tree can also
be done within the same bounds.
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In order to use buffer trees as a priority queue, the entire buffer of the root
node together with the O(M/B) leftmost leaves (all the leaves of the leftmost
internal node) is kept in internal memory. We maintain the invariant that all
buffers on the path from the root to the leftmost leaf are empty. Thus, the
element with the smallest priority always remains in internal memory. The in-
variant is maintained by flushing out all buffers in the leftmost path whenever
the root buffer is flushed, at a total cost of O(% -logar 1) 1/Os. The amortized

cost of updates and queries still remains O( j - log ur () 1/0Os.

Note that the buffer tree based priority queue can not efficiently perform a
decrease key of an element, if we do not know its old key. For efficient but lazy de-
crease key operations, we can use tournament trees [46]. On an I/O-efficient tour-
nament tree with n elements, any sequence of z operations each of them being either
a delete, delete min or an update, requires at most O( 7, -log, 7 ) I/Os. The update
operation referred here is a combined insert and decrease key operation.

Cache-oblivious priority queues with amortized O( 2;; . logzg 5) I/O insertion,
deletion and delete min operations have also been developed [8[17]. The cache-
oblivious bucket-heap based priority queue [I6] provides amortized O( 2;; -logy 1)
update, delete and delete min operations, where the update operation is a combined
insert and decrease key operation similar to the one provided by tournament trees.

2.7 Time Forward Processing

Time forward processing [7,23] is an elegant technique for solving problems that
can be expressed as a traversal of a directed acyclic graph (DAG) from its sources
to its sinks. Let G be a DAG and ¢(v) be a label associated with the node v.
The goal is to compute another labelling ¢ (v) for all nodes v € G, given that
1(v) can be computed from labels ¢(v) and ¥(u1),...,¥(uk), where uq, ..., ug
are the in-neighbors of v.

Time forward processing on an n-node DAG can be solved in external memory
in O(sort(n)) I/Os if the following conditions are met:

1. The nodes of G are stored in topologically sorted order.
2. ¢ (v) can be computed from ¢(v) and ¥ (uq),..., ¥ (ug) in O(sort(k)) I/Os.

This bound is achieved by processing the nodes in the topologically sorted order
and letting each node pass its label ¢ to its out-neighbors using a priority queue.
Each node u inserts ¢ (u) in the priority queue for each out-neighbor v with the
key being the topological number of v, T'(v). We ensure that before we process v,
we extract all the nodes with priority T'(v) and therefore, get all the necessary
information to compute ¥ (v).

2.8 List Ranking

A list L is a collection of elements x1, . . . , x, such that each element x;, except the
last element of the list, stores a pointer to its successor, no two elements have the
same successor and every element can reach the last element by following successor
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pointers. Given a list L of elements kept in an arbitrary order on the disk and a
pointer to the first element and weights w on all edges, the list ranking problem
is that of computing for every element z;, its distance from the first element.

The external memory list ranking algorithm [23] computes an independent
set I of size £2(n). All elements z; € I are removed from L by marking suce(x;)
as the successor of pred(x;), where succ(z;) and pred(z;) are the successor and
predecessor of z; in L. The weight of the new edge {pred(z;), succ(x;)} is the
sum of the weights of {pred(z;),z;} and {z;, succ(z;)}. The problem on the
compressed list is recursively solved. For each node z; € I, its distance from
the head is equal to the sum of the distance of pred(z;) (computed for the
compressed list) and the weight of the edge {pred(z;),x;}. All operations for
compressing the list incur O(sort(n)) I/Os and thus the total cost of list ranking
is I(n) = I(a- n) + O(sort(n)) = O(sort(n)) I/0s, for some constant 0 < a < 1.

Note that any maximal independent set of a list has size at least n/3. Thus in
order to compute the independent set I of size £2(n), we just need to compute a
maximal independent set. A maximal independent set I of a graph G(V, E') can
be computed simply by a greedy algorithm in which the nodes are processed in
an arbitrary order. When a node v € V' is visited, we add it to the set I if none
of its neighbors is already in I. This can be done in O(sort(n + m)) I/Os using
time forward processing.

A list of length n can thus be ranked in O(sort(n)) I/Os.

List ranking algorithm in practice. Another list ranking algorithm due to
Sibeyn [60] has low constant factors (for realistic input size) in its I/O com-
plexity and is therefore, more practical. The algorithm splits the input list into
sublists of size O(M) and goes through the data in a wave-like manner. For all
elements of the current sublist, it follows the links leading to the elements of the
same sublist and updates the information on their final element and the number
of links to it. For all elements with links running outside the current sublist, the
required information is requested from the sublists containing the elements to
which they are linked. The requests and the answers to the sublists are stored
in one common stack and processed only when the wave through the data hits
the corresponding sublist. Bucketing and lazy processing of the requests and the
answers to the sublists make the implementation [60] faster than the algorithms
based on independent set removal by a factor of about four. The implementa-
tion [5] of this algorithm in the STXXL framework is quite fast in practice and
has been used as a building block in the engineering of many graph traversal
algorithms.

2.9 Graph Contraction

The key idea in graph contraction is to reduce the size of the input graph G
while preserving the properties of interest. Such a procedure is often applied
recursively till either the number of edges or the number of nodes are reduced
by a factor of O(B) or the number of nodes is reduced to O(M). In the first
case, the algorithm can afford to spend O(1) I/Os per remaining node to solve
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the problem. In the latter case, an efficient semi-external algorithm is used to
solve the problem.

Graph contraction is particularly useful for problems like connected com-
ponents and minimum spanning forests, where the connectivity information is
preserved (see e.g. [9]) during the edge contraction steps.

2.10 Graph Clustering

Clustering a graph refers to decomposing the graphs into disjoint clusters of
nodes. Each cluster contains the adjacency lists of a few nodes. These nodes
should be close in the original graph. Hence, if a node of the cluster is visited
during BF'S, SSSP or APSP, the other nodes of the cluster will also be visited
“shortly”. This fact can be exploited (see e.g., [4951]) to design better algorithms
for these problems.

2.11 Ear Decomposition

An ear decomposition € = (Py, P1, Py, ..., Py) of a graph G = (V, E) is a parti-
tion of E into an ordered collection of edge-disjoint simple paths P; with end-
points s; and t;. Ear Py is an edge. For 1 <14 < k, ear P; shares its two endpoints
s; and t;, but none of its internal nodes, with the union PyU. .. P;_; of all previous
ears. A graph has an ear decomposition if and only if it is two-edge connected,
i.e., removing any edge still leaves a connected subgraph.

An ear decomposition of a graph can be computed in O(sort(n)) I/Os in
external memory [48].

3 Tools for Engineering External Memory Graph
Traversal Algorithms

In the last decade, many techniques have evolved for engineering external mem-
ory graph traversal algorithms. Libraries specifically containing fundamental
algorithms and data structures for external memory have been developed. Tech-
niques such as pipelining can save some constant factors in the I/O complexity
of the external memory implementations, which can be significant for making
the implementation viable. In this section, we describe some of these tools and
techniques.

3.1 External Memory Libraries

External memory libraries play a crucial role in engineering algorithms run-
ning on large data-sets. These libraries not only reduce the development time
for external memory algorithms, but also speed up the implementations them-
selves. The former is done by abstracting away the details of how an I/O is
performed and providing ready-to-use building blocks including algorithms such
as sorting and data structures such as priority queues. The latter is done by



12 D. Ajwani and U. Meyer

offering frameworks such as pipelining (c.f. Section B.2) that can reduce the
constant factors in the I/O complexity of an implementation. Furthermore, the
algorithms and data structures provided are optimized and perform less internal
memory work.

STXXL. STXXL [28,29] is an implementation of the C++ standard template
library STL [62] for external memory computations. Since the data-structures
and algorithms in STXXL have a well-known generic interface similar to that
of STL, it is easy to use and the existing applications based on STL can be
easily made to work with STXXL. STXXL supports parallel disks, overlapping
between disk I/O and computation and the pipelining technique that can save a
significant fraction of the I/Os. It provides I/O-efficient implementations of var-
ious containers (stack, queue, deque, vector, priority queue, BT-tree, etc.) and
algorithms (scanning, sorting using parallel disks, etc.). It is being used both in
academic and industrial environments for a range of problems including text pro-
cessing, graph algorithms, computational geometry, Gaussian elimination, visu-
alization, and analysis of microscopic images, differential cryptographic analysis,
etc. Among graph algorithms in particular, it has been used for implementing
external memory minimum spanning trees, connected components, breadth-first
search, and social network analysis metrics.

TPIE. TPIE [12] or “Transparent Parallel I/O Environment” is another C++
template library supporting out-of-core computations. The goal of the TPIE
project has been to provide a portable, extensible, flexible, and easy to use
programming environment for efficiently implementing I/O-efficient algorithms
and data structures. Apart from supporting algorithms with a sequential 1/O
pattern (i.e., algorithms using primitives such as scanning, sorting, merging,
permuting and distributing) and basic data structures such as BT-tree, it sup-
ports many more external memory data structures such as (a, b)-tree, persistent
B-tree, Bkd-tree, K-D-B-tree, R-tree, EPS-tree, CRB-tree etc. It is used for
many geometric and GIS implementations.

3.2 Pipelining

Conceptually, pipelining is a partitioning of the algorithm into practically in-
dependent parts that conform to a common interface, so that the data can be
streamed from one part to the other without any intermediate external memory
storage. This may reduce the constant factors in the I/O complexity of the al-
gorithm. It leads to better structured implementations, as different parts of the
pipeline only share a narrow common interface. On the other hand, it may also
increase the computational costs as in a stream, searching an element can’t be
done by exponential or binary search, but by going through potentially all the
elements in the stream. This means that the correct extent of pipelining needs
to be carefully determined.

Usually, a pipelined code requires more debugging efforts and hence, signifi-
cantly larger development time. For more details on the usage of pipelining as a
tool to save I/Os, refer to [27].
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3.3 Heuristics

The external memory implementations also use various heuristics that preserve
the theoretical guarantees of the basic algorithms. Often, these heuristics try to
exploit the available resources better — be it main memory or the computation.
As an example, Section [6.3 shows some heuristics for the external memory BFS
implementations that help to use the main memory more efficiently.

4 Key Problems in EM Graph Traversal

Before describing the design and engineering of various external memory graph
traversal algorithms, let us look into the following problems associated with
running internal memory graph algorithms for computation on externally stored
graphs:

1. Remembering visited nodes needs ©(m) I/0s in the worst case.

2. Unstructured accesses to adjacency lists (or random I/Os to load adjacency
lists into internal memory) may result in ©(n) I/Os.

3. Lack of an efficient addressable external memory priority queue. Most of the
external memory priority queue data structures rely on the concept of lazy
batched processing. This means that decrease keys and deletes need not take
effect immediately. (However, the correctness of the delete min operation is
not compromised.) Moreover, they do not support decrease key operation in
O( é) I/Os. Furthermore, the new key can not depend on the old key in any
way.

The first problem can be solved by using data structures such as a buffered
repository tree [I9] and priority queues to remove the edges that lead to already
settled nodes. In the case of single-source shortest paths, some algorithms even
allow the already visited or settled nodes to enter the priority queue again, but
then they take care to remove them before they can lead to any inaccuracy in the
results. For BFS on undirected graphs, this problem can be solved by exploiting
the fact that the neighbors of a node in BFS level ¢ are all in level ¢ — 1, ¢ or
t+1.

Solving the second problem is usually more tricky. For BFS on undirected
graphs, this is partially solved by re-arranging the graph layout on the disk. It is
not clear whether and how it can be solved for other graph traversal problems.

5 Minimum Spanning Forest

Given an undirected connected graph GG, a spanning tree of GG is a tree-shaped
subgraph that connects all the nodes. A minimum spanning tree is a spanning
tree with minimum total sum of edge weights. For a general undirected graph
(not necessarily connected), we define a minimum spanning forest (MSF) to be
the union of the minimum spanning trees for its connected components. Com-
puting a minimum spanning forest of a graph G is a well-studied problem in the
RAM model.
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The first algorithm for this problem is due to Boruvka [I3]. This algorithm
runs in phases; in each phase we find the lightest edge incident to each node.
These edges are output as a part of the MSF. Contracting these edges leads to
a new graph with at most half of the nodes. Since the remaining MSF edges are
also in the MSF of the contracted graph, we recursively output the MSF edges
of the contracted graph.

The most popular algorithms for MSF in the RAM model are Kruskal’s and
Prim’s algorithms. Kruskal’s algorithm [45] looks at the edges in increasing or-
der of their weight and maintains the minimum spanning forest of the edges
seen so far. A new edge is output as a part of the MSF if its two endpoints be-
long to different components in the current MSF. The necessary operations can
be performed efficiently using a disjoint set (union-find) data structure [38]. The
resultant complexity for this algorithm is O(n - a(n)) [63], where «(-) is the
inverse Ackermann function.

Unlike Kruskal’s algorithm which maintains potentially many different MST's
at the same time, Prim’s algorithm [43|[56] works by “growing” one MST at
a time. Starting with an arbitrary node, it searches for the lightest edge inci-
dent to the current tree and outputs it as a part of the MST. The other end-
point of the edge is then added to the current tree. The candidate edges are
maintained using Fibonacci heaps [36], leading to an asymptotic complexity of
O(m—+nlogn). If there is no edge between a node inside and a node outside the
current MST, we “grow” a new MST from an arbitrarily chosen node outside
the MSF “grown” so far.

5.1 Semi-external Kruskal’s Algorithm

In the semi-external version of Kruskal’s algorithm, an external memory sorting
algorithm is used to sort the edges according to their edge weights. The minimum
spanning forest and the union-find data structure are kept in the internal memory
(as both require O(n) space). The I/O complexity of this algorithm is O(sort(m))
under this setting.

5.2 External Memory Prim’s Algorithm

In order to externalize Prim’s algorithm, we use an external memory priority
queue (cf. Section 2.G]) for maintaining the set of candidate edges to grow the
current minimum spanning tree. This results in an I/O complexity of O(n +
sort(m)). The O(n) term comes from the unstructured accesses to the adjacency
lists, as we spend O(1 + d,,/B) (d, being the degree of v) I/Os to get hold of
edges incident to the node v that need to be inserted into the priority queue.

5.3 External Memory Boruvka Steps

In most external memory algorithms, a Boruvka step like contraction method
is used to reduce the number of nodes to either O(M) or O(m/B). In the first
case, semi-external Kruskal’s algorithm or other semi-external base cases are
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used. In the latter case, any external algorithm like Prim’s algorithm or BFS
(described in Section [@) can be used as we can afford one I/O per node in
the contracted graph.

We initialize the adjacency lists of all nodes by sorting the edges first according
to their tail node and that being equal, by their weight. In each EM Boruvka
phase, we find the minimum weight edge for each node and output it as a part
of MSF. This can easily be done by scanning the sorted adjacency lists. This
partitions the nodes into pseudo-trees (a tree with one additional edge). The
minimum weight edge in each pseudo-tree is repeated twice, as it is the minimum
weight edge incident to both its end-points. Such edges can be identified in
O(sort(m)) I/Os. By removing the repeated edges, we obtain a forest. We select
a leader for each tree in the forest and let each node u € V know the leader
L(u) of the tree containing it. This can be done by variants of external memory
list ranking algorithm (cf. Section 2.8]) or by using time forward processing (cf.
Section 7)) in O(sort(n)) I/Os. We then replace each edge (u,v) in E by an
edge (L(u), L(v)). At the end of the phase, we remove all isolated nodes, parallel
edges and self loops. Again, this requires a constant number of sorts and scans
of the edges.

The Boruvka steps as described here reduce the number of nodes by at least
a factor of two in one phase and each phase costs O(sort(m)) I/Os. Thus, it
takes log "T'nB phases to reduce the number of nodes to O(m/B), after which the
externalized version of Prim’s algorithm or BFS algorithm can be used. This
gives a total I/O complexity of O(sort(m) - log ™7). Alternatively, we can have
O(log ;) phases of Boruvka’s algorithm to reduce the number of nodes to O(M)
in order to apply semi-external version of Kruskal’s algorithm afterwards. This
will result in a total I/O complexity of O(sort(m) -log ;).

5.4 An O(sort(m) -loglog ("T'nB)) I/0 Algorithm

Arge et. al. [9] improved the asymptotic complexity of the above algorithm by
dividing the O(log "T'nB ) phases of Boruvka steps into O(log log "ﬁB ) super-phases
requiring O(sort(m)) I/Os each. The idea is that rather than selecting only one
edge per node, we select v/S; lightest edges for contraction in each super-phase,
where S; := 203/2) (= Slﬁ) If a node does not have that many adjacent edges,
all its incident edges are selected and the node becomes inactive. The selected
edges form a graph G;. We apply log+/S; phases of Boruvka steps on G; to
compute a leader L(u) for each node u € V. At the end of the super-phase, we
replace each edge (u,v) in E by an edge (L(u), L(v)) and remove isolated nodes,
parallel edges and self loops.

The number of active nodes after phase i is at most n/(S; - Si—1 - - - Sp) =
n/(Si - 53/3 -+ 8g) < V”L/Sf/3 < n/S;;1 and thus O(loglog ™ #) super-phases
suffice to reduce the number of nodes to O(n - B/m).

Note that in super-phase i, there are log+/S; phases of Boruvka steps on
G;. Since G; has at most n/S; nodes at the beginning of phase i and n\/S;/S;
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edges (as each of the n/S; nodes selects v/S; edges around it), total cost of all
these Boruvka phases is O(sort(n/v/S;) - log/S;) = O(sort(n)) I/Os. The cost
of replacing the edges by the contracted edges and other post-processing is
O(sort(m)) I/0Os.

Since each super-phase takes O(sort(m)) I/Os, the total I/O complexity of
the algorithm is O(sort(m) - loglog (™).

Arge et al. [8] propose a cache-oblivious minimum spanning tree algorithm
that uses a cache-oblivious priority queue to achieve the 1/O complexity of
O(sort(m) - loglogn).

Connected components. Minimum spanning forest also contains the informa-
tion regarding the connected components of the graph. For directly computing
connected components, one can use the above algorithm by modifying the com-
parator function for edge weights (since the weights on the edges can be ignored
for connected components computation) — an edge is smaller than the other edge
if either the head node has a smaller index or the two head nodes are equal, but
the tail node has a smaller index.

5.5 Randomized CC and MSF

Abello et. al. [I] proposed a randomized algorithm for computing connected com-
ponents and minimum spanning tree of an undirected graph in external memory
in O(sort(m)) expected I/Os. Their algorithm uses Boruvka steps together with
edge sampling and batched least common ancestor (LCA) queries in a tree.

5.6 Experimental Analysis

Dementiev et al. [30] carefully engineered an external memory MSF algorithm.
Their implementation is based on a sweeping paradigm to reduce the number
of nodes to O(M) and then running the semi-external Kruskal’s algorithm. The
node contraction phase consists of repeatedly choosing a node at random and
contracting the lightest edge incident to it. In external memory, selecting ran-
dom nodes can be done by using I/O-efficient random permutation (e.g., [58])
and looking at the nodes in that order. In contracting the edges, one needs to
“inform” all the other neighbors of the non-leader node about the leader node.
This can be done by time-forward processing (cf. Section 7)) using external
memory priority queues. This MSF implementation uses STXXL for sorting,
priority queue and other basic data structures.

Dementiev et al. [30] showed that with their tuned implementation, mas-
sive minimum spanning tree problems filling several hard disks can be solved
“overnight” on a low cost PC-server with 1 GB RAM. They experimented with
many different graph classes — random graphs, random geometric graphs and grid
graphs. In general, they observed that their implementation of the semi-external
version of Kruskal’s algorithm only loses a factor of two in the execution time
per edge as compared to the internal memory algorithm. Their external memory
implementation merely loses an additional factor of two.
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6 Breadth-First Search

Given a large undirected graph G(V, E') and a source node s, the goal of Breadth-
First Search (BF'S) is to decompose the set of nodes V into disjoint subsets called
BF'S levels, such that the level ¢ comprises of all nodes that can be reached from
s via i edges, but no less. BFS is well-understood in the RAM model. There
exists a simple linear time algorithm [25] (hereafter referred as IM BFS) for
the BFS traversal in a graph. IM BFS visits the nodes in a one-by-one fashion;
appropriate candidate nodes for the next node to be visited are kept in a FIFO
queue Q. After a node v is extracted from @, the adjacency list of v is examined
in order to append unvisited nodes to @, and the node v is marked as visited.

However, this algorithm performs quite badly when the input graph does not
fit into the main memory. The algorithm can incur £2(m) I/Os for remembering
visited nodes and 2(n) I/Os for accessing adjacency lists.

6.1 Munagala and Ranade’s Algorithm

The algorithm by Munagala and Ranade [53] (MR BFS) solves the first problem
by exploiting the fact that in an undirected graph, the edges from a node in BFS
level ¢ lead to nodes in BFS levels t —1, ¢ or t+ 1 only. Thus, in order to compute
the nodes in BF'S level t + 1, one just needs to collect all neighbors of nodes in
level ¢, remove duplicates and remove the nodes visited in levels ¢t — 1 and ¢ (as
depicted in Figure[). Since all these steps can be done in O(sort(n)) I/Os, the
total number of I/Os required by this algorithm is O(n + sort(m)). The O(n)
term comes from unstructured accesses to adjacency lists.

6.2 Mehlhorn and Meyer’s Algorithm

In order to solve the problem of unstructured accesses to adjacency lists, Mehlhorn
and Meyer [49] (MM BFS) propose a pre-processing step in which the input graph
is rearranged on the disk. The preprocessing phase involves clustering the input
graph into small subgraphs of low diameter. The edges of a cluster are stored
contiguous on the disk. This is useful as once a node from the cluster is visited,
other nodes in the cluster will also be visited soon (owing to low diameter of
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Fig. 3. A phase in the BFS algorithm of Munagala and Ranade



18 D. Ajwani and U. Meyer

the cluster). By spending only one random access (and possibly, some further
sequential accesses depending on the cluster size) for loading the whole cluster
and then keeping the cluster data in some efficiently accessible data structure
(hot pool) until it is all used up, on sparse graphs, the total number of I/Os can
be reduced by a factor of up to v/B. The neighboring nodes of a BFS level can
be computed simply by scanning the hot pool and not the whole graph. Though
some edges may be scanned multiple times in the hot pool, unstructured I/Os
for fetching adjacency lists are considerably reduced, thereby limiting the total
number of I/Os.

The input graph is decomposed into O(n/p) clusters of diameter O(u) for
some parameter i to be fixed later. This can be done in two ways — one based
on “parallel cluster growing” and the other based on Euler tours.

Parallel cluster growing variant. The “parallel cluster growing” variant
(MM BFS R) of MM BFS works by choosing master nodes independently and
uniformly at random with probability O(1/u). The source node s is also chosen
to be a master node. Thereafter, we run a local BFS from all master nodes “in
parallel”. In each round, each master node tries to capture all unvisited neighbors
of its current sub-graph. The ties can be resolved arbitrarily.

Capturing new nodes on the fringes of all clusters can be done by sorting the
neighbors of the nodes captured in the previous round and then scanning the
adjacency lists of the input graph. Each round ¢ thus takes O(sort(n;)+scan(m))
I/0Os, where n; is the number of nodes captured in round 7 — 1. The expected
number of master nodes is O(1 4+ n/u) and the number of rounds (number of
edges in a shortest path between any node and its cluster center) is O(logn - u)
with high probability (w.h.p.). Thus the total complexity for this clustering is
O(sort(n +m) + scan(n +m) - - logn) w.h.p. and it produces O(n/u) clusters
of diameter O(logn - 1) w.h.p.

Euler tour based clustering. In this variant (MM BFS D), we first use a
connected components algorithm to identify the component of the graph con-
taining the source node s. The nodes outside this component are output with
BFS level co and can be safely ignored, as they do not affect the BFS level of
any other node. Then, we compute a spanning tree of nodes in this connected
component. Considering the undirected edges of this tree as bi-directional edges
(cf. Figure ), we compute an Euler tour on these edges. Note that this has size
at most 2n — 2. We then employ the list ranking algorithm to store the nodes
on the disk in the order of their appearance in the Euler tour (some nodes may
appear multiple times). The nodes arranged in this way are then chopped into
n=2 clusters of size . After removing the duplicates from this sequence, we get
the requisite clustering of nodes.

Since CC/MST can be computed in O((1+loglog ™7 )-sort(n+m)) I/Os and the
Euler tour and list ranking of O(n) elements can both be done in O(sort(n)) I/Os,
the total complexity of this preprocessing is O((1+1log log ™) -sort(n+m)) I/Os.

BFS phase. The actual BFS computation is similar to the algorithm by
Munagala and Ranade, but with one crucial difference: the adjacency lists of
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Fig. 4. The bi-directional tree (solid lines) and the Euler tour around it (dashed lines)
on the left. The order of the nodes and their partitioning before and after the duplicates
removal on the right.

nodes in the current level are no longer accessed directly from the input graph
using random I/Os. Instead, the nodes in BFS level ¢ — 1 are scanned in parallel
with the nodes in the hot pool H to determine if the adjacent edges of the former
set are in H or not. If not, the entire clusters containing any of the nodes in
level t — 1 are merged into H. A next round of scanning the nodes in BFS level
t — 1 in parallel with the hot pool H fetches all the requisite adjacency lists.
Since each cluster is merged exactly once, it requires O(n/u + scan(m)) I/Os
to load these clusters into H. For the Euler-tour-based approach, each adjacency
list in H is scanned for at most O(p) rounds as the distance between any two
nodes in the cluster is O(p). Thus the total number of I/Os required for the BF'S
phase by the Euler-tour-based variant of MM BFS is O(n/u+ p-scan(n+m) +

scan(n+m)

sort(n +m)). By choosing p = max {1, \/ " }, we get a total I/O com-

plexity (including the pre-processing) of O(y/n - scan(n + m) + sort(n + m) +
ST(n,m)) I/0s for MM BFS D, where ST (n, m) is the number of I/Os required
to compute a spanning tree (of the connected component containing the source
node) of a graph with n nodes and m edges. Using the randomized algorithm for
MST/CC with O(sort(n + m)) expected I/O complexity, MM BFS D requires
expected O(+/n - scan(n + m) + sort(n +m)) 1/Os.

For the “parallel cluster growing” variant, an adjacency list stays in H for
O(p -logn) levels w.h.p. Since there are at most 1+ . clusters and each cluster
is loaded at most once, loading them into H requires O(]; + scan(m)) 1/Os.
The total complexity for MM BFS R is thus O(n/u + p - logn - scan(n +m) +

sort(n +m)) I/Os w.h.p. Choosing p = maxq 1, \/ " , we get an

scan(n+m)-logn

I/O complexity of O(y/n -scan(n +m) -logn + sort(n + m)) 1/Os w.h.p. for
MM BFS R.
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Brodal et al. [I6] gave a cache-oblivious undirected BFS algorithm that has a
complexity of O(sort(n +m) + scan(m) - logn + \/n - scan(n +m) + ST (n,m))
1/0s, where ST (n, m) is the complexity of computing a spanning tree of a graph
with n nodes and m edges in a cache-oblivious way. The current best cache-
oblivious algorithm for computing a spanning tree requires O(sort(m) - log logn)
I/Os deterministically and O(sort(m)) I/Os randomized. While the I/O com-
plexity of this cache-oblivious undirected BFS algorithm is quite close to the
complexity of the best I/O-model algorithm for undirected BFS, it is likely to
be slower in practice [5].

6.3 Engineering EM BFS

Ajwani et al. [4[5] implemented MR BFS and MM BFS using the external mem-
ory library STXXL. Their pipelined implementation exploits disk parallelism and
uses fast stream sorters (based on M/B-way merging) to reduce the I/Os fur-
ther. Apart from carefully tuning the parameters, they have incorporated many
optimization techniques to save constant factors in the total number of I/Os.

The Euler-tour-based variant of the implementation of MM BFS also benefits
from various heuristics. The portion of the hot pool H that fits in internal
memory is kept as a multi-map hash table. This reduces the internal memory
computation significantly as the hot pool need not be scanned completely for
each level.

After the Euler-tour-based clustering, any set of nodes laid out contiguously
on the disk is also likely to be close together in terms of BFS levels, irrespective
of the cluster boundaries. As such, the other adjacency lists brought into the
main memory while loading a cluster may also be useful soon after. Therefore, if
the hot pool fits in main memory, these extra nodes are also cached in the main
memory. Note that this does not affect the worse case asymptotic I/O complexity
of the algorithm as scanning the hot pool as well as the cached adjacency list
does not cause any 1/Os (as it all fits in the main memory).

6.4 EM BFS in Practice

Ajwani et al.’s implementation [4l[5] of the external memory BFS algorithms [49,
53] has made BFS viable for massive graphs on a low cost machine. On many dif-
ferent classes of graphs of about one billion edges, this implementation computes
a BFS level decomposition in a few hours, which would have taken the tradi-
tional RAM model BFS algorithm [25] several months. For instance, the BFS
level decomposition of a web-crawl based graph of around 130 million nodes and
1.4 billion edges can be computed in less than 5 hours on a machine with a 2.0
GHz Intel Xeon processor, one GB of RAM, 512 KB cache and 250 GB Seagate
Barracuda hard disk. Disk parallelism further alleviates the I/O bottleneck. For
instance, BFS on the web-crawl based graph takes only 3 hours with 4 disks.
On low diameter graphs, MR BFS performs quite well as it requires O(sort(m))
I/Os for computing a single BF'S level. For random graphs with diameter O(log n),
MR BFS only requires O(sort(m)-log n) I/Os. On large diameter graphs like a list
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randomly distributed on the disk (without explicit information of it being a list),
the Euler tour based variant of MM BFS together with the heuristics performs
well. Even on moderate diameter graphs like grid graphs, the Euler tour based
variant of MM BFS is still better. On a 2-dimensional grid with 22% nodes and
roughly 229 edges, it takes around 21 hours using a single disk. As such, moderate
diameter graphs continue to be a challenge for BFS implementations.

If there is a priori information regarding the diameter of the input graph, it
can make the BFS implementations even faster by appropriately modifying the
value of p. External memory algorithms for computing approximate diameter
may also help in giving such an information.

7 Single-Source Shortest-Paths

The single-source shortest-paths (SSSP) problem takes as an input a large
weighted undirected graph G(V, FE) and a source node s and computes the short-
est paths d(s,v) for all nodes v € V. They can be computed in O(nlogn + m)
in internal memory using Dijkstra’s algorithm [31] with a Fibonacci heap-based
priority queue [36]. Dijkstra’s algorithm relies heavily on the priority queue. It
starts by inserting all neighbors x of the source node s into the priority queue
with the weight of the edge {s,z} (W(s,x)) as their key. Thereafter, the algo-
rithm iteratively deletes the minimum element v with priority d(s,v) from the
priority queue. It then decreases the key (using the decrease key operation) of
the unvisited out-neighbors w of v to d(s,v) + W (v, w) in the priority queue.
The decrease key operation inserts the node w into the priority queue if it did
not exist before. If the node w existed in the priority queue and had a key higher
than d(s,v) + W (v, w), this operation reduces its key value to d(s,v)+ W (v, w).
Otherwise, this operation is ignored.

SSSP suffers from all the three problems in external memory graph traversal:
Keeping track of settled nodes (the nodes already deleted from the priority queue
0 as not to insert them again), unstructured accesses to the adjacency lists, and
the lack of an efficient addressable external memory priority queue.

The SSSP algorithm by Kumar and Schwabe [46] (KS SSSP) uses I/O-efficient
tournament trees [46] for priority queue operations. On an I/O-efficient tourna-
ment tree with n elements, any sequence of z > B delete, delete min, update
operations requires at most O((z/B)-log, (n/B)) I/Os. Let us denote an instance
of such a tree in undirected SSSP algorithm as PQ.

Note that not marking whether or not a node has been visited before affects
the undirected SSSP only in a limited way: For the undirected edge {u,v} € E
with W(u,v) > 0 and d(s,u) < d(s,v), the node v may be re-inserted into the
priority queue PQ and may get extracted again with key d(s,v) + W (v, u). For
the correctness of the algorithm, it is sufficient to delete w from the priority
queue somewhere between the extraction of v and re-extraction of u. Recall
from the analysis of internal memory Dijkstra’s algorithm that the key value of
extracted elements from priority queue continue to increase over the course of the
algorithm. Deleting u from P(Q when the key value has reached d(s, u) + W (u, v)
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is sufficient for the correctness of the algorithm because when v is extracted the
key value is d(s,v)(< d(s,u) + W (u,v)) and if u were to be re-extracted, its key
value would then be d(s, v) + W (u,v) > d(s,u)+ W (u,v). Thus this deletion will
happen between the extraction of v and the re-extraction of u and the algorithm
will behave correctly.

In order to “remember” deleting u from PQ at “the right time”, KS SSSP
uses another external memory priority queue PQ*. It then checks the smallest
elements (u1, k1), (ug, k2) of PQ and PQ*. If k1 < ko, it extracts uy from PQ and
for all out-neighbors v of u1, it decreases the key of v in PQ to d(s,u1)+W (u1,v)
and inserts a new signal (u1,d(s,u1)+W(ui,v)) in PQ*. Otherwise, a delete(usg)
is performed on PQ. The process is repeated till PQ is empty.

Since the O(m) operations on PQ and PQ* require O((m/B) - log, (m/B))
I/0s, the total I/O complexity of this algorithm is O(n 4 (m/B) - log, (m/B)).
Once again, the O(n) term comes from unstructured accesses to adjacency lists.

7.1 Meyer and Zeh Algorithm

As regards resolving the problem of unstructured accesses to adjacency lists,
Meyer and Zeh [51] proposed an algorithm MZ SSSP that has a preprocessing
phase where the adjacency lists are re-arranged on the disk. Unlike BFS where
the edges are all unweighted, MZ SSSP distinguishes between edges with differ-
ent weights and separates the edges into categories based on their weights.

The category-i edges have weight between 2'~! and 2°. Let Gy, ...,G, be a
sequence of graphs defined as Gy = (V,0) and, for 1 <i <r, G; = (V, E;) with
E; ={e € E:eisin category j < i}. The category of a cluster C' is the smallest
integer ¢ such that C' is completely contained in a connected component of G;.
The diameter of C is the maximal distance in G between any two nodes in C.
For some p > 1, we call a clustering P = (C1, ..., Cy) well-structured if

L. g=0(n/p)

2. No node v in a category-i cluster C; has an incident category-k edge (u,v)
with k < ¢ and u ¢ C;

3. No category-i cluster has diameter greater than 2¢y.

MZ SSSP computes a well-structured cluster partition of the input graph. This is
done by iterating over graphs Gy, ..., G, and computing connected components
in each of them. For each G;, we form the clusters by chopping the Euler tour
around a spanning tree of each connected component. While computing clusters
of category-i, we ensure that every category-i cluster has diameter at most 2/
and that no category-(i — 1) component has nodes in two different category-i
clusters. The latter invariant means that we have a complete hierarchy of clusters.
The edges of the graph are then re-arranged so as the adjacency lists of nodes
in a cluster are contiguous on the disk.

The SSSP phase of MZ SSSP keeps a hierarchy of hot pools Hy, ..., H, and
inspects only a subset Hy, ..., H; of these pools in each iteration. It exploits the
following observations:
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— Relaxing edges with large weights can be delayed. In particular, it suffices
to relax a category-i edge incident to a settled node v any time before the
first node at distance at least d(s,v) + 271 from s is settled.

— An edge in a category-i component cannot be up for relaxation before the
first node in the component is about to be settled.

The first observation allows us to store all category-i edges in pool H;, as long
as we guarantee that H; is scanned at least once between the settling of two
nodes whose distances from s differ by at least 2/~'. The second observation is
exploited by storing even category-j edges, j < 4, in pool H;, as long as we move
these edges to lower pools as the time of their relaxation approaches.

In order to eliminate the effect of spurious updates, MZ SSSP uses a second
priority queue, similar to KS SSSP.

The total I/O complexity of this algorithm is O(y/n -scan(m)-logW +
MST(n,m)) 1/Os, where W is the ratio between the weights of the heaviest
and the lightest edge and M ST (n,m) is the number of I/Os required to com-
pute a minimum spanning tree of a graph with n nodes and m edges.

Meyer and Zeh [52] extended this framework to handle the case of unbounded
edge-weights. Their algorithm for SSSP with unbounded edge-weights requires
O(+/n - scan(m)-log n+M ST (n,m)) I/Os. In contrast, the best external memory
directed SSSP algorithm [23] requires O(n + [ ;] - scan(n + m) + sort(m)).

Brodal et al. [T6] showed that SSSP on an undirected graph can be computed in
O(n+sort(m)) I/Os with a cache-oblivious algorithm relying on a cache-oblivious
bucket heap for priority queue operations. Allulli et al. [6] gave a cache-oblivious
SSSP algorithm improving the upper bound to O(y/n - scan(m) - log W +scan(m)-
log n+sort(m)+ M ST (n,m)), where W is the ratio between the smallest and the
largest edge weight and M ST (n,m) is the I/O complexity of the cache-oblivious
algorithm computing a minimum spanning tree of a n node and m edge graph.

7.2 Engineering EM SSSP

Recently, some external memory SSSP approaches (similar in nature to the one
proposed in [46]) have been implemented [22,[57] and tested on graphs of up
to 6 million nodes. However, in order to go external and still not produce huge
running times for larger graphs, these implementations restrict the main memory
size to rather unrealistic 4 to 16 MB.

Meyer and Osipov engineered a practical I/O-efficient single-source shortest-
paths algorithm on general undirected graphs where the ratio between the largest
and the smallest edge weight is reasonably bounded. Their implementation is
semi-external as it assumes that the main memory is big enough to keep some
constant bits of information per node. This assumption allows them to use a bit
vector of size n kept in the internal memory for remembering settled nodes.

In order to get around the lack of optimal decrease key operation in current
external memory priority queues, it allows up to d, (degree of node v) many
entries for a node v in the priority queue at the same time and when extracting
them, it discards all but the first one with the help of the bit vector. As regards
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accessing the adjacency lists in an unstructured way, they do a preprocessing
similar to the Euler tour based variant of MM BFS (i.e., without considering
the edge weights at all) to form clusters of nodes. For integer edge weights from
{1,...,W} and k = log, W, the algorithm keeps k “hot pools” where the i-
th pool is reserved for edges of weight between 2°~' and 2° — 1. It loads the
adjacency lists of all nodes in a cluster into these “hot pools” as soon as the first
node in the cluster is settled.

In order to relax the edges incident to settled nodes, the hot pools are scanned
and all relevant edges are relaxed. The algorithm crucially relies on the fact that
the relaxation of large weight edges can be delayed because for such an edge
(even assuming that it is in the shortest path), it takes some time before the
other incident node needs to be settled. The hot pools containing higher weight
edges are thus touched less frequently than the pools containing short edges.

Similar to the implementation of MM BFS, it partially maintain the pool
in the internal memory hash table for efficient dictionary look up rather than
computationally quite expensive scanning of all hot pool edges. The memory can
be shared between “hot pools” either uniformly or in an exponentially decreasing
way. The latter makes sense as the hot pools with lighter edges are scanned more
often. When the clusters are small enough, the algorithm caches all neighboring
clusters that are anyway loaded into the main memory while reading B elements
from the disk.

For random edge weights uniformly distributed in [1, . . ., W], the expected num-
ber of I/Os incurred by this algorithm is O(y/(n - m -logW)/B + M ST (n,m)),
the same as that for MZ SSSP.

Their pipelined implementation makes extensive use of STXXL algorithms
and data structures such as sorting and priority queues.

7.3 SSSP in Practice

As predicted theoretically, this SSSP approach is acceptable on graphs with
uniformly distributed edge weights. For random graphs (22® nodes and 23° edges)
with uniformly random weights in [1,...,23%], it requires around 40 hours to
compute SSSP (with 1 GB RAM). On a US road network graph with around
24 million nodes and around 29 million edges, it requires only around half an
hour for computing SSSP, even when the node labels are randomly permuted
before. On many difficult graph classes for BFS, the running time of this SSSP
approach is within a factor of two to the BFS implementation [49].

The final performance of this algorithm has been shown to be significantly
dependent on the quality of the spanning tree and the way space is allocated in
the main memory among different “hot pools”.

8 All-Pair Shortest-Paths

The I/0 efficient All-Pair Shortest-Paths (APSP) algorithm [I1] on undirected
graphs uses KS SSSP as a building block. However, it solves all n underlying
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SSSP problems “concurrently”. This requires n priority queue pairs (PQ;, PQ7),
0 < i < n, one for each SSSP problem.

The I/O-efficient tournament tree (I/O-TT) as used by KS SSSP requires
O((#2/B) -log(n/B)) 1/0s for a sequence of z > B delete, delete-min and update
operations, provided the internal memory available for the tree M’ satisfies M’ =
O(B).If M’ < B, it has a worst case bound of O((z/M’)-log(n/M')) 1/Os. Since
for APSP, we need 2n of these priority queues working “in parallel”, we need
an I/O-efficient multi-tournament-tree (I/O-MTT). An I/O-MTT cousists of L
independent I/O-TTs each with M’ = ©(B/L). In other words, the root nodes
of all L bundled I/O-TTs can be kept in one block.

The I/O-efficient APSP proceeds in O(n) rounds. In each round, it loads
the roots of all its I/O-MTTs and extracts a settled graph node with smallest
distance for each pair (PQ;, PQY) of I/O-TTs. It sorts these nodes according
to their labels and then, with one parallel scan of the graph representation, it
collects all relevant adjacency lists. With another sorting step, these adjacency
lists are moved back to the I/O-TT pairs of the SSSP problem from which they
originated. This is followed by the necessary update operations in each pair of
I/O-TTs, which requires another round of cycling through all I/O-MTTs.

Cycling through all I/O-MTTs requires O(} ) 1/Os. This sums up to O(”j)
I/Os over all rounds. On each I/O-TT, we perform O(m) I/O operations, re-
quiring a total of O(n - scan(m) - L - logn) I/Os for all I/O-TTs. In each round,
we require only O(sort(m)) I/Os to get the adjacency lists of extracted nodes.
Thus, over all rounds, we need O(n-sort(m)) I/Os to fetch all requisite adjacency
lists. Substituting L = O(y/n/(scan(m) - logn)), we get the total I/O complexity
for APSP on undirected graphs to be O(n - (y/(n - scan(m) - logn) + sort(m))),
provided m/n < B/logn.

Chowdhury and Ramachandran [24] improved this result by using a multi-
buffer-heap in place of an I/O-MTT. Their cache-oblivious algorithm for
weighted undirected graphs requires O(n - (y/n-m/B + (m/B) - log (m/B)))
I/Os.

For undirected unweighted graphs, the straightforward way of performing all
pair shortest path or all pair BFS is to use MM BFS on each node of the graph
using O(n - (v/n - m/B + sort(m) - (1 + loglog (n - B/m)))) 1/Os in total. This
bound can be improved by running MM BFS “in parallel” from all source nodes
in the same cluster and considering source clusters one after the other. We ini-
tially compute a clustering of the input graph (once and for all) like in MM BF'S.
Then we iterate through all clusters. For a particular source cluster Cs, we run
MM BEFS for all source nodes s € Cs “in parallel” using a common hot pool H.
Each cluster is brought into the hot pool using random access (and possibly some
sequential I/Os) precisely once for each source cluster. However, once brought
in the pool, the adjacency list of all nodes in the cluster will have to remain in
the pool until all the BFS-trees of the current source cluster Cs reach v. Note
that the adjacency lists still stay in the hot pool for O(u) rounds as once v is
visited in BFS from some node in C, it takes O(x) more rounds for BFS from
all other nodes in C, to also visit v.
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For each of the source cluster, an analysis similar to that of MM BFS shows an
1/0 bound of O(n/p+p-m/B+p-sort(m)). Substituting = O(y/n - B/(m)) and
summing up over all the clusters, we get a total I/O complexity of O(n-sort(m))
for AP-BFS.

9 A*

A* [40] is a goal-directed graph traversal strategy that finds the least-cost path
from a given source node to a target node. The key difference between Dijkstra’s
algorithm and A* is that while Dijkstra’s algorithm uses a priority queue to
extract the node with the minimum distance from the source to visit, A* visits
the node with the minimum sum of distance from the source node and the
heuristic distance to the target node.

Similar to KS SSSP, A* can be solved using external memory priority queues
in O(n + m/B -log, (m/B)) 1/Os. For implicit unweighted graphs, a suitably
modified version of MR BFS helps computing A* in O(sort(m)) I/Os [33]. This
is because in implicit graphs accessing the adjacency list of a node does not
require I/Os to fetch it from the disk, but only internal memory computation to
generate it.

External A* has also been extended to work on directed and weighted graphs
arising in checking safety properties in model checking domains [41] and liveness
properties [32].

9.1 A¥* in Practice

The practical performance of A* crucially depends on the heuristic estimate of
the distance between target node and a given node. This estimate in turn is
heavily application-dependent.

Edelkamp et al. [42] engineered the external memory A* for implicit undi-
rected unweighted graphs with a variant of MR BFS and used it for many dif-
ferent model checking applications. They improved the practical performance of
external memory A* for their applications further by the following heuristics:

— Delayed duplicate detection: Unlike MR BFS, duplicates are not removed
till the nodes are actually visited.

— The nodes that have equal value of the sum of distances from the source
and the target node are visited in increasing order of their distance from the
source node

External A* as incorporated in the External SPIN model checker software was
used to detect the optimal path to a deadlock situation in an Optical Telegraph
protocol involving 14 stations. This problem required 3 Terabytes of hard disk
space (with 3.6 GB RAM) and took around 8 days with 4 instances of Parallel
External SPIN running on 4 AMD Opteron dual processor machines with NFS
shared hard disk. In model checking applications involving a massive state space,
finding such deadlocks can be critical for the correct performance of the protocol
and hence, even running-times of weeks are considered acceptable.
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10 Traversing Directed Graphs

The internal memory DFS algorithm explores the nodes of a graph in a node-
by-node fashion. It maintains a stack of nodes, which is initialized with the
source node. It iteratively examines the top node v on the stack, finds the next
unexplored edge out of v, and if the edge points to an unvisited node, pushes the
new node on the stack. If there are no unexplored edges out of v, it is removed
from the stack.

As discussed in Section Bl the key difficulty in externalizing this and other
directed graph traversal algorithms is determining whether the next unexplored
edge points to an unvisited node, without doing 2(1) I/Os per edge. The asymp-
totically best external memory directed graph traversal algorithms rely on
buffered repository trees [19] for removing edges leading to visited nodes.

When a node v is first visited, all its incoming edges (z,v) are kept in a
buffered repository tree BRT', keyed by . For each node v, we keep a priority
queue PQ(v). Initially, PQ(v) contains all outgoing edges of node v in the order
that DFS will traverse them.

Suppose node u is currently at the top of the stack, and we are looking for
an unvisited out-neighbor of u. We extract all edges with key u from BRT.
This set of edges (u,w) is such that either node w has been discovered between
the current time and the last time u was at the top of the stack, or this is
the first time u is at the top of the stack since the start of the algorithm. For
each edge (u,w) extracted in this way, we delete w from PQ(u). A delete-min
operation on PQ(u) reveals the next edge (u, z) to scan. The deletions maintain
the invariant that, prior to each delete-min, PQ(u) contains exactly those out-
edges of u that point to its unvisited out-neighbors. Therefore, we can push z
onto the stack and iterate, assigning x the next DFS number in the process. If
PQ(u) is empty, then u is popped and we iterate.

BFS is similar, except that the stack is replaced by a FIFO queue and rather
than using the priority queue, we use the following simple operation: For all
out-neighbors w of u such that the edge (u,w) is not in the BRT, we push w at
the end of the FIFO queue.

Rearranging the input graph into the adjacency list (or adjacency vector)
format requires O(sort(m)) I/Os. The stack and the FIFO queue operations can
all be done in O(scan(n)) and O(scan(m)) I/Os, respectively. The m inserts and
2n extracts from the buffered repository tree cause O((n 4 m/B)log, ) 1/0s.

The first (root) block of the priority queue PQ(v) is loaded into internal
memory whenever the node v is at the top of the stack. Since there are O(n)
stack operations in total, the cost for loading the priority queues into internal
memory and performing all the insert, delete and delete-min operations on them
is O(n + sort(m)) I/Os.

The resultant I/O complexity of BFS and DFS on directed graphs is thus
O((n +m/B)log, 3 + sort(m)) 1/Os.

Owing to the O(nlog, %) term in the I/O complexity, these algorithms are
considered impractical for general sparse directed graphs. Since real world graphs
are usually sparse, it is unlikely that these algorithms will improve the running
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time significantly as compared to the internal memory traversal algorithms. As
such, there has been no engineering attempt for these algorithms.

10.1 Directed DFS in Practice

Sibeyn et al. [61] showed an implementation of semi-external DFS (i.e., com-
puting DFS when M > ¢ - n for some small constant ¢) based on the batched
processing framework. Their implementation assumes that the internal memory
can contain up to 2n edges. It maintains (the edges of) a tentative DFS tree
throughout the algorithm in the internal memory and proceeds in rounds. In
each round, all the edges of the graph are processed in cyclic order. A round
consists of m/n phases and in each phase it loads a batch of n edges and com-
putes the DF'S of the (recently loaded n edges and the n—1 edges of the tentative
DFS tree) 2n — 1 edges in the internal memory. The DFS computation is made
faster by the following heuristics [61]:

— Rearrange the tree after every round so as to find the global DFS tree more
rapidly. For each node, it visits its children (in the tree) in descending order of
their sub-tree sizes. Thus, after rearrangement the leftmost child of any node
has more descendants than any other child, thereby heuristically reducing
the number of forward (left to right) cross edges.

— Reduce the number of nodes and edges “active” in any round so as to leave
more space in the internal memory for loading new edges. Since nodes on the
leftmost path are not going to change their place in the tree anymore (unless
they are rearranged), they can be marked “passive” and removed from con-
sideration. Furthermore, this implementation marks all nodes u that satisfy
the following conditions passive:

e All nodes on the path from root node to u are already marked passive.

e There is no edge from any node with smaller pre-order number (in the
current tree) to any node with pre-order number equal to or larger than
that of u.

Together with these heuristics, the batched processing framework manages to
compute DFS on a variety of directed graphs (such as random graphs and
2-dimensional random geometric graphs) with very few (3-10) average accesses
per edge (and hence few I/Os). It can compute strongly connected components
(using the DFS) of an AT&T call graph with around 9.9 million nodes and
268.4 million edges in around 4 hours on a Pentium IIT machine with a 1 GHz
processor.

11 Conclusion

The design and analysis of external memory graph traversal algorithms has
greatly improved the worst case upper bounds for the I/O complexity of many
graph traversal problems. Table [[] summarizes the state-of-the-art in external
memory graph traversal algorithms on general graphs.
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Table 1. I/O complexity of state-of-the-art algorithms (assuming m > n) for graph
traversal problems

Problems Best known upper bounds Reference
MST/CC (deterministic on
undirected graphs) O(sort(m) - loglog (n - B/m)) 9]

MST/CC (randomized on
undirected graphs) O(sort(m)) |
List ranking O(sort(m)) 23]
Euler Tour O(sort(m))
BFS (on undirected graphs) O(y/n -scan(m) + sort(m) + ST (n,m)) [49]
BFS, DFS, SSSP and
Topological ordering (on O(min{n + [n/M] - scan(m) + sort(m),
directed graphs) (n + scan(m)) - logn, m}) [191231/46]
SSSP (on undirected graphs) O(min{n + scan(m) - log (m/B),
Vvn - scan( ) logW + MST (n,m),
\/n -scan(m) - logn + MST(n,m)}) 4651152
APSP (on unweighted

undirected graphs) O(n - sort(m)) [11]
APSP (on undirected graphs O(n - (1/n - scan(m
with non-negative weights) scan(m) - log (m/B))) [24]

Engineering some of these algorithms has extended the limits of the graph
size for which a traversal can be computed in “acceptable time”. This in turn
means that optimization problems of larger and larger sizes are becoming viable
with advances in external memory graph traversal algorithms.

Many of these algorithms are still far from optimal. Similarly, while imple-
mentations of these algorithms provide good results on simple (low or high di-
ameter) graph classes, these are still far from satisfactory for the difficult graph
classes. More work is required both in designing and engineering these algo-
rithms, particularly for directed graphs, to make traversal on even larger graphs
viable.
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Abstract. Minimum cycle bases of weighted undirected and directed
graphs are bases of the cycle space of the (di)graphs with minimum
weight. We survey the known polynomial-time algorithms for their con-
struction, explain some of their properties and describe a few important
applications.

1 Introduction

Minimum cycle bases of undirected or directed multigraphs are bases of the cycle
space of the graphs or digraphs with minimum length or weight. Their intrigu-
ing combinatorial properties and their construction have interested researchers
for several decades. Since minimum cycle bases have diverse applications (e.g.,
electric networks, theoretical chemistry and biology, as well as periodic event
scheduling), they are also important for practitioners.

After introducing the necessary notation and concepts in Subsections [L1]
and and reviewing some fundamental properties of minimum cycle bases
in Subsection [[L3] we explain the known algorithms for computing minimum
cycle bases in Section 2l Finally, Section B]is devoted to applications.

1.1 Definitions and Notation

Let G = (V,E) be a directed multigraph with m edges and n vertices. Let
E ={ej,...,en}, and let w : E — RT be a positive weight function on E. A
cycle C in G is a subgraph (actually ignoring orientation) of G in which every
vertex has even degree (= in-degree + out-degree). We generally neglect vertices
of degree zero. C' is called simple if it is connected and every vertex has degree
two. The weight of a cycle C with respect to w is defined as w(C) := Y .o w(e).

We want to associate F-vector spaces (usually for F € {GF(2),Q}) to the
cycles of G and to study in particular their w-minimal bases. Towards this,
choose a cyclic order of the edges in C. The entries of the incidence vector b(C')
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of C' are defined as follows with respect to this order, for i =1,...,m.

—1, ife; € C and e; occurs in backward direction
bZ(C) = 0, if €; Q C
+1, if e; € C and e; occurs in forward direction.

For simple cycles, there are two different orders. These orders lead to incidence
vectors of opposite sign; as we are interested mainly in the linear spaces spanned
by them, this order is inconsequential. For F' = GF(2) the orientation of the
edges is ignored; so one could alternatively define the incidence vector as the
ordinary binary incidence vector of cycles in the underlying graph.

The F-vector space Cr(G), spanned by the incidence vectors of all cycles in
G is called F-cycle space of G. A basis of Cr(G) is called F-cycle basis. The
weight of an F-cycle basis is defined as the weight of its binary incidence vectors:
w(B) = Y cep doec.zow(e). I w(e) =1 for all e € E, we also speak of w(B)
as the length of B. A minimum F-cycle basis has minimum weight among all
F-cycle bases. We omit the prefix “F” if F' is clear from the context.

The idea to consider different fields F' is motivated by the applications, see
Section Bl some of which are formulated over Q, whereas the cycle-basis prob-
lem was originally studied only for GF(2). Additionally, there are interesting
differences among elements of the cycle spaces over different fields (see Fig. [I]).
However, it is well-known that the dimension of the vector spaces always coin-
cides, see, e.g., [1I2].

Proposition 1. The dimension of the F-cycle space of a digraph G is equal
to W(G) = |E| — |V| 4+ ¢(G), where ¢(G) denotes the number of connected
components of G.

w = p(Q) is called the cyclomatic number of G. It is also possible to consider the
directed cycle space of G, which is the subspace of Co(G) generated by all cycles
whose incidence vectors contain only edges of the same orientation. This space
coincides with Cgp(G) if and only if G is strongly connected. The algorithms in
Section [2] can be executed also in this space, by restricting them to work only
on cycles with edges of the same orientation.

1.2 Matroids

The most important property of the F-cycle space of a (di)graph G is that
it forms a matroid. We review some standard notions for matroids, cf. [3]. A
matroid M is a pair (E,Z), where E is a finite ground set and 7 is a set of
subsets of E satisfying the axioms:

1. 0 eT;

2. iff I €Z and I' C I then I’ € Z; and

3. if I1,I5 € T and |I1| < |I2], then there is an element e € Iy — I; such that
LU {6} cr.
Subsets of E that belong to Z are called independent; all other sets are called de-
pendent. Minimal dependent sets of a matroid M are called circuits. A maximal
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Fig. 1. Cycle bases (in bold) of an orientation of the Petersen graph (with unit edge-
weights); the cycle spaces over Q and GF(2) have dimension = 15—10+1 = 6. The
top six cycles clearly form a Q-basis. They are not a GF(2) basis, since every edge is
covered twice: thus, the cycles are linearly dependent. The lower six cycles form a cycle
basis over GF(2) and therefore over Q. As the Petersen graph has girth 5 and as all
cycles in the bases above have length 5, the cycle bases are minimal.

independent set is called a basis of the matroid, and all bases have the same car-
dinality.

Basis exchange is a very important property of matroids: If By, By are bases of
a matroid and € By \ B, then there exists y € By\ By such that (By\{z})U{y}
is again a basis. Also, if B is a basis and e € E \ B then B U {e} contains a
unique circuit C; furthermore, (B U {e})\ {f} is a basis for any f € C.

Matroids are further characterized by the property that for any additive weight-
ing w: E — R, the greedy algorithm finds an optimal (maximum-weight) basis.

The F-cycle space of G has the structure of a matroid with sets of F-linearly
independent cycles as independent sets. F-cycle bases correspond to bases of
this matroid. Thus, cycles in an F-cycle basis may be replaced by certain other
cycles without destroying linear independence. More precisely, let B be a cycle
basis and C' € B a cycle. Then C can be replaced by any linear combination of
cycles from the basis in which C' has a non-vanishing coefficient.

Because of the basis-exchange property of matroids, every F-cycle basis can
be obtained from a given F-cycle basis by a series of such replacements. For
minimum F-cycle bases, this implies the following lemma.

Lemma 1. Let B be an F-cycle basis. If no cycle C in B can be exchanged for
a shorter cycle D & B, then B is a minimum F-cycle basis.

Consequently, if the cycles of two minimum F-cycle bases are ordered by increas-
ing weight, their (sorted) weight vectors, W := (w(C1),...,w(C})), coincide.
1.3 Basic Properties of Cycle Bases

There are several classes of special cycle bases which are of practical interest.
Most important are the fundamental tree bases that are constructed from a
spanning tree or—if G is not connected—from a spanning forest 7" of G by
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adding edges to T. Any non-tree edge e forms a unique fundamental cycle F(e)
with some edges of T'. The set of such cycles has cardinality p and their linear
independence is obvious since every non-tree edge is contained in exactly one
cycle. Hence, fundamental tree bases are F-cycle bases.

A fundamental tree basis By can be computed in time O(mn), more specif-
ically in time O(3_F_, |Fi(e)|), where F(e),i = 1,...,pu, are the fundamental
cycles []. Fundamental tree bases are not necessarily minimal among all cy-
cle bases. Moreover, examples show that a minimum cycle basis need not be a
fundamental tree basis [56]. See Subsection for further discussion.

We may assume that G is simple and two-connected. If it is not, a prepro-
cessing step can be added which takes care of multiple edges and loops and then
the 2-blocks can be treated independently, see [7].

Every GF(2)-cycle basis is also a Q-cycle basis. The converse is not true,
see Fig. [l and there are examples of graphs where a minimum Q-cycle basis is
strictly smaller than a minimum GF(2)-cycle basis, see [8/9].

Minimum F'-cycle bases have important properties which are used in the algo-
rithms for their construction. For instance, they have to contain certain cycles.

Lemma 2 ([10]). Let e € E be an edge of a graph G through which there exists
a shortest cycle C(e) with respect to w. Then there is a minimum F-cycle basis
B containing C(e). Moreover, every minimum F-cycle basis must contain some
shortest cycle through e.

In general, the set {C(e) : C(e) is a shortest cycle through e € E} does not span
Cr(G), however. The next lemma shows that minimum F-cycle bases contain
shortest paths between any two vertices.

Lemma 3 ([I112]). Let v,w € V and B be an F-cycle basis of G. Let P be a
shortest path from v to w. Then any cycle C of B that contains v and w can be
exchanged for either a cycle that includes P or a cycle that excludes v or w.

Lemma 4 ([12]). Let C be a cycle in a minimum F-cycle basis, and let u € C
be an arbitrary vertex. Then there is an edge (v, w) € C such that C consists of
a shortest u—v path, a shortest u—w path and (v, w).

Cycles that are contained in at least one minimum cycle basis of G are called
relevant cycles [ITI13] (defined there only for GF(2)). Vismara [13] showed the
following result for GF'(2); it is valid for arbitrary fields.

Lemma 5. Let G be a graph. A cycle C € C(G) is relevant if and only if there
do not exist simple cycles, C1,...,C, with the property that C = C1+-- -+ Cy
and w(C;) <w(C) foralli=1,... k.

For GF'(2), the addition of two cycles C'; and C corresponds to the symmetric
difference

Ci+Cr,=C19Cy = (E(Cl) UE(CQ)) \E(Cl ﬂCQ)

of the underlying edge sets.
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2 Algorithms for Computing Minimum Cycle Bases

Some applications require only GF(2)-cycle bases while others (such as the
electric networks in Subsection B]) can at least utilize GF(2)-cycle bases, al-
though their structure is over Q. Therefore, we will describe first the GF(2)-case
in Subsections ZTH2.3 and then mention the necessary modifications for Q in
Subsection 2.4

Due to the matroid structure of Cr(G), all known algorithms are based on
some sort of greedy argument. However, since the number of simple cycles in a
graph can be exponential in n, direct application of the greedy algorithm would
be too costly. There are two main approaches to deal with this issue.

The first polynomial algorithm, due to Horton [12], addresses the problem
by constructing an O(mn)-sized set of cycles that is guaranteed to contain a
minimum cycle basis.

The second methodological approach, by de Pina [14] and independently by
Berger et al. [7], contains an oracle that creates a cycle which—depending on
the point of view—replaces a long cycle in a given basis or, is added to a set of
cycles that is already part of a minimum cycle basis.

2.1 Horton’s Algorithm

Let us start with Horton’s Algorithm [l It follows from Lemmas[3B and [ that the
cycles of the form C(x,y,2) = P(z,z)+ (z,y) + P(y, ) for every triple {z,y, z}
with (z,y) € E and z € V, where P(z,x) denotes an arbitrary shortest z—z
path, contain a minimum cycle basis.

A minimum cycle basis is then extracted from this set by means of the greedy
algorithm. Linear independence of the cycles is checked by Gaussian elimination
on the corresponding cycle-edge incidence matrix.

Input: Two-connected simple edge-weighted digraph G
Output: Minimum GF(2)-cycle basis B
1. For all z,y € G, find shortest paths, P(x,y), between z and y.
2. For all triples (z,z,y) with e={x,y}€FE construct the cycle, C(z,e) := P(z,x)+
e+ P(y,z), if it is simple.
3. Order all cycles, C(z,¢€), by increasing weight.
4. Extract greedily a cycle basis, B, from this set by checking linear independence
with Gaussian elimination.

Algorithm 1. Horton’s algorithm to construct a minimum cycle basis

Since the number of candidate cycles is O(mn), a direct implementation has
running time O(m?3n).
2.2 An Exchange Algorithm

The algorithm begins with a fundamental tree basis and successively exchanges
cycles for smaller ones if possible. The basic scheme is given in Algorithm 21
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Input: Two-connected simple edge-weighted digraph G
Output: Minimum GF(2)-cycle basis B
. Construct a fundamental tree basis Bo = {F'1,...,F.}.
. for i=1to p do
Find a shortest cycle C; that is linearly independent of B;—1 \ {F;}.
if w(C;) < w(F;) then
Bi = (Bi-1 \ {Fi}) U{C:}
end if
end for
. Output B:= B,

I e N

Algorithm 2. Basic exchange scheme

Of course, the crucial part is the oracle in Line 3 which selects a new cycle
C; in each iteration of the algorithm.

Let B be a cycle basis. The cycle-edge incidence matrix A € GF(2)**™ of B
has as rows the (incidence vectors of the) cycles in B. We denote the rows of A
as well as the cycles in B by C;,i=1,...,pu.

When looking at linear (in)dependence of cycles, it suffices to restrict attention
to the entries corresponding to the non-tree-edges of a spanning tree of the
graph: a set of cycles is linearly independent if and only if the submatrix of A
corresponding to the non-tree-edges has full rank. Henceforth we will assume
that we have fixed a spanning tree for this purpose.

We will now describe Line 3 of Algorithm 2 for a fixed step i. Let U be the
inverse matrix of A (restricted to the non-tree edges) and let u; be the i-th
column of U padded with m — p zeros (in place of the tree-edges). Denote by
A= the matrix that results from A after removing the i’th row C;. Clearly u;
is in the kernel of A(=?). The vector u; can be computed using standard matrix
operations. Alternatively, it is also possible to determine the entire matrix U in
each step; this leads to a simple update possibility for step i + 1, see [14].

The following trivial remark gives an easy-to-check criterion for whether a
cycle C can replace a basis cycle C; € B, using u;:

Remark 1. Let B be a cycle basis and let C ¢ B be a cycle. C is linearly
independent of the row-space of A= if and only if <C, ui> # 0 holds with the
vector u® defined above.

The vectors u’,i = 1,..., uu, have the property that (C;,u’) = 0, for j # i. Ac-
cording to the criterion of Remark [[ it suffices to compute a shortest cycle C
for which <C7ui> = 1 in step ¢ of the algorithm. This is achieved by comput-
ing a shortest path in an auxiliary undirected graph G,,. For u € {0,1}¥ the
graph G, is constructed from G as follows (for an example see Figure [2)): The
vertex set of G, is V' x GF(2). For each edge e = {z,y} in G add the two edges
{(z,0), (y,0® ue)} and {(z,1), (y,1 D ue)} to G4. Define a weight function w,, :
G, — RT by assigning each edge the weight w(e) of the corresponding edge e in G
it comes from. G, has 2n vertices and 2m edges. For a vertex v of G and a simple
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G Gu

Fig. 2. The dashed (1,0)—(1,1) path in G4 does not correspond to a cycle in G.
However, it contains the bold (3,0)—(3,1) sub-path corresponding to cycle {2,3,4}.
Here, u contains only one nonzero entry, namely for edge 2-3, displayed as @ in G.

(v,0)—(v,1) path P, in G, let W (P,) denote the closed walk in G obtained by
replacing each vertex (z,u) of P, by z. For the next observation see [7].

Lemma 6. Letv be a vertex of G, and let Py, be a simple (v,0)—(v, 1) path in G,,.
Then the closed walk W (P,,) contains a simple cycle C in G with (C,u) = 1.

It is not difficult to show that among all paths P,, a shortest one always corre-
sponds to a simple cycle C = W (P,) in G. Hence, to find a shortest cycle C
with (C,u) = 1, one computes a shortest (v,0)—(v, 1) path in G, for each v and
retains only a shortest one.

Theorem 1 ([7]). Algorithm[2 computes a minimum cycle basis of G.

A direct implementation runs in time O(max{m?3, mn?logn}).

2.3 Speed-Ups

There are two major bottlenecks in both algorithms. On the one hand there is a
large number of shortest-path computations (n? and un of them, respectively),
and on the other hand, for the linear independence tests or the computation of
the vectors u’, Gaussian elimination on an O(mn) x pu(G) or a u(G) x u(G)
matrix, respectively, is needed.

There are ways to improve on both. Golynski and Horton [I5] use a recursive
procedure to check linear independence of the cycle-edge incidence matrix of the
candidate cycles: the matrix is partitioned into blocks and the pivot operations
are performed block-wise. This allows the use of fast matrix multiplication and
accelerates the algorithm. Consequently, the performance improves from O(m?n)
to O(m“n), where w denotes the matrix multiplication constant (it is presently
known, that w < 2.376).

Kavitha, Mehlhorn, Michail, and Paluch [16] found a similar way to apply fast
matrix multiplication and a recursive computation of the vectors u* with delayed
updates to Algorithm B which reduces its running time from O(m? +mn?logn)
to O(m?n + mn?logn); for dense graphs, this is an improvement.
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Finally, Mehlhorn and Michail [I7] have recently improved the running time
to O(m?n/logn+mn?). The idea here is that instead of solving n shortest path
problems in each step of Algorithm [2 for constructing the next cycle, one may
obtain that cycle by searching through a suitable set of candidate cycles, for
which the linear products <C7 ui> are computed efficiently from a shortest path
tree structure. This approach only requires O(n) shortest path computations.
The candidate cycles are a subset of Horton’s candidate set from Subsection 2.1

2.4 The Case of Q

Horton’s algorithm from Subsection[ZTlcan be used without modification also for
computing a Q-minimum cycle basis. Note however, that for Gaussian elimina-
tion over Q, it is necessary to pay for the calculations on rational numbers with up
to O(mlogm) bits by an additional factor of O(m) (which means O(m log® (m))
for some k) in asymptotic running time, representing the cost of each arithmetic
operation. Hence the algorithm takes time O(m*n) if implemented directly. With
the divide and conquer strategy sketched in Subsection[Z3] this may be reduced
to O(m“*1n), see [9].

Algorithm[2can also be adapted to work over Q, see [I8]. First, it has to be de-
termined how to compute the vectors u’ from Remark [[l Kavitha and Mehlhorn
show that such vectors with size bounded by ||u?|| < i*/? can be computed ef-
ficiently. Second, one has to construct a shortest cycle C with (C,u’) # 0 in
each step. This can be done by working in GF(p), for a set of small primes p
and applying the Chinese remainder theorem. The shortest path calculation is
done in a graph with p levels, but otherwise analogously. The above mentioned
block-updates lead to a running time of O(m>n+m?n?logn). Finally, the variant
proposed in [I7] gives a running time of O(m3n).

2.5 Other Algorithms and Variants

In many cases, it is not required that the F-cycle basis be minimal. Cycle bases
of low but not necessarily minimal weight can be computed more quickly. Several
different heuristic algorithms exist, see [GIT2JT9J20/21] and the references therein.

Algorithms for special graphs are also widely discussed, but references will
be omitted here. We only mention [22] for planar graphs with running time
O(n?logn + m). Approximation algorithms are proposed in [16/23/17], with a
constant approximation factor. Randomized algorithms are considered in [24/17].

Cycle bases with additional properties are also of interest. For a discussion of
different classes, see, e.g., [20025]. The problem to find a minimum cycle basis
among all fundamental tree bases is APX-hard [26]. The same holds for so-called
weakly fundamental cycle bases [27]. However, the existence of an unweighted
fundamental tree basis with a length of O(n?) has been proved recently, see [28].

3 Applications

Cycle bases appear as tools in several areas of engineering. We limit ourselves to
three which reflect their main functions. These can be summarized as follows:
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— The cycles of the basis are explicitly needed; the basis need not be minimal,
but a shorter cycle basis may speed up an ensuing algorithm.

— The cycles are needed explicitly; it is essential that the basis be minimal.

— The cycle basis itself is not needed explicitly; but information is derived from
it. It is necessary that the basis is minimal.

3.1 Electric Networks

Cycle bases can be used to model the second Kirchhoff law in the design of
electric networks. Electric circuits consist of interconnected network elements
whose properties can be described by non-linear differential equations in terms
of currents and voltages at time ¢.

The structure of the interconnection is given by a directed unweighted graph,
G = (V,E) whose edges correspond to network elements. Two edges meet in
a vertex if the corresponding elements are joined by a wire. More complicated
network elements with several ports can be represented by an equivalent cir-
cuit diagram consisting of simple circuit elements [29]. The direction of an edge
represents the voltage drop with respect to a specified ground node.

In addition to the properties of the circuit elements, the two time-independent
Kirchhoff laws govern the behavior of the network:

Current law: The sum of the currents across any edge cut of the network is
zero at all times.

Voltage law: The sum of the voltages along any mesh (directed cycle) in
the network is zero at all times. If the matrix A is the cycle-edge incidence
matrix of a Q-cycle basis, this law can be written as AU = 0, where U € R/
denotes the unknown edge voltages (at time ).

The combination of the Kirchhoff laws and the differential equations which de-
scribe the circuit elements is called the network equation. It completely describes
the network and can be used to determine the unknown voltages and currents
during the design process. There are different formulations of the network equa-
tion; the sparse tableau analysis [30] and the extended modified nodal analysis
model, see, e.g., [31] both contain explicitly the equations modeling the Kirchhoff
voltage law.

Since the graphs of electric networks can be very large, subsequent com-
putations such as a generic solvability check and error detection algorithms
are influenced by the length of the cycle basis used. A short or minimum Q-
cycle basis is therefore desirable, in particular if the computations need to be
done repeatedly. In practice, short Q-cycle bases will be used rather than mini-
mal ones to improve the running time.

3.2 Chemistry and Biology

For the investigation of functional properties of a chemical compound, it is of
interest to study the cycles (or rings) of the molecular graph. The goal is to de-
termine how the ring structure of a molecule influences its chemical and physical
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properties. One of the most commonly used sets of rings is a minimum GF(2)-
cycle basis of the graph (called Smallest Set of Smallest Rings, see, e.g., [32]). It
is also possible to use the set of relevant cycles instead, for instance.

In this case, a minimum GF'(2)-cycle basis needs to be explicitly determined.
For algorithms which compute all relevant cycles, see [T3J33lI34].

A different application is the use of a minimum GF(2)-cycle basis of the
molecular graph for the derivation of graph invariants: Structural information
about molecules is available in molecular databases. Most databases offer search
and retrieval functionality for molecules also by structure, i.e., the user draws or
uploads a molecular graph G, and then the database is searched for molecules
whose structure is identical to G or which contain substructures identical to G.

This identification requires solving the notorious (sub-)graph isomorphism
problem for G for each molecule in the database. A common strategy to avoid
solving many graph isomorphism problems exactly is to eliminate as many candi-
date structures as possible by comparing graph invariants known in this context
as molecular descriptors. The most popular descriptors involve the number of
atoms and bonds (vertices and edges) and the different atom types. Graphs from
the database whose invariants do not coincide with those of G (or do not allow
a substructure isomorphic to G) are immediately rejected.

As a consequence of the matroid property and Lemma [I the weight of a
minimum cycle basis as well as the weight vector w(G) are graph invariants.
In [34], other invariants are considered which, taken together, provide a strong
description of the structure of the cycle space.

The idea is to identify the ‘functionality’ of a relevant cycle in a minimum
GF(2)-cycle basis, i.e., stated informally, to characterize the part of the cycle
space it spans. Cycles with the same function can in principle be exchanged
for each other without violating linear independence; this redundancy defines
an equivalence relation, the interchangeability relation ~,, [33], that can be
characterized as follows.

Lemma 7. Let C,C’ be two relevant cycles of weight k. Then C ~, C' if
and only if there is a representation C = C' ® @per D, where {C'} UL is
a (linearly) independent subset of the relevant cycles of weight smaller than or
equal to K.

This equivalence relation can also be interpreted as a refined form of the con-
nectivity concept in the cycle matroid of the graph. The ~, equivalence classes
are called interchangeability classes.

If a graph contains a unique shortest cycle C(e) for some edge e, this cycle is
necessarily contained in every minimum cycle basis, and it cannot be replaced
by any other cycle. Hence it forms its own equivalence class with respect to ~
where K = w(C). On the other hand, there often exist several relevant cycles
which are ~, interchangeable for k = w(C'). Minimum cycle bases of unweighted
complete graphs, for instance, have only one interchangeability class: suitable
! (n? — 3n + 2) of the (g) triangles need to be contained in a minimum cycle

2
basis; they are all interchangeable.
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Fig. 3. Molecules G1 (Perhydrophenalene) C13H22 and G2 (Adamantane) Ci3Hig. All
edge weights are assumed to be equal to one. The minimum cycle basis of G1 consists
of the three hexagons. Since they are unique, each hexagon represents its own ~g
equivalence class. In G2, any three of the four visible hexagons add up to the fourth,
hence they are all interchangeable. Any three of them form a minimum cycle basis.

It is possible to compute the generally exponential interchangeability classes
explicitly. However, the following observation leads to a graph invariant which
can be computed in polynomial time:

Lemma 8 ([33]). Let k > 0 be the weight of some relevant cycle, let B,B’ be
two different minimum cycle bases and let W* be an equivalence class for ~i.
Then |BNW?"| = |B' N W*"|.

Therefore we may call |B N W?"| the relative rank of W*. This rank describes
how many cycles of equal weight in a minimum cycle basis are related with
respect to interchangeability. For each weight k of a relevant cycle, there may
be several equivalence classes. (Graph G; in Fig. Bl has three ~¢ equivalence
classes, each with relative rank 1, Graph G2 has one ~¢ equivalence class of
relative rank 3.) The ordered vector G(G) containing the relative ranks of the

—

~ equivalence classes is a graph invariant. Thus, intuitively, §(G) measures
the degree of interconnectivity or local density of G’s cyclic structure (compare
again the two graphs in Fig. [3).

Theorem 2 ([34]). 5(G) can be computed in time O(m*n).

We may encode the information gained from a minimum cycle basis and the
relative ranks of the interchangeability classes within one vector: Vertical lines
separate the entries in @W(G) according to the ~, equivalence classes. The relative
rank of each class corresponds to the number of entries between two vertical
lines, sorted by increasing rank. A subscript e means that the corresponding
equivalence class has cardinality 1.

In Figure @l compare in particular graphs 1 and 2, and 3 and 4, respectively.
For each pair, the vector @W(G) is equal, but the difference can be noticed by
looking at the information about the relative ranks.
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Fig. 4. Different molecules with the molecular formula C24 H27 NO2 and their invariants
! N-(4-(1-adamantylmethyl)phenyl)anthranilic acid
2 1-,1-diphenyl-3-(ethylamino)-3- (p-methoxyphenyl)-1-propanol
3 N-cyclohexyl-,1-phenyl-1-(3,4-xylyl)-2-propynyl ester

3.3 Periodic Event Scheduling

In periodic event scheduling problems, the events v1,...,v, have to be sched-
uled to occur periodically with period T' > 0 subject to certain constraints
[3EU36I37I3839].

A typical example is the construction of a bus or subway schedule in which
a bus or subway services each station on its line at regular intervals of 7" min-
utes. A valid schedule will consist of instructions for each driver on each of the
lines, at what time to arrive at and to leave from each station. There may be
constraints on such a schedule, for instance, interconnection constraints between
different lines. These could provide passengers with transfer options or prevent
trains from arriving at the same time at a station for security reasons. Fur-
ther, it is of course of interest to find a schedule which is also optimal with
respect to a linear or nonlinear objective function, as for instance the average
customer connection time.
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A periodic event v consists of an infinite number of individual events v =
(v%);en such that
t(v') =t H =T
holds for the starting times t(v®) of the event v¢. Clearly, the starting time of a
single individual event determines that of all other events in v. Thus, we define
the starting time of v by

7(v) = min{t(v*) + pT : i € Z,t(v") + pT >0} € [0,T).

Spans allow the modeling of constraints: trivial constraints prevent, e.g., a train
from leaving a station before it arrives; interconnection constraints may restrict
the schedules of different lines: Given [,u € R such that 0 <u —1 < T, a span
is the union [I,u]r = e[l + kT, u + kT]. A span constraint e = (v;,v;) is a
relation between an ordered pair of periodic events and a span [I;;, u;j]r so that

m(vy) — m(vi) € [lij, wijlr-

The periodic event scheduling problem (PESP) is given by the tuple (7, V, E)
where E is a set of span constraints. The task is to construct an (optimal)
schedule 7 : V' — R so that all span constraints in E are fulfilled. The problem is
known to be NP-hard [35]. There exist various mixed integer programming (MIP)
formulations. We describe one that is based on the event graph G = (V, E),
with vertex set V = {v1,...,v,} and oriented edges between v; and v; whenever
e = (v;,v;j) € E. The edges are labeled with the spans [l;;, u;;]7. A valid schedule
can then be seen as a labeling of the vertices of the graph by 7(v;) so that for
each edge e and p;; € Z,

m(v;) +pij - T € {m(vi) + @iz : wij € [lij, uij]}

for z;; in the regular interval [l;;,u;;]. The label 7(v;) is also called potential
of v;. With z;; = m(v;) — m(vi), the expression x;; + p;; - T is referred to as
periodic voltage. Exploiting this analogy to electric networks and assuming that
the underlying oriented graph is two-connected, a schedule is valid if and only if
(C,z) =0 for any cycle C in G, where the vectors z = (z;;) € R™,p = (p;j) €
7™ fulfill the corresponding box constraints [ < x + pT' < u with [ = [;; and
u = (u;;). This gives rise to the MIP-formulation:

min  c(x + pT)
Az =0
I<z+pT<u
peEZL™,
where A denotes the cycle-edge incidence matrix of a Q-cycle basis of G and
c(x + pT) is an objective function in terms of x + pT. The problem can be
reformulated in more condensed form [40]; then A has to be the incidence matrix

of an integral Q-cycle basis, a cycle basis which uses only integer coefficients to
generate all cycles in G, see [41120].
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Experiments show that the problem can be solved faster when the chosen
cycle basis is small. Several real-world case studies exist. For instance, the Berlin
subway network and part of the Deutsche Bahn network was studied in [4240],
the Munich subway network was analyzed in [43].

4 Conclusion

Minimum and other cycle bases over different fields are interesting objects. The
known algorithms all exploit the matroid property.

An open problem is to understand the exact difficulty frontier between min-
imum cycle bases and minimum cycle bases with an additional property: mini-
mum cycle bases can be computed in polynomial time. Minimum fundamental
tree cycle bases are hard to compute and to approximate, and minimum weakly
fundamental cycle bases are hard to approximate, but it is not clear what hap-
pens in between: fundamental cycle bases are a proper subset of integral cycle
bases, for instance, but currently, no polynomial time algorithm is known for
computing a minimum integral cycle basis.
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Abstract. In this chapter we present recent contributions in the field of
sequential job scheduling on network machines which work in parallel;
these are subject to temporary unavailability. This unavailability can be
either unforeseeable (online models) or known a priori (offline models).
For the online models we are mainly interested in preemptive schedules
for problem formulations where the machine unavailability is given by a
probabilistic model; objectives of interest here are the sum of comple-
tion times and the makespan. Here, the non-preemptive case is essentially
intractable. For the offline models we are interested in non-preemptive
schedules where we consider the makespan objective; we present approx-
imation algorithms which are complemented by suitable inapproximabil-
ity results. Here, the preemptive model is polynomial-time solvable for
large classes of settings.

1 Introduction

One major application that would not be possible without large communication
networks is distributed computing where machines work in parallel: in large-scale
projects such as SETI@home [4], the Internet Mersenne Prime Project [G3] or
medical applications [5l6], processing power is donated by volunteers who receive
subjobs transmitted over the internet, calculate and return the results. In this
perspective, individual units constitute a dynamic distributed computational
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environment which is often termed as overlay computing platform or simply
grid. Clearly it is not appropriate to make constraining demands in terms of
processing power from those participants. Furthermore, in a dynamic network,
reachability of the participants cannot be guaranteed. This practical demand
leads to a host of new problems in parallel machine scheduling.

Hence, due to the dynamic nature of the computing platform, a crucial issue
is to take intervals of machine unavailability into account. This restriction in
availability of computational resources is also realistic due to periods of machine
maintenance or because jobs of highest priority are present. In either case we
obtain models capturing realistic industrial settings and scheduling problems in
new parallel computing platforms.

This chapter is organized as follows. In Sect. [2] we discuss approaches and re-
sults for online models; here we first discuss existing results before presenting our
contributions. Likewise, in Sect. Bl we give a survey on the literature concerning
offline models and briefly sketch our new algorithmic techniques put into effect.
Finally we conclude in Sect. [4] with open research problems.

2 Online Models

In this section, we give an overview of results for various online models, i.e.
not all machine failures are known in advance; the jobs are given offline, i.e. all
information concerning the jobs os known a priori. A common tool to obtain
results is to think of an adversary who dictates external events to force the
algorithm to obtain results as bad as possible. We shall start with models and
results that can be found in the literature and outline more recent results in
Sect. Note that we do not consider here settings in which the job durations
are random but rather refer the reader to [I2/45/51] for recent results and surveys
on this topic.

2.1 Preliminaries and Known Results

In the following, we let n the number of jobs, and we denote with m the number
of machines. In most online settings, we assume that m is known a priori. The
processing times of the jobs are denoted p1,...,pn. A schedule is an assignment
of jobs to machines such that at no time, a job is executed on more than one
machine and no machine executes more than one job. In a preemptive schedule,
processing of a job can be interrupted and resumed at a later time, even on
a different machine, while in a non-preemptive schedule, this is not permitted.
Different objectives can be considered, the most common are the latest comple-
tion time C; of any job j, called makespan, and the average completion time (or,
equivalently, the sum of completion times > C;). If for each job, a deadline or
due date d; is given by which it should be completed, we can also define the
tardiness of a job as the amount of time by which it misses its deadline.

Negative results and restricted models. It is perhaps not very surpris-
ing that there are no positive results that concern non-preemptive scheduling
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with online failures: without further restriction, the adversary can prevent any
algorithm even from scheduling jobs at all.

Example 1. Consider two identical machines My, Mo, two jobs with processing
time p; = 1, po = 2, and an arbitrary algorithm A. At time ¢t = 0, both machines
are available. Let t2 be the time at which A starts the second job Ja, w.l.o.g.
on machine M;. The adversary now shuts off M; at time ¢3 + 1 and Ms at time
to + 2. It is obvious that Jo cannot terminate under A, and an offline optimal
algorithm could schedule J; on M7 and Js on Ms at time to.

In total, this means that for both objectives Cinax and ) C; under consideration,
no bounded competitive ratio can be achieved. Even if we allow preemptions,
there are two major settings to distinguish here: in the “classical” preemptive
setting, jobs can continue from the point they were interrupted, without any loss
or penalty due to interruption. A stronger, but more realistic, setting requires
that an interrupted job is restarted from the beginning. It is easy to see that
many examples for the non-preemptive setting will carry over to the model with
restarts. Therefore, for online problems, we concentrate on the truly preemptive
setting.

As the following example from [3] shows, shutting off all machines is very
powerful, even when the algorithm is permitted preemptions:

Example 2. Consider an instance with m identical machines M, ..., M,,, and
m jobs Ji,...,J,, of unit processing time. Initially, only M; is available. Let ¢
the first time when some job, w.l.o.g. Ji, is started by some algorithm A, and ¢’
the time when J; first ceases to run, either by termination or by preemption. At
time ¢', machines Ms, ..., M,, become available, and all machines will become
unavailable at time ¢ +1— (¢’ —t)/m. Clearly, A cannot complete all jobs by time
t'+1—(t'—t)/m. However, an offline optimal algorithm could share the interval
[t,#") on machine M; between all jobs, thus being able to complete all jobs.

Note that in this example, the algorithms will terminate if we force an unlimited
amount of processing time to be available, but their competetive ratio will be
arbitrarily bad if there are large intervals of time where no machine is avail-
able. Hence, most settings will require that at all times, at least one machine is
available. This guarantees that even simple one-machine algorithms are O(m)-
competitive.

A different restriction limits the adversary’s power to change machine avail-
ability suddenly: such changes must be announced beforehand, either in the way
that the time of the next change of availability is known (lookahead) or that all
changes for a fixed window into the future are known (rolling horizon). These
two settings are in many cases closely related: consider a look-ahead algorithm
in a rolling horizon setting. Clearly, the algorithm can know the time of the next
event if it is within the horizon. To make sure that there is always an event within
the current planning horizon, we insert dummy events, for example, a machine
leaves and immediately recovers, at regular intervals. (This is not a restriction
in settings that do not penalize preemption.)
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On the other hand, consider a rolling-horizon algorithm in a look-ahead set-
ting. Depending on the circumstances, it is often possible to change the length
of the horizon on the fly, as long as its length is lower-bounded to guarantee
termination. Now, we can present the time interval from the present time to the
next event as a horizon to the algorithm and run the algorithm. After this, we
are told the next event and again present a fixed horizon, of possibly different
length, to the algorithm and so on.

One final restriction that can be made concerns the selection of machines that
can be disabled or enabled. Of particular interest in the online setting are three
patterns:

1. In a zig-zag pattern, the number of machines at time ¢, m(t), is always m or
m — 1 for some suitable constant m € N.

2. In an increasing pattern, for all two points in time ¢, ¢’ with ¢ < t/, we have
m(t) < m(t'), i.e. the number of available machines never decreases.

3. In an increasing zig-zag pattern, for ¢t < ¢, we have m(t) — 1 < m(t').
Intuitively, if we have m(¢) machines now, we will always have at least m(t)—
1 machines in the future.

Known positive results. Not many results are known for the online setting,
mostly considering the makespan and some only for the single-machine case.
Kasap et al. [33] have shown that for the single-machine problem, the “Longest
First” heuristic is optimal in expectation if the uptime distribution (i.e. the time
between failures) is convex. Adiri et al. [I] have given asymptotically optimal al-
gorithms to minimize the expected sum of completion times if the breakdowns are
exponentially distributed. These settings are not preemptive in our sense, since
an interrupted job must be started anew. (In the single-machine case, results
with resumable jobs are generally not harder than their corresponding counter-
parts without unavailability constraints.) Li & Cao [46] have considered a setting
with two different kinds of breakdowns: one kind which allows resumption, and
one kind which forces restart, possibly with entirely different job characteris-
tics. They give results for weighted completion time if all random variables are
exponentially distributed.

Less is known about the multi-machine case: Lee & Yu [44] consider the case in
which all machines will fail at the same time, but the length of the disruption is
unknown. They present pseudopolynomial algorithms to minimize the weighted
sum of completion times for both the resumable and restart settings. In the case
that there is a lookahead to the next event, Albers & Schmidt [3] have shown
that the optimal makespan can be achieved by a simple “Longest Remaining
First” heuristic. In [60], this result is extended to related machines and non-zero
release times by using the corresponding extension “Longest Remaining First
on Fastest Machine”. One can remove the need for lookahead and still obtain a
makespan of OPT + € for any fixed € > 0 for identical machines. This, too, can
be extended to related machines [59], however, the number of preemptions will
then depend polynomially on the ratio of maximal to minimal machine speed.

Earlier results of Sanlaville [57] are concerned with the maximum tardiness
objective. (This is a more general case than the makespan, since we may add
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due dates of 0 for all jobs.) If additionally all the release times are 0, then the
shortest laxity first heuristic yields optimal results for zig-zag availability. In this
heuristic, the priority of a job is higher if its remaining processing time is “high”
and its deadline is “soon” (i.e. we consider the values d; — rem;(t) for a time ¢
and select the jobs of smallest difference). If the release times are not all equal,
this heuristic still yields a schedule of value at most OPT 4+ maxp;. Some results
are known if there are precedence constraints on the jobs: if the constraints
form chains, the optimal makespan is found by a “Longest Path First” heuristic,
as shown by Liu & Sanlaville [48]. This algorithm is still optimal for outforests
(each job has at most one immediate predecessor) and decreasing zig-zag patterns
(and vice versa for inforests and increasing zig-zag). Note that such heuristics
are suitable for online algorithms since all jobs are known from the beginning,
and only the machine availability is online.

These results only hold for the case that preemption and migration are per-
mitted, i.e. we may interrupt execution of jobs at any time and resume it — even
on another machine — with no penalty. In particular, this means that a machine
failure will only negatively affect the future. Kalyanasundaram & Pruhs [32]
have considered the restart model: whenever a machine fails, the progress it has
made on the job it was executing is discarded completely. To overcome this prob-
lem, the same job is executed several times, possibly in parallel, in hope that
one of the copies will eventually succeed. In particular, they show:

Theorem 1. If each machine fails independently with probability f and ma-
chines do not recover, the competitive ratio of a deterministic online algorithm
for the Cmax objective is £2(logm/(loglogm)); for the (1/n)) C; objective, it
is £2(1). Both these bounds are tight in the sense that there exist algorithms of
competitive ratios O(logm/(loglogm)) resp. O(1).

Note that here the failure probability is a parameter dependent on the time
step; the modelization of uptime distribution from data of actual systems is an
interesting topic of its own [53].

2.2 New Results

Some results were recently found by the authors in [62], mostly concerning the
sum of completion times for identical machines. The main techniques used are
rearrangment of preempted portions of jobs and a suitable reduction to a one-
machine schedule by means of regarding the schedule as a queue. In particular,
they show the following result:

Theorem 2. The heuristic SRPT, which at any time executes those jobs which
have the shortest remaining processing time, minimizes Y C; for increasing zig-
zag availability pattern.

Corollary 1. SRPT minimizes Y, C; on two machines, if one of them is always
available.

However, SRPT is not a good heuristic for arbitrary patterns:
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Ezample 3. Consider an instance with m machines (where m is even) and m +
m/2 jobs. Ji,...,Jm have length 1, Jyy1,..., Jpym/2 have length 2. During
the interval [0,2), all machines My, ..., M, are available, and after that, only
M is available.

SRPT will schedule all short jobs immediately and hence will not complete all
jobs by time 2. The optimal solution is to start all long jobs immediately and fill
empty machines with short jobs. It is easily verified that the ratio of the sums
of completion times is then £2(m).

Indeed, we can show [61]:

Theorem 3. No online algorithm can be (2 — €)-competitive for Y C;, for any
€ > 0, even if all job lengths are in {1,2}.

Examination of the bad instances we have given here reveals that they depend
heavily on the ability to shut off many (usually: all but one) machines at the
same time. This leads to a different performance measure of the algorithms where
the probability of machine failure influences the quality.

If we consider the setting where each of the m machines fails independently
of the others with some probability f that is independent of the machine, the
following result can be shown [62]:

Theorem 4. Given a scheduling problem on identical machines which fail with
probability f, and an a-approzimate algorithm for the offline setting without
failures, there is an online algorithm with asymptotic competitive ratio o/ (1— f).

This holds for both makespan and weighted sum of completion times, even if
the instance also has release times and precedence constraints.

Table [ lists some suitable offline algorithms and the setting they pertain to.

Table 1. Some offline results that can be adapted to online settings. First column
describes scheduling problems in 3-field notation, cf. [45/54].

Setting Source Approximation ratio
Plpmin| > C; McNaughton [50] 1

P|| 3> w;C; Kawaguchi & Kyan [34] (1++2)/2
P|r;, pmin| > w;C; Afrati et al. 2] PTAS

P|rj, prec, pmtn| > w;C; Hall et al. [22) 3

3 Offline Models

Here we discuss recent offline models where the job characteristics as well as the
periods of machine unavailability are given in advance. We give a brief survey
on approximation algorithms complemented by inapproximability results; these
can be summarized as in Tab. &} we exclusively study the makespan objective
for our problems here.
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Table 2. Complexity results for offline problems in 3-field notation, cf. [45/54]

Problem

Pm|nr-a|Cmax
arbitrary
reservations

Pm|nr-a|Cmax
at most one
reservation per machine

Pm, Lup|nr-a|Cmax
arbitrary reservations

Pm, lup|nr-a|Cmax
at most one reservation
per machine

P, lup|nr-a|Cmax
at most one reservation
per machine

P, lup|nr-a|Cmax
where a constant
percentage of machines
is assumed to be
permanently available

m=1 m =2 m>3

no polynomial time algorithm
with constant approximation ratio

unless P = NP

NP-hard, no polynomial time algorithm

FPTAS with constant approximation ratio
unless P = NP

P strongly NP-hard, PTAS,

(r=0) no FPTAS unless P = NP

P NP-hard, strongly NP-hard,

(r=0) FPTAS PTAS, no FPTAS

unless P = NP

no polynomial time algorithm
with approximation ratio better than 3/2
unless P = NP

no polynomial time algorithm

with approximation ratio better than 3/2

unless P = NP, approximation algorithm

with a PTAS-like running time

and approximation ratio 3/2 + ¢ for any € € (0,1/2]

This section is organized as follows. In Subsect. B], we discuss preliminaries
and related work. In Subsect. B.2] we present some inapproximability results
which are complemented in Subsect. [3.3] by suitable approximation algorithms.
Techniques used to obtain our new results [I5/17] are mainly dual approxima-
tion via binary search over a suitable target makespan, a PTAS for Multiple
Subset Sum, definition of configurations, linear grouping and rounding known
from state-of-the-art approximation schemes for Bin Packing, and an interest-
ing cyclic shifting argument which permits usage of a network flow model for
assignment of large jobs.

3.1 Preliminaries and Known Results

Our problem can be formally defined as follows. Let m € N* denote the number of
machines which is assumed to be either constant or part of the input; this results
in different formulations, however. Besides the n jobs, an instance I consists of
r reservations Ry,...,R,. For each k € {1,...,7}, Ry = (ix, sk, tx) indicates
unavailability of machine M;, in the time interval [sy, t), where we have sy, t), €
N,ix € {1,...,m} and s < t;. We suppose that for reservations on the same
machine there is no overlap; for two reservations Ry, Ry such that i = i holds,
we have [sg, tx) N [sk, tr) = 0. For each i € {1,...,m} let R, := {Ry, € I|ix, =i}
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denote the set of reservations for machine M;. Our goal is to compute a non-
preemptive schedule of the jobs such that no job is scheduled on a machine that
is unavailable and on each machine at most one job runs at a given time; the
objective is to minimize the makespan. (We note that in contrast to the online
setting, preemptions allow very large classes of problems to be solved exactly in
polynomial time with LP and network flow methods as in [TTJ14].)

Using the 3-field notation, we denote the corresponding model by Pm|nr-a|Cryax
if m is a constant and by P|nr-d Ciax if m is considered part of the input. One might
argue that denoting the presence of unavailability intervals in the job field of the
classification scheme might be counter-intuitive; however, reservations can be
viewed as jobs owned by other users and this notation is well-established in the
existing literature [4T42/43/45].

Concerning previous results, Lee [4I] and Lee et al. [43] studied identical
parallel machines which may have different starting times; here, the LPT pol-
icy, where jobs are started in non-increasing order of their length, was analyzed.
Lee [42] studied the case where at most one reservation per machine is permitted
while one machine is continuously available and obtained suitable approximation
ratios for low-complexity list scheduling algorithms. Liao et al. [47] presented an
experimental study of an exact algorithm for m = 2 within the same scenario.
Hwang et al. [26] studied the LPT policy for the case where at most one in-
terval of unavailability per machine is permitted. They proved a tight bound
of 1+ [m/(m — A\)]/2 where at most A € [m — 1] machines are permitted to
be unavailable simultaneously. The reader can find in [45], Chapt. 22, prob-
lem definitions and a more comprehensive survey about previous results; there,
mostly NP-completeness proofs, fast greedy algorithms and dynamic program-
ming formulations for various objectives can be found. In [58], Scharbrodt et
al. present approximation schemes and inapproximability results for a setting
where the reservations are seen as fixed jobs which consequently also contribute
to the makespan. Note that the objective is quite different from the objective
discussed in this section; the objective in [58] models makespan minimization
from the perspective of the system administrator while the objective presented
here models makespan minimization from the viewpoint of an individual user
submitting his jobs to a system subject to preallocation of jobs.

For the model of interest, the sum of completion time objective has also been
considered. In [52], a setting where at most one reservation per machine is per-
mitted was studied; Mellouli et al. experimentally evaluated several exact algo-
rithms. Furthermore, Kacem et al. [3T] studied the corresponding single machine
problem, also evaluating several exact algorithms; he also obtained an approx-
imation algorithm with ratio 2 and running time O(n?) for the same problem
in [30]; a similar model was studied by Sadfi et al. in [55].

Until recently, makespan minimization for the model under consideration has
not been approached with approximation schemes, not even for the special cases
which have already been studied [26/4247]. However, Kacem [29] studied the
single machine problem with one reservation and tails; this is a model where
jobs occupy the machine for a certain time, the tail, after their completion.
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He obtained a 3/2-approximation algorithm and an FPTAS based on dynamic
programming.

3.2 Inapproximability Results

In this section we present hardness and inapproximability results for the models
under consideration. First it is clear that Pm|nr-a|Chax as well as P|nr-a|Cpax
are NP-hard since they are generalizations of the corresponding problems
Pm||Cmax and P||Cpax without reservations. In addition, the problems under
consideration are also hard to approximate, as shown in [I5I6/17]; the respec-
tive constructions for the proofs use reductions from NP-complete partition prob-
lems [21] in combination with gap creation arguments.

Theorem 5. Both problems Pm|nr-a|Cpax and P|nr-a|Chax do not admit a
polynomial time algorithm with a constant approximation ratio unless P = NP
holds.

Similar to the parallel setting studied in [I8], for both of these problems the
inapproximability is due to the existence of intervals in which no machine is
available. Consequently no work can be carried out in these intervals; since the
setting is non-preemptive, this causes a large undesired delay for some jobs.
In total, it is necessary to find suitable restrictions which permit constant ap-
proximation ratios. One straightforward way to do this is to require at least
one machine to be permanently available. The resulting problems are denoted
by Pm, lup|nr-a|Cpax and P, lup|nr-a|Cpax, where lup means that at least
one machine is always available. These restricted problem formulations then are
polynomially solvable for m = 1 and remain NP-hard for m > 2, which can be
seen by defining a reservation for each machine except the first one and follow-
ing the lines of the proof of Lemma 1 in [I7]. As we discuss in Subsect. B3
Pm, lup|nr-a|Cmax admits a PTAS [I7]. On the other hand Pm, 1up|nr-a|Crax
does not admit an FPTAS unless P = NP; this result follows from the fact that
Pm, lup|nr-a|Cmax is strongly NP-hard [I7] via a reduction from 3-Partition
and the subsequent standard arguments for “well-behaved” objective functions
as established in [20].

Theorem 6. The problem Pm, lup|nr-a|Cpax does not admit an FPTAS for
m > 2 unless P = NP holds.

Furthermore it is a natural question whether Pm, lup|nr-a|Cyax becomes easier
if the number of reservations per machine is restricted to one. Surprisingly, this
is not the case, which can be shown by adaptation of a construction from [7]. The
following result implies that Pm, lup|nr-a|Ciax with at most one reservation per
machine for m > 3 is strongly NP-hard as well.

Theorem 7. The problem Pm, lup|nr-a|Ciax does not admit an FPTAS, even
if there is at most one reservation per machine, for m > 3 unless P = NP holds.

However, P2, 1up|nr-a|Cpax, if there is at most one reservation per machine, is
easier to approximate in the sense that it admits an FPTAS, as we discuss in
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Subsect. B3l Finally, the one-machine problem 1|n7r-a|Ciax does not admit a
polynomial time approximation algorithm if more than one reservation is per-
mitted, but admits an FPTAS for only one reservation [I7].

For the problem P, lup|nr-a|Cpax we obtain a much stronger inapproxima-
bility result than the strong NP-hardness of Pm, lup|nr-a|Chax. Based on a
construction from [58] it can be shown that for any € € (0,1/2] the problem
P, lup|nr-a|Cpax does not admit a polynomial-time approximation algorithm
with approximation ratio 3/2 — ¢ unless P = NP holds; the proof is based on
a reduction from Numerical Matching with Target Sums [21]. Surprisingly, this
lower bound is also valid if a constant percentage of the machines is assumed to
be permanently available [15], which complements the sophisticated algorithm
mentioned in Subsect. B3

Theorem 8. The problem P, lup|nr-a|Cpax does not admit an approxzimation
algorithm with ratio 3/2 — €, for any € € (0,1/2], not even if the percentage of
permanently available machines is constant, unless P = NP holds.

From a broader perspective, the hardness is due to the approximation of
Pm, lup|nr-a|Chax with a constant ratio, even if there is at most one reser-
vation per machine, being at least as hard as approximation of Bin Packing with
an additive error; however whether the latter is possible is an open problem,
discussed in [23], Chapt. 2, page 67.

Theorem 9. If there is a polynomial time algorithm for P, Lup|nr-a|Cpax with
approzimation ratio ¢ € N\ {1}, then there is a polynomial time algorithm for
Bin Packing with additive error 2(c — 1).

3.3 Approximation Algorithms

To obtain approximation algorithms for the problems under consideration, dif-
ferent techniques from algorithm design are put into effect. The most basic ap-
proach used in [I7] is based on dual approximation [24] and multiple subset sum
problems. The latter ones are special cases of knapsack problems, which belong
to the oldest problems in combinatorial optimization and theoretical computer
science. Hence, we benefit from the fact that they are relatively well understood.
For the classical problem (KP) with one knapsack, besides the result by Ibarra
& Kim [27], Lawler presented a sophisticated FPTAS [40] which was later im-
proved by Kellerer & Pferschy [37]; see also the textbooks by Martello & Toth [49)]
and Kellerer et al. [38] for surveys. The case where the item profits equal their
weights is called the subset sum problem and denoted as SSP. The problem
with multiple knapsacks (MKP) is a natural generalization of KP; the case with
multiple knapsacks where the item profits equal their weights is called the mul-
tiple subset sum problem (MSSP). Various special cases and extensions of these
problems have been studied [7IS[OUTOII3I2835136], finally yielding PTASes and
FPTASes for the cases upon which our approach is partially based [SIT0J28/36].

As discussed in detail in [I7], we obtain a PTAS for P, lup|nr-a|Cyax by
using binary search over the target makespan and using a PTAS for MSSP
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where the capacities of the knapsacks are permitted to be different [§]; this
complements the inapproximability result in Subsect. by which the PTAS is,
in a certain sense, a best possible algorithm. Furthermore, instead of a PTAS
for MSSP we can use a fast greedy algorithm. This results in an algorithm for
Pm, Lup|nr-a|Crax with an approximation ratio of 14 m/2. In [26], the authors
studied the case where at most one reservation per machine is permitted while
A machines are permanently available. They proved that for this setting LPT
yields a tight bound of 14 [1/(1 — A\/m)]/2. For A = m — 1, this also yields
1+ m/2. In total, we obtain the same approximation ratio for a much more
general problem formulation, which at comes the cost of a larger runtime bound
however.

Theorem 10. The problem Pm, lup|nr-a|Cax admits a PTAS and a fast greedy
algorithm with approzimation ratio 1 +m/2.

If we study Pm, 1lup|nr-a|Ciax but permit at most one reservation per machine,
the situation is different; this change of complexity is illustrated in Tab.[2l The
algorithm for P2, lup|nr-a|Cpax mentioned in the next theorem is based on a
dynamic programming formulation which combinatorializes the loads of the two
machines in suitable intervals; in combination with a 2-approximation algorithm
and scaling and rounding the values similar to [40] this dynamic programming
formulation can be transformed into an FPTAS with a standard approach. Again
this approximation scheme is to be compared with the complementing hardness
result from Subsect.

Theorem 11. The problem P2, lup|nr-a|Cinax with one reservation admits an
FPTAS.

For P, 1up|nr-a|Crax we have obtained an inapproximability result in Subsect.[3:2
However, in [15], we have obtained an approximation algorithm with ratio 3/2+ €
for the case where the percentage of available machines is constant.

Theorem 12. The problem P, lup|nr-a|Cnax, provided that the percentage of
permanently available machines is constant, admits a polynomial time algorithm
with approzimation ratio 3/2 + € for any € € (0,1/2].

The running time of the respective algorithm is PTAS-like, i.e. exponential in
1/¢; however, various interesting algorithmic techniques are used. These include
dual approximation by guessing the makespan [24], linear grouping and round-
ing known from Bin Packing [19], enumeration of configurations, grouping and
embedding known from Strip Packing [39] in combination with a novel method
of assignment of jobs via network flow models and again a PTAS for MSSP
as in [17].

4 Conclusion

We have given a survey on recent advances in scheduling with machine un-
availability constraints; this is an intriguing field where online formulations are
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as relevant as classical offline formulations. One interesting problem in the on-
line setting is the rather large gap for the makespan problem: while only 2-
inapproximability is known, we do not know of any algorithm with constant com-
petitiveness. Permission of reservations in the classical offline problems changes
the complexity in a surprising way. More precisely, Pm||Cpax is NP-hard but
permits an FPTAS [56], while P, lup|nr-a|Cpax is strongly NP-hard for m >
2; furthermore, P||Cax is strongly NP-hard but permits a PTAS [25], while
P, lup|nr-a|Cpax is much harder to approximate. Concerning offline problems,
it would be interesting to perform a sensitivity analysis with respect to the reser-
vations for which a slight shift in time or increase and decrease in duration might
be permitted. In total, we like to point out that here especially the algorithms
for online problems tend to be suitable for implementation. This is to be com-
pared with those for the offline problems which are rather suitable for long-term
planning, where calculation of the schedule is not a time-critical issue.

Acknowledgements. The authors thank Erik Saule and Derrick Kondo for
fruitful discussions and the referees for many helpful comments.

References

1. Adiri, I., Bruno, J.L., Frostig, E., Kan, A.H.G.R.: Single machine flow-time schedul-
ing with a single breakdown. Acta Inf. 26(7), 679-696 (1989)

2. Afrati, F.N., Bampis, E., Chekuri, C., Karger, D.R., Kenyon, C., Khanna, S., Milis,
I., Queyranne, M., Skutella, M., Stein, C., Sviridenko, M.: Approximation schemes
for minimizing average weighted completion time with release dates. In: FOCS, pp.
32-44 (1999)

3. Albers, S., Schmidt, G.: Scheduling with unexpected machine breakdowns. Disc.
App. Math. 110(2-3), 85-99 (2001)

4. Anderson, D.P.; et al.: Seti@home, http://setiathome.berkeley.edu/

5. Baker, D., et al.: Rosetta@home protein folding, design and docking,
http://boinc.bakerlab.org/rosetta/

6. Berman, F., et al.: World community grid, http://www.worldcommunitygrid.org/

7. Caprara, A., Kellerer, H., Pferschy, U.: The multiple subset sum problem. Technical
report, Technische Universitat Graz (1998)

8. Caprara, A., Kellerer, H., Pferschy, U.: A PTAS for the multiple subset sum prob-
lem with different knapsack capacities. Inf. Process. Lett. 73(3-4), 111-118 (2000)

9. Caprara, A., Kellerer, H., Pferschy, U.: A 3/4-approximation algorithm for multiple
subset sum. J. Heuristics 9(2), 99-111 (2003)

10. Chekuri, C., Khanna, S.: A polynomial time approximation scheme for the multiple
knapsack problem. SIAM J. Comput. 35(3), 713-728 (2005)

11. Cochand, M., de Werra, D., Slowinski, R.: Preemptive scheduling with staircase
and piecewise linear resource availability. Methods and Models of Op. Res. 33,
297-313 (1989)

12. Crutchfield, C.Y., Dzunic, Z., Fineman, J.T., Karger, D.R., Scott, J.H.: Improved
approximations for multiprecessor scheduling under uncertainty. In: Proceedings
of SPAA (2008) (to appear)

13. Dawande, M., Kalagnanam, J., Keskinocak, P., Salman, F.S., Ravi, R.: Approxi-
mation algorithms for the multiple knapsack problem with assignment restrictions.
J. Comb. Optim. 4(2), 171-186 (2000)


http://setiathome.berkeley.edu/
http://boinc.bakerlab.org/rosetta/
http://www.worldcommunitygrid.org/

62

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

F. Diedrich et al.

de Werra, D.: On the two-phase method for preemptive scheduling. Eur. J. Oper-
ational Res. 37, 227-235 (1988)

Diedrich, F., Jansen, K.: Improved approximation algorithms for scheduling with
fixed jobs. In: Proc. 20th ACM-SIAM Symposium on Discrete Algorithms (2009)
(to appear)

Diedrich, F., Jansen, K., Pascual, F., Trystram, D.: Approximation algorithms for
scheduling with reservations. (unpublished Manuscript)

Diedrich, F., Jansen, K., Pascual, F., Trystram, D.: Approximation algorithms for
scheduling with reservations. In: Aluru, S., Parashar, M., Badrinath, R., Prasanna,
V.K. (eds.) HiPC 2007. LNCS, vol. 4873, pp. 297-307. Springer, Heidelberg (2007)
Eyraud-Dubois, L., Mounié, G., Trystram, D.: Analysis of scheduling algorithms
with reservations. In: IPDPS, pp. 1-8. IEEE, Los Alamitos (2007)

Fernandez de la Vega, W., Lueker, G.S.: Bin packing can be solved within 1+ € in
linear time. Combinatorica 1(4), 349-355 (1981)

Garey, M.R., Johnson, D.S.: “strong” NP-completeness results: Motivation, exam-
ples, and implications. J. ACM 25(3), 499-508 (1978)

Garey, M.R., Johnson, D.S.: Computers and Intractability: A Guide to the Theory
of NP-Completeness. W. H. Freeman, New York (1979)

Hall, L.A., Shmoys, D.B., Wein, J.: Scheduling to minimize average completion
time: Off-line and on-line algorithms. In: SODA, pp. 142-151 (1996)

Hochbaum, D. (ed.): Approximation Algorithms for NP-hard Problems. PWS Pub-
lishing Company (1996)

Hochbaum, D.S., Shmoys, D.B.: Using dual approximation algorithms for schedul-
ing problems: theoretical and practical results. J. ACM 34(1), 144-162 (1987)
Hochbaum, D.S., Shmoys, D.B.: A polynomial approximation scheme for schedul-
ing on uniform processors: Using the dual approximation approach. SIAM J. Com-
put. 17(3), 539-551 (1988)

Hwang, H.-C., Lee, K., Chang, S.Y.: The effect of machine availability on the
worst-case performance of LPT. Disc. App. Math. 148(1), 49-61 (2005)

Ibarra, O.H., Kim, C.E.: Fast approximation algorithms for the knapsack and sum
of subset problems. J. ACM 22(4), 463-468 (1975)

Jansen, K.: Parameterized approximation scheme for the multiple knapsack prob-
lem. In: Proc. 20th ACM-SIAM Symposium on Discrete Algorithms (2009) (to
appear)

Kacem, I.: Approximation algorithms for the makespan minimization with positive
tails on a single machine with a fixed non-availability interval. J. Comb. Optim.
(2007)

Kacem, I.: Approximation algorithm for the weighted flow-time minimization on
a single machine with a fixed non-availability interval. Computers & Industrial
Engineering 54(3), 401-410 (2008)

Kacem, I., Chu, C., Souissi, A.: Single-machine scheduling with an availability
constraint to minimize the weighted sum of the completion times. Computers &
OR 35(3), 827-844 (2008)

Kalyanasundaram, B., Pruhs, K.: Fault-tolerant scheduling. STAM Journal on
Computation 34(3), 697-719 (2005)

Kasap, N., Aytug, H., Paul, A.: Minimizing makespan on a single machine subject
to random breakdowns. Oper. Res. Lett. 34(1), 29-36 (2006)

Kawaguchi, T., Kyan, S.: Worst case bound of an LRF schedule for the mean
weighted flow-time problem. SIAM Journal on Computation 15(4), 1119-1129
(1986)



35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

A Survey on Approximation Algorithms 63

Kellerer, H.: A polynomial time approximation scheme for the multiple knapsack
problem. In: Hochbaum, D.S., Jansen, K., Rolim, J.D.P., Sinclair, A. (eds.) RAN-
DOM 1999 and APPROX 1999. LNCS, vol. 1671, pp. 51-62. Springer, Heidelberg
(1999)

Kellerer, H., Mansini, R., Pferschy, U., Speranza, M.G.: An efficient fully poly-
nomial approximation scheme for the subset-sum problem. J. Comput. Syst.
Sci. 66(2), 349-370 (2003)

Kellerer, H., Pferschy, U.: A new fully polynomial time approximation scheme for
the knapsack problem. J. Comb. Optim. 3(1), 59-71 (1999)

Kellerer, H., Pferschy, U., Pisinger, D.: Knapsack Problems. Springer, Heidelberg
(2004)

Kenyon, C., Rémila, E.: A near-optimal solution to a two dimensional cutting stock
problem. Math. Oper. Res. 25, 645-656 (2000)

Lawler, E.L.: Fast approximation algorithms for knapsack problems. Math. Oper.
Res. 4(4), 339-356 (1979)

Lee, C.-Y.: Parallel machines scheduling with non-simultaneous machine available
time. Disc. App. Math. 30, 53-61 (1991)

Lee, C.-Y.: Machine scheduling with an availability constraint. J. Global Optimiza-
tion, Special Issue on Optimization of Scheduling Applications 9, 363-384 (1996)
Lee, C.-Y., He, Y., Tang, G.: A note on parallel machine scheduling with non-
simultaneous machine available time. Disc. App. Math. 100(1-2), 133-135 (2000)
Lee, C.-Y., Yu, G.: Parallel-machine scheduling under potential disruption. Opt.
Lett. 2(1), 27-37 (2008)

Leung, J.Y.-T. (ed.): Handbook of Scheduling. Chapman & Hall, Boca Raton
(2004)

Li, W., Cao, J.: Stochastic scheduling on a single machine subject to multiple break-
downs according to different probabilities. Oper. Res. Lett. 18(2), 81-91 (1995)
Liao, C.-J., Shyur, D.-L., Lin, C.-H.: Makespan minimization for two parallel ma-
chines with an availability constraint. Eur. J. Operational Res. 160, 445-456 (2003)
Liu, Z., Sanlaville, E.: Preemptive scheduling with variable profile, precedence con-
straints and due dates. Disc. App. Math. 58(3), 253-280 (1995)

Martello, S., Toth, P.: Knapsack Problems: Algorithms and Computer Implemen-
tations. Wiley, Chichester (1990)

McNaughton, R.: Scheudling with deadlines and loss functions. Mgt. Science 6,
1-12 (1959)

Megow, N., Vredeveld, T.: Approximation in preemptive stochastic online schedul-
ing. In: Azar, Y., Erlebach, T. (eds.) ESA 2006. LNCS, vol. 4168, pp. 516-527.
Springer, Heidelberg (2006)

Mellouli, R., Sadfi, C., Chu, C., Kacem, I.: Identical parallel-machine scheduling
under availability constraints to minimize the sum of completion times. Eur. J.
Operational Res. (2008)

Nurmi, D., Brevik, J., Wolski, R.: Modeling machine availability in enterprise and
wide-area distributed computing environments. In: Cunha, J.C., Medeiros, P.D.
(eds.) Euro-Par 2005. LNCS, vol. 3648, pp. 432-441. Springer, Heidelberg (2005)
Pinedo, M.: Scheduling: Theory, Algorithms and Systems. Prentice Hall, Engle-
wood Cliffs (1995)

Sadfi, C., Penz, B., Rapine, C., Blazewicz, J., Formanowicz, P.: An improved ap-
proximation algorithm for the single machine total completion time scheduling
problem with availability constraints. Eur. J. Operational Res. 161(1), 3-10 (2005)
Sahni, S.: Algorithms for scheduling independent tasks. J. ACM 23(1), 116-127
(1976)



64

57.

58.

59.

60.

61.

62.

63.

F. Diedrich et al.

Sanlaville, E.: Nearly on line scheduling of preemptive independent tasks. Disc.
App. Math. 57(2-3), 229-241 (1995)

Scharbrodt, M., Steger, A., Weisser, H.: Approximability of scheduling with fixed
jobs. J. Scheduling 2, 267-284 (1999)

Schwarz, U.M.: Scheduling related machines with failures (unpublished
manuscript)

Schwarz, U.M.: Online scheduling on semi-related machines. Information Process-
ing Letters 108(1), 38-40 (2008)

Schwarz, U.M., Diedrich, F.: Scheduling algorithms for random machine profiles
(unpublished manuscript)

Schwarz, U.M., Diedrich, F.: A framework for scheduling with online availability.
In: Kermarrec, A.-M., Bougé, L., Priol, T. (eds.) Euro-Par 2007. LNCS, vol. 4641,
pp. 205-213. Springer, Heidelberg (2007)

Woltman, G., et al.: The great internet mersenne prime search,
http://www.mersenne.org/


http://www.mersenne.org/

Iterative Compression for Exactly Solving
NP-Hard Minimization Problems

Jiong Guo*, Hannes Moser**, and Rolf Niedermeier

Institut fiir Informatik, Friedrich-Schiller-Universitat Jena,
Ernst-Abbe-Platz 2, D-07743 Jena, Germany
{guo,moser ,niedermr}@minet.uni-jena.de

Abstract. We survey the conceptual framework and several applica-
tions of the iterative compression technique introduced in 2004 by Reed,
Smith, and Vetta. This technique has proven very useful for achieving a
number of recent breakthroughs in the development of fixed-parameter
algorithms for NP-hard minimization problems. There is a clear potential
for further applications as well as a further development of the technique
itself. We describe several algorithmic results based on iterative compres-
sion and point out some challenges for future research.

1 Introduction

Until the year 2004, the parameterized complexity of several important
NP-hard minimization problems was open. Then, Reed, Smith, and Vetta [43]
introduced in a very short paper a new technique that is now called itera-
tive compression. Meanwhile, based on this technique, a number of the men-
tioned open questions could be positively answered by giving corresponding
fixed-parameter algorithms. To become more specific, let us consider the NP-
complete VERTEX BIPARTIZATION problem, where one is given an undirected
graph G = (V, E) and an integer k£ > 0, and the question is whether there is a
set of at most k vertices such that their deletion leaves a bipartite graph. Due
to iterative compression, now it is known that VERTEX BIPARTIZATION can be
solved in O(3% - |V||E|) time E3/30]. In other words, VERTEX BIPARTIZATION is
fixed-parameter tractable with respect to the parameter k. Since then, similar
breakthroughs have been achieved, for example, for the NP-complete problems
UNDIRECTED FEEDBACK VERTEX SET [12J29/9], DIRECTED FEEDBACK VER-
TEX SET [I1], and ALMOST 2-SAT [42]. Here, we review the central ideas behind
iterative compression and (some of) its applications. To this end, we choose the
recently studied NP-complete CLUSTER VERTEX DELETION problem [33] as our
running example for exhibiting the “essentials” of iterative compression.

Notation. For a graph G = (V,E) and a vertex set S C V, let G[S] be the
subgraph of G induced by S. A parameterized problem (I, k) is fized-parameter
tractable with respect to the parameter k if it can be solved in f(k)-poly(]/]) time,

* Supported by the DFG, PALG, NI 369/8.
** Supported by the DFG, projects ITKO, NI 369/5 (part of the DFG-SPP 1126 “Al-
gorithms on Large and Complex Networks”) and AREG, NI 369/9.
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where T is the input instance (see [T6J20039]). Fixed-parameter tractability can be
viewed as an alternative to polynomial-time approximability in dealing with NP-
hard problems. An exact algorithm showing the fixed-parameter tractability of a
parameterized problem is called fized-parameter algorithm. In all graph problems
that follow, n denotes the number of vertices and m denotes the number of edges.

2 Illustration of the Basic Technique

In the following, we exhibit the iterative compression technique by using the NP-
complete CLUSTER VERTEX DELETION (CVD) problem, arising in graph-based
data clustering, as a running example.

Input: An undirected graph G = (V, E) and a nonnegative number k.
Question: Is there a vertex subset S C V with |S| < k such that
deleting all vertices in S from G results in a cluster graph, that is, a
graph where every connected component forms a clique?

We present a simplified version of a more general algorithm [33] that solves the
vertex-weighed variant of CLUSTER VERTEX DELETION. Note that a graph is a
cluster graph if and only if it contains no induced path of three vertices (referred
to as P .

The central idea of iterative compression is to employ a so-called compression
routine. A compression routine is an algorithm that, given a problem instance
and a corresponding solution, either calculates a smaller solution or proves that
the given solution is of minimum size. Using a compression routine, one finds an
optimal solution to a problem by inductively building up the problem structure
and iteratively compressing intermediate solutions.

Example CVD. In the following, we call a solution for CVD a cvd-set. Here, the
problem structure is built up vertex by vertex. We start with V' = () and S = 0;
clearly, S is a cvd-set for G[V']. Iterating over all graph vertices, step by step we
add one vertex v € V\ V' to both V' and S. Then S is still a cvd-set for G[V']. In
each step, if |S| > k, then we try to find a smaller cvd-set for G[V’] by applying
a compression routine. It takes the graph G[V'] and the cvd-set S for G[V'], and
returns a smaller cvd-set for G[V'], or proves that S is optimal. If S is optimal,
then we can conclude that G does not have a cvd-set of size at most k. Since
eventually V' = V, we obtain a solution for G once the algorithm returns S. Note
that almost all known applications of iterative compression on graph problems
with vertex subsets as solutions essentially build up the graph in this WayE

The main point of the iterative compression technique is that if the compression
routine is a fixed-parameter algorithm, then so is the whole algorithm. The
main strength of iterative compression is that it allows to see the problem from a

! Three vertices u,v,w € V of a graph G = (V, E) form an induced path if exactly
two of the three edges {u, v}, {u,w}, {v,w} are contained in E.

2 An alternative example where the graph is built up edge by edge is given with the
NP-complete EDGE BIPARTIZATION problem [29].
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different angle: The compression routine does not only have the problem instance
as input, but also a solution, which carries valuable structural information on
the input. Therefore, the design of a compression routine may be simpler than
designing a fixed-parameter algorithm for the original problem.

While embedding the compression routine into the iteration framework is usu-
ally straightforward, finding the compression routine itself is not. It is not even
clear that a compression routine with useful running time exists even when we
already know a problem to be fixed-parameter tractable. Therefore, the art of
iterative compression typically lies in the design of the compression routine. In
many applications of iterative compression, the compression routine first exhaus-
tively considers all possible intersection sets of the given solution and a potentially
smaller solution; elements in the intersection can be “discarded” from the problem
instance[§ Then, the remaining task is to find a smaller disjoint solution.

Example CVD continued. For CLUSTER VERTEX DELETION the compression
routine works as follows. Consider a smaller cvd-set S’ as a modification of
the larger cvd-set S for the graph G = (V, E). This modification retains some
vertices Y C S as part of the solution set (that is, the vertices to be deleted),
while the other vertices X := S\ Y are replaced by new vertices from V' \ S.
The idea is to try by brute force all 2/5I — 1 nontrivial partitions of S into these
two sets Y and X. For each such partition, the vertices from Y are immediately
deleted, since we already decided to take them into the cvd-set. In the resulting
instance G’ = (V', E’) := G[V \ Y], it remains to find a smaller cvd-set that is
disjoint from X. This turns out to be a much easier task than finding a cvd-set
in general; in fact, it can be done in polynomial time using data reduction and
maximum matching.

The idea to try by brute force all nontrivial partitions of a given solution S into
two sets Y and X is applied for all the problems in this survey; thus, we always
describe the corresponding compression routines by showing how to compute a
smaller disjoint solution.

Compression for CVD. Recall that X is a cvd-set for G, and the task is
to find a smaller cvd-set for G’ disjoint from X. First, we discard partitions
where X does not induce a cluster graph; these partitions cannot lead to a
solution since we fixed that none of the vertices in X would be deleted. Further,
the set R := V' \ X also induces a cluster graph since R = V' \ S and S is a
cvd-set. Therefore, the following computational problem remains:

CVD COMPRESSION

Instance: An undirected graph G = (V, E) and a vertex set X C V
such that G[X] and G[V \ X] are cluster graphs.

Task: Find a vertex set X’ C V' \ X such that G[V \ X'] is a cluster
graph and | X'| < | X].

3 It depends on the concrete problem of how we “discard” these elements. For instance,
for a vertex deletion problem we may just remove the corresponding vertices.
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(a) CVD COMPRESSION instance (b) The assignment problem

Fig. 1. (a) Data reduction in the compression routine. The white vertices in the input
instance are removed by the three data reduction rules. Each group of encircled vertices
corresponds to a vertex in the assignment problem (b). If a group of encircled vertices
is in X or if no vertex in this group has a neighbor in X, then the corresponding vertex
is black, otherwise, it is white.

An example for a CVD COMPRESSION instance is shown in In a first
step, this instance can be simplified by a series of simple data reduction rules;
their correctness is easy to see [33]:

1. Delete all vertices in R := V' \ X that are adjacent to more than one clique
in G[X].

2. Delete all vertices in R that are adjacent to some, but not all vertices of a
clique in G[X].

3. Remove connected components that are cliques.

After these data reduction rules have been exhaustively applied, the instance is
much simplified: In each clique of G[R], we can divide the vertices into equiv-
alence classes according to their neighborhood in X; each class then contains
either vertices adjacent to all vertices of a particular clique in G[X], or the ver-
tices adjacent to no vertex in X (see [Figure 1a)). This classification is useful
because of the following.

Lemma 1. If there exists a solution for CVD COMPRESSION, then in the clus-
ter graph resulting by this solution, for each clique in G[R] the vertices of at
most one equivalence class are present.

Proof. Clearly, inside a clique, it is never useful to delete only some, but not all
vertices of an equivalence class, since if that led to a solution, we could always
re-add the deleted vertices without introducing new induced P3’s (which are the
forbidden substructure characterizing cluster graphs). Further, assume that for
a clique C in G[R] the vertices of two equivalence classes are present. Let u € C
and v € C be a vertex from each equivalence class, respectively. Since u and v
are in different equivalence classes, they must have a different neighborhood
with respect to the cliques in G[X]. Assume without loss of generality that v is
adjacent to all vertices of a clique C' in G[X]. Since u is in an other equivalence
class than v, u is not adjacent to any vertex of C’. Let w € C’. The path uvw
forms an induced Pj5, contradicting our assumption. a



Iterative Compression for Exactly Solving NP-Hard Minimization Problems 69

Due to [Lemma 1l the remaining task for solving CVD COMPRESSION is to as-
sign each clique in G[R] to one of its equivalence classes (corresponding to the
preservation of this class, and the deletion of all vertices from the other classes
within the clique) or to nothing (corresponding to the complete deletion of the
clique). However, we cannot do this independently for each clique; we must not
choose two classes from different cliques in G[R] such that these two classes are
adjacent to the same clique in G[X] since that would create an induced Ps. This
assignment problem can be modelled as a weighted bipartite matching problem
in an auxiliary graph H, where each edge corresponds to a possible choice. The

graph H is constructed as follows (see [Figure 1D)):

1. Add a vertex for every clique in G[R] (white vertices).

2. Add a vertex for every clique in G[X] (black vertices in X).

3. For a clique Cx in G[X] and a clique Cg in G[R], add an edge between the
vertex for C'x and the vertex for Cg if there is an equivalence class in Cg
containing a vertex adjacent to a vertex in Cx. This edge corresponds to
choosing this class for Cr and one assigns the number of vertices in this
class as its weight.

4. Add a vertex for each class in a clique Cg that is not adjacent to a clique
in G[X] (black vertices outside X'), and connect it to the vertex represent-
ing C'r. Again, this edge corresponds to choosing this class for C'r and is
weighted with the number of vertices in this class.

Since we only added edges between black and white vertices, H is bipartite. The
task is now to find a mazimum-weight bipartite matching, that is, a set of edges of
maximum weight where no two edges have an endpoint in common. To solve this
matching instance, we can use an algorithm for integer weighted matching with a
maximum weight of n [24], yielding a running time of O(m/nlogn). If we apply
the data reduction rules in their given order, we can execute them in O(m) time.
Thus, we can solve CVD COMPRESSION in O(m+/nlogn) time. The number of
vertices in an intermediary solution S to be compressed is bounded from above
by k -+ 1, because any such S consists of a size-at-most-k solution for a subgraph
of G plus a single vertex. In one iteration step, CVD COMPRESSION is thus
solved O(2%) times, and there are n iteration steps, yielding a total running time
of O(2F - mn3/?1ogn). With some tricks based on problem kernelization, which
will not be explained here, this can be further improved to O(2Fk%log k +nm).

Theorem 1 ([33]). CLUSTER VERTEX DELETION can be solved within a run-
ning time of O(2FkSlogk + nm).

This iterative compression approach combined with matching techniques also
works for the vertex-weighted version of CLUSTER VERTEX DELETION, yielding
an algorithm with a running time of O(2¥k? 4+ nm) [33].

As we have seen for CLUSTER VERTEX DELETION, the iterative part of build-
ing up the graph vertex by vertex is relatively simple, but the problem-specific
compression step of applying data reduction and matching techniques is more
involved. In many applications of iterative compression, the iterative part is
carried out in the same manner, and data reduction techniques often play an
important role for the compression step.
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3 Some Breakthroughs Due to Iterative Compression

In this section, we survey recent breakthroughs in parameterized algorithmics
that all are based on a sophisticated use of iterative compression. We mainly
focus on describing the central ideas behind the respective compression routines.

3.1 Graph Bipartization

Definition and History. The NP-complete GRAPH BIPARTIZATION problem, also
known as VERTEX BIPARTIZATION, MAXIMUM BIPARTITE INDUCED SUBGRAPH,
or ODD CYCLE TRANSVERSAL, is defined as follows.

Input: An undirected graph G = (V, E) and a nonnegative number k.
Question: Is there a vertex subset S C V with |S| < k such that G[V'\ 5]
is bipartite?

GRAPH BIPARTIZATION has applications ranging from VLSI design to computa-
tional biology (see, e.g., [35/45]). There is a polynomial-time approximation with
a factor of O(logn) [25], and there is an exact algorithm running in O(1.62")
time [41]. Mahajan and Raman [36] explicitly mentioned the fixed-parameter
tractability of GRAPH BIPARTIZATION with respect to the parameter k as an
open problem, which was settled by Reed et al. [43], thereby introducing the
iterative compression technique. The running time of their approach is stated
as O(4% - knm), but with a better analysis and an algorithmic trick, it can been
improved to O(3* - nm) [30/31].

Compression Routine. In the following, we outline the basic idea of the compres-
sion routine due to Reed et al. [43]. We have as input an undirected graph G =
(V,E) and a vertex set X C V such that G[V \ X] is bipartite. The question is
whether there exists a set X’ with X’ C V\ X and |X'| < |X| such that G[V'\ X']
is bipartite. Let I; and Iy be the two partite sets of G[V \ X]. The idea is to
construct an auxiliary graph corresponding to G: Replace every vertex v € X
by two vertices vy, vs, deleting all edges incident to v. For every edge vw in G
with w € V' \ X, we add the edge viw if w € Iy and vow if w € I;. For every
edge vw with w € X, we arbitrarily add the edge viws or the edge vow;. See
for an example. The idea behind that construction is to enforce that
if there exists an odd cycle (a cycle with an odd number of edges) in G going
through a vertex a (e.g., the cycle (a, b, e) in [Figure 2)), then there exists a path
from a; to ag in the auxiliary graph. Note that a path from a; to as in the
auxiliary graph only implies some odd cycle in G (but not necessarily contain-
ing a). Let Nx := {v1,v2 | v € X} be the set of the newly introduced vertices.
A partition (A, B) of Nx is valid if for each vertex pair vq,ve either v; € A
and v € B or v; € B and vy € A. The intuitive idea of the compression routine
is to try to find a valid partition (A, B) such that all paths between A and B can
be obstructed by less than | X| vertices. These vertices also obstruct every odd
cycle in G (by the construction of the auxiliary graph). The following lemma,
which is a variation of Lemma 1 in [43] and will not be proven here, shows that
this approach is correct.
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a ail a2
e e
b f b !
C C1 C2
g g1 g2
d h d h

(a) (b)

Fig. 2. (a) G with solution (encircled vertices); (b) Corresponding auxiliary graph

Lemma 2. If for any valid partition (A, B) of Nx there are |X| vertez-disjoint
paths from A to B in the corresponding auziliary graph, then there is no solu-
tion X' with X' CV\ X and |X'| < |X].

Using we can enumerate in 2/X| steps all possible valid partitions
(A, B) of Nx, and compute a vertex cut between (A, B) using maximum flow
techniques. If the vertex cut contains less than | X| vertices, then we return it as
the new solution X’. The maximum flow can be computed in O(km) time [23],
and since | X | < k+1 the overall running time of the compression routine is O(2"-
km). With an algorithmic trick, which “recycles” the flow networks for each
maximum flow problem, one can get rid of the factor k in the running time [30].
Together with the iteration and the partitioning needed for the compression
routine, an improved analysis, not described here, yields the following.

Theorem 2 ([4330]). GRAPH BIPARTIZATION can be solved within a running
time of O(3% - nm).

Further Remarks. There exists another approach using vertex colorings to de-
scribe the GRAPH BIPARTIZATION algorithm [31I]. The GRAPH BIPARTIZATION
algorithm has also been heuristically improved and implemented [30,31]@ The
experiments on data from computational biology show that iterative compression
can outperform other methods by orders of magnitude. For example, an instance
originating from computational biology with 102 vertices and 307 edges can be
solved in 6248 seconds with an ILP approach, whereas an iterative compression
approach runs in 0.79 seconds, which can be further improved by algorithmic
tricks [30]. The iterative compression approach also works for the variant of
making a given graph bipartite by at most k edge deletions, and yields an al-
gorithm with a running time of O(2* - m?) [29]. This algorithm can be used
for SIGNED GRAPH BALANCING, where experiments show that this approach

4 The source code of the GRAPH BIPARTIZATION solver and corresponding test data
are available from http://theinfl.informatik.uni-jena.de/occ
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has about the same running time as approximation algorithms, while producing
exact solutions [32]@.

The ALmMOST 2-SAT problem is a generalization of GRAPH BIPARTIZATION.
It asks whether it is possible to delete at most k clauses from a Boolean formula
in conjunctive normal form with at most two literals per clause such that the re-
maining formula becomes satisfiable. Very recently, Razgon and O’Sullivan [42)
showed that ALMOST 2-SAT can be solved in O(15%k - m?) time, thus proving
it to be fixed-parameter tractable with respect to parameter k, which was an
open question stated by Mahajan and Raman [36]. This result also implies that
VERTEX COVER parameterized above the size of a maximum matching M, that
is, the task to find a vertex cover of size at most |M| + k (“above guarantee
parameterization”) [38], is fixed-parameter tractable with respect to the param-
eter k, because it can be transformed to ALMOST 2-SAT [42] in f(k) - poly(n)
time.

3.2 Undirected Feedback Vertex Set

Definition and History. The NP-complete UNDIRECTED FEEDBACK VERTEX
SET (UFVS) problem is defined as follows.

Input: An undirected graph G = (V, E) and a nonnegative number k.
Question: Is there a feedback vertex set (fvs) S C V with |S| < k, that
is, a set S whose deletion from G results in a forest?

UFVS has found applications in many fields, including deadlock prevention, pro-
gram verification, and Bayesian inference [19]. UFVS can be approximated to a
factor of 2 in polynomial time [I/4]. There is a simple and elegant randomized
algorithm [3] that solves UFVS in O(c4*k - n) time by finding a feedback vertex
set of size k with probability at least 1 — (1 — 4% )C4k for an arbitrary constant c.
A recent exact algorithm for UFVS has running time of O(1.7548™) [22]. As to
deterministic fixed-parameter algorithms, Bodlaender [7] and Downey and Fel-
lows [I5] were the first to show that the problem is fixed-parameter tractable.
In 2005, Dehne et al. [I2] and Guo et al. [29] independently provided the first
algorithms, based on iterative compression, with running times of O(c* - nm)
with ¢ ~ 11. Finally, Chen et al. [9], also employing iterative compression, im-
proved the constant c to 5.

Compression Routine. In the following, we briefly describe the basic idea behind
the compression routine due to Chen et al. [0]. Herein, we have as input an
undirected graph G = (V, E) and an fvs X. The question is whether there exists
an fvs X’ with | X'| < |X| and X’ C V' \ X. Observe that G can be divided into
two forests: The induced subgraph G[V \ X] is clearly acyclic. Moreover, G[X]
is also a forest consisting of at most | X| trees; otherwise, there would not exist
an fvs X’ with X N X’ = (). Based on this observation, the key idea of the

5 The source code of the SIGNED GRAPH BALANCING solver is available from
http://theinfl.informatik.uni-jena.de/bsg
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compression routine is to merge these two forests into one by deleting as few
as possible vertices from V' \ X; that is, it considers every vertex v € V \ X
and tries to move v from V \ X to X without introducing a cycle in G[X].
Since a solution X’ must be disjoint from X, we have to include v into X’ if
its addition to X creates a cycle. If there is no cycle created by adding v to X,
then make a trivial branch into two subcases, namely, (1) keeping X unchanged,
adding v to X', and deleting v from G or (2) extending X by v. In the latter case,
we assume that v is not part of a solution. More specifically, the compression
routine follows a search tree strategy which distinguishes the following cases:
First, if there is a vertex v € V' \ X that has two neighbors from the same tree
in G[X], then add v to X’ and delete v from G. This is clearly correct, since
moving v to X introduces cycles. Second, if the first case does not apply and
there is a vertex v € V' \ X that has at least two neighbors in X, then we know
that these neighbors are from different trees in G[X] and, thus, G[X U {v}] is
acyclic; we branch the search into two subcases as described above. Finally, if
the first two cases do not apply, then all vertices in V' \ X have at most one
neighbor in X. We apply the following bypassing reduction rule to the leaves
of the forest G[V \ X], until one the first two cases applies or V' \ X = . We
say that a graph G’ is obtained from G by bypassing a degree-2 vertex v in G
if G’ is obtained by first removing v and then adding a new edge between its two
neighbors. The following data reduction rule is trivially correct, because deleting
degree-2 vertices to destroy cycles is never the only best solution.

Bypassing reduction rule: Bypass all degree-2 vertices in G.

To analyze the running time of the compression routine, we have to bound the
search tree size. Since only the second case causes a branching into two subcases,
it remains to upper-bound the number of the applications of the second case.
We claim that this number is bounded by j + [, where j denotes the size of the
input set X and ! denotes the number of trees in G[X]. In the first subcase of
the branching caused by the second case, we add a vertex to X’, which can only
happen at most j — 1 times, because we search an X’ with |X’| < |X]|. The
second subcase adds vertex v to X. Since v has at least two neighbors in X
which are from different trees in G[X] (the precondition of the second case), the
addition of v to X causes a merge of at least two trees and, thus, decreases the
number of trees in G[X]. Clearly, this can be done at most ! times. Altogether,
in the branchings caused by the second case, we either decrease the number of
trees in G[X] or add a vertex to X’. The second case can apply less than j + [
times. Since j < k + 1 and, thus, G[X] has at most k + 1 trees, the search
tree has size O(2%%), giving an overall running time of the compression routine
of O(4* - n?), where we need O(n?) time to apply the bypassing rule and to
check the applicability of the three cases. Together with the iteration and the
partitioning needed for the compression routine, one arrives at the following
theorem.

Theorem 3 ([9]). UNDIRECTED FEEDBACK VERTEX SET can be solved within
a running time of O(5%k - n?).
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Further Remarks. The randomized algorithm by Becker et al. [3] is so elegant
and simple such that it seems to be the current method of choice for practically
computing an optimal undirected feedback vertex set; the current best itera-
tive compression approach is still slower and more complicated to implement.
The currently best problem kernel for UFVS has O(k?) vertices and edges [8].
Accepting a worse exponential base ¢, there is also a deterministic “linear-time
FPT” algorithm for UFVS running in O(c* - (m + n)) time [29].

3.3 Directed Feedback Vertex Set

Definition and History. The NP-complete DIRECTED FEEDBACK VERTEX SET
(DFVS) problem is defined as follows.

Input: A directed graph G = (V, E') and a nonnegative number k.
Question: Is there a feedback vertex set (fvs) S C V with |S| < k,
that is, a vertex set .S whose deletion from G results in a graph with no
directed cycles?

DFVS has various applications such as deadlock prevention in operating sys-
tems and database systems, circuit testing, voting systems, and computational
biology [19]. DFVS can be approximated to a factor of O(log nloglogn) in poly-
nomial time [I7]. For about 15 years, it has been repeatedly stated as an open
question whether or not DFVS is fixed-parameter tractable with respect to the
parameter k. Very recently, Chen et al. [II] gave a fixed-parameter algorithm
with a running time of O(k!4¥k® - n*), thus answering this open question. Com-
paring with the result for UFVS, the particular difficulty in case of DFVS is
given by the fact that destroying all directed cycles not only leaves trees as in
the undirected case but leaves directed acyclic graphs, much more complicated
structures than trees. Thus, the result for UFVS might be interpreted as a first
“necessary” intellectual step before the result for DFVS was within reach.

Compression Routine. In the following, we briefly describe the idea behind the
compression routine due to Chen et al. [I1]. Herein, we have as input a directed
graph G = (V, E) and an fvs X. The question is whether there exists an fvs X’
with | X'| < |X]and X’ C V'\ X. Consider an fvs X’ disjoint from X in G. Since
there is no directed cycle in G[V'\ X'], there must be a vertex v € X such that for
each vertex v € X there is no directed path from u to v in G[V'\ X'] (this can be
easily seen: if there is a path from every vertex in X to at least one other vertex
in X, following such paths from vertex to vertex will end up visiting an already
visited vertex, yielding a directed cycle in G[V '\ X']). A repeated application of
this argument shows that there is an ordering u1,...,ux| of the vertices in X
such that there is no directed path in G[V \ X’] from u; to u; if ¢ > j. To find
the set X', the idea is now to try all | X|! orderings of the vertices in X, and, for
each ordering wy, ..., u x|, we compute X’ such that there is no directed path
from w; to w; if ¢ > j in G[V \ X']. To this end, we split each vertex u; € X
into two vertices s; and t; such that all outgoing edges of u; are incident to s;
and all incoming edges of u; are incident to ¢;. Then, the task is to find a vertex
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separator X’ between the vertices s1,...,5 x| and t1,...,¢ x| such that there is
no path from s; to t; if 4 > j. This task can be solved by an algorithm for the
SKEW SEPARATOR problem, which is defined as follows.

Instance: A directed graph G = (V, E), a parameter k, and pairwise
disjoint vertex subsets Si,...,S;, T1,...,T; such that there is no edge
going into a set .S; for 1 < ¢ <[ and such that there is no edge going out
from a set T; for 1 < i <.

Task: Find a skew separator X' C V for G with |X'| < k, that is, a
vertex set X’ such that there is no directed path from any vertex in S;
to any vertex in 7} in G[V \ X'] if i > j.

SKEW SEPARATOR can be solved by a clever branching strategy in a running
time of O(4%k - n3) [T1]. The corresponding algorithm is a directed variant of
an algorithm for the MINIMUM NODE MULTIWAY CUT problem on undirected
graphs [I0], where the task is, given a graph G, a parameter k, and vertex-
disjoint terminal vertex sets, to delete at most k vertices such that there is no
path between any two vertices of two different terminal sets. Using the algorithm
for SKEW SEPARATOR, one solves the task to find a vertex separator X’ by set-
ting S; := {s;} and T; := {¢;} for all 1 <4 < |X| and solving SKEW SEPARATOR
in O(4%k - n3) time.

Next, we analyze the running time of the whole iterative compression ap-
proach. There are |[X|! < (k + 1)! orderings of the vertices in X, thus the al-
gorithm for SKEW SEPARATOR is called at most (k + 1)! times. Altogether, the
compression routine runs in O(k!4*k? - n3) time. With some relatively simple
analysis, it is possible to show that together with the iteration and the parti-
tioning needed for the compression routine we arrive at the following theorem.

Theorem 4 ([11]). DIRECTED FEEDBACK VERTEX SET can be solved within
a running time of O(k!4*k3 - n%).

Further Remarks. The above algorithm for DFVS finds a direct application in
Kemeny voting systems for the problem of computing the Kemeny score in case
of incomplete votes [5], and for the dual of the LONGEST COMPATIBLE SE-
QUENCE problem [28]. Moreover, in the special case of DFVS where the input
graph is restricted to be a tournament (that is, a directed graph whose “under-
lying” undirected graph is complete), an iterative compression approach yields
an algorithm with a running time of O(2* - n?(loglogn + k)) [14].

4 Discussion and Future Challenges

Discussion. Iterative compression is an algorithm design principle based on in-
duction. This elegant and simple approach is appealing and invites for further ap-
plications and extensions. On the one hand, iterative compression may strongly
benefit from a combination with kernelization and corresponding data reduction
rules (see, for instance, the case of UNDIRECTED FEEDBACK VERTEX SET in
[Subsection 3.2)), and, on the other hand, has also been employed for achieving
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(Turing) kernelization results [I3]. Iterative compression may also be used for
enumerating all minimal solutions of size at most k£ in FPT time, as the exam-
ple UNDIRECTED FEEDBACK VERTEX SET shows [29]. In many applications of
iterative compression, one often occurring running time bottleneck is that all
partitions of a size-k solution have to be considered in order to find a smaller-
size solution (see Section 2)). This typically incurs an additional running time
factor of 2¥. However, in some cases this factor can be avoided by proving a
guarantee that the improved solution can without loss of generality be assumed
to be disjoint from the old solution. An example for this is given by the EDGE
BIPARTIZATION problem [29]. It appears to be fruitful to combine iterative com-
pression with efficient polynomial-time approximation algorithms. The idea is
that the compression routine may start right away with the solution provided
by a constant-factor approximation, saving time otherwise needed for the itera-
tion procedure [29]. Iterative compression is not only a tool for purely theoretical
algorithm design but has already proven practical usefulness in few experimental
studies [30/3TI32]. One reason for this practical success also lies in the flexibility
of the use of the iterative compression routine [34]. It can be started on any
suboptimal initial solution to improve this solution. Moreover, it can be stopped
whenever the found solution is good enough. Finally, it should be mentioned that
the known applications of iterative compression have a strong focus on graph
modification problems with the goal to generate graphs with hereditary prop-
erties. It would be interesting to see more applications of iterative compression
outside this scenario, the case of ALMOST 2-SAT [42] meaning a first step.

First experimental results for iterative compression-based algorithms appear
quite encouraging. An implementation of the GRAPH BIPARTIZATION algorithm,
improved by heuristics, can solve all instances from a testbed from computa-
tional biology within minutes, whereas established methods are only able to
solve about half of the instances within reasonable time. For instance, in case
of GRAPH BIPARTIZATION instances of sizes up to 296 vertices and 1620 edges
could be solved within less than 4 minutes [30]. Further, an iterative compres-
sion based approach for the BALANCED SUBGRAPH problem, which generalizes
EDGE BIPARTIZATION, is able to find optimal solutions to instances for which
previously only approximate solutions could be given [32].

So far, the list of successful applications of iterative compression is impressive
but still clear in its range. Future research has to determine how far-ranging
applications of iterative compression can be found. Clearly, this survey only
sketched a few results achieved by iterative compression. One further sophis-
ticated and technically fairly demanding application of iterative compression
has been developed by Marx [37] to show that the problem to delete a minimum
number of vertices in order to make a graph chordal is fixed-parameter tractable.

Future Challenges. As already mentioned, there are close connections between
iterative compression and approximation algorithms as well as kernelization. In
both cases, there seems to be room for further fruitful explorations. A recent
paper makes a first attempt in linking iterative compression with exact algo-
rithms [2I]. Another conceptually related field of research is that of
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reoptimization [6]. There, the scenario is that one is given an instance of an
optimization problem together with an optimal solution, and one wants to find
a “high-quality” solution for a locally modified instance. Finding useful connec-
tions between this scenario and the compression scenario would be highly inter-
esting. Similarly, exploring connections to the paradigm of local search might be
promising. In addition, it would be interesting to investigate the connections be-
tween augmentation problems in the context of 0/1-integer linear programming
and iterative compression. In a nutshell, in these augmentation problem one is
given a vector ¢ € Z", a feasible solution x over {0,1}™, and the task is to find
out whether there is another feasible solution y such that ¢-y > c-z, or to assert
that no such y exists [44].

Another general issue of future research may address the inductive structure
of iterative compression. So far, all applications of iterative compression have a
pretty simple inductive structure, and there is no reason to believe that more
sophisticated structures might not be helpful. Finally, the experiences concern-
ing algorithm engineering results for compression-based methods are still very
limited and need to be extended.

We end this survey with a list of few open questions relating to concrete
computational problems. The solution of each of these would mean progress for
iterative compression and parameterized algorithmics at large.

— DIRECTED FEEDBACK VERTEX SET now having been classified in terms
of parameterized complexity analysis using iterative compression, a natural
next step seems to be to attack the “more general” problems of SHORTEST
COMMON SUPERSEQUENCE and SMALLEST COMMON SUPERTREE (see [I§]
for definitions) in an analogous way. The parameterized complexity of these
problems is unsettled.

— DIRECTED FEEDBACK VERTEX SET restricted to tournament graphs is solv-
able in 2% - n®(") time using iterative compression [14]. An analogous result
for DIRECTED FEEDBACK EDGE SET restricted to tournaments is missing.

— EDGE CLIQUE COVER is fixed-parameter tractable but the only known way
to achieve this is based on a simple, exponential-size kernelization [27]. Can
iterative compression lead to a more efficient fixed-parameter algorithm for
EDGE CLIQUE COVER?

— Can iterative compression be used to show the fixed-parameter tractability
of the CORRELATION CLUSTERING problem [2], a generalization of the fixed-
parameter tractable CLUSTER EDITING problem [26]7

— CONTIG SCAFFOLDING problems appear in the analysis of genomic data [40].
Again, iterative compression here might become a door opener for efficient
fixed-parameter algorithms, which so far are not known for these problems.

Acknowledgement. We are grateful to Christian Komusiewicz, Matthias
Miiller-Hannemann, and Siavash Vahdati Daneshmand for constructive com-
ments improving the presentation of this paper.
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Abstract. The Steiner problem in networks is the problem of connect-
ing a set of required vertices in a weighted graph at minimum cost. This
is a classical NP-hard problem and a fundamental problem in network
design with many practical applications.

We approach this problem by various means: Relaxations, which relax
the feasibility constraints, to get close to an optimal solution; heuris-
tics to find good, but not necessarily optimal solutions; and reductions
to simplify problem instances without abandoning the optimal solution.
We have integrated these components into an exact algorithm that has
achieved outstanding results in practice.

In this article, we first provide a brief overview on the main algo-
rithmic developments related to our work on this problem, citing our
and others’ (already published) works. Then we focus on some central
concepts, presenting detailed results on selected topics that offer special
insight and potential for further improvement.

1 Introduction

The Steiner problem in networks is the problem of connecting a set of required
vertices in a weighted graph at minimum cost. This is a classical N"P-hard prob-
lem and a fundamental problem in network design with many applications.
The Steiner problem is one of the best-known and most-studied problems
in (combinatorial) optimization. For the Steiner problem in networks, as we
study it here, there are more than a hundred publications; this number grows
to several hundreds if one also considers variants of this problem. Many books
have been written on this problem, for example [GIOTOTOI30U36]. The study
of the Steiner problem is motivated by its central role in network design and
by its numerous practical applications [6IT6J2I]. New theoretical results on this
problem lead directly to corresponding results for many other problems and
the analysis methods can be used for related problems [I7120]. From an algorith-
mic point of view, classical NP-hard combinatorial optimization problems like
the traveling salesman problem or the Steiner problem have served as “engines
of discovery” for new methods that can also be applied to other problems.
Why do we try to solve such problems exactly? Of course, we cannot deny that
the challenge is tempting: These prominent A"P-hard problems have attracted
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researchers as test environments for their methods for decades. As a consequence,
all relevant techniques in the fields of operations research and combinatorial op-
timization have been tried on these problems, leading to a respected competition
for the best results. Furthermore, the ability to solve many non-trivial problem
instances exactly helps us to design or evaluate heuristics and relaxations. Addi-
tionally, to get a successful exact algorithm we have to develop extremely effec-
tive and efficient techniques for computing bounds and reducing the instances,
so afterwards each (combination) of these components can be used, as adequate
to the requirements. Finally, we even profit from the exact algorithms as a part
of each of these components [35].

Due to the abundance of material, this article offers neither a comprehensive
survey on the Steiner problem nor a detailed presentation of all our methods and
results. Instead, we first provide in Section [2] a brief overview on the main algo-
rithmic developments related to our work on this problem, citing our and others’
(already published) works. Then we focus on some central concepts for dealing
with (AMP-)hard optimization problems, namely relaxation and approximation.
Thereby, we present in more detail (including some instructive or unpublished
proofs) selected results that offer special insight and potential for further im-
provement. In Section [B] we present and relate the classical and our new relax-
ations, leading to a hierarchy of relaxations. In Section Ml we use full Steiner
trees to provide some new insights into the integrality gap of the relaxations.
We conclude in Section [l with some remarks for further research.

1.1 Basic Definitions and Notations

The Steiner problem in networks can be stated as follows [I6]: Given a
weighted graph (or network) G = (V, E, ¢) with vertices V', edges E, cost function
c:E—R,and aset R, ) # R CV, of required vertices (or terminals), find
a minimum-cost subgraph of G that spans R (i.e., contains a path between every
pair of terminals). Without loss of generality, we assume that the edge costs are
positive and G is connected. Now there is an optimum solution that is a tree,
called a Steiner minimum tree (SMT).

A Steiner tree is an acyclic, connected subgraph of G, spanning (a superset
of) R. We call non-terminals in a Steiner tree its Steiner nodes. For better
distinction, we sometimes denote terminals by z; (represented by filled circles)
and non-terminals by s; (represented by empty circles). We denote by (v;, v;)
the (undirected) edge {v;,v;} and by [v;,v;] the directed edge, or arc, from v;
to vj. We denote the cost of each edge (v;,v;) (or arc [v;,v;]) by ¢;;. For any
network G, ¢(G) denotes the sum of the edge costs of G.

For a given network G, the corresponding distance network is the complete
network over the same vertices where the cost of each edge is the distance of its
endpoints in G. It is easy to see that the optimum value of a Steiner tree (and
of all relaxations considered here) is identical in G and its distance network.
Therefore, we can work with the distance network (which is a metric instance)
whenever needed (as in Section H).
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2 Brief Overview on the Main Algorithmic Developments

In this section we provide a brief overview on the major algorithmic developments
in the context of our work on the Steiner problem in networks, thereby also
listing our main contributions in this field. This section is structured according
to the main components of a state-of-the-art program packet for dealing with this
problem, namely lower bounds (Subsection 2I), upper bounds (Subsection 2-3]),
reduction methods (Subsection 22), and exact algorithms (Subsection [Z4]).

2.1 Relaxations and Lower Bounds

To attack a (hard) combinatorial optimization problem, a starting point could be
a reformulation of the problem as an integer program. Dropping (relaxing) some
of the constraints in such a program can make it more tractable. The solution
of such a relaxation provides us with a lower bound (in case of minimization)
for the original problem, which is a major component of many exact algorithms.
But the information we get from handling such a relaxation can also be used
beyond the computation of lower bounds, for example for reducing the instances
and even for computing (heuristic) solutions (here: Steiner trees), see [35].

Some of the most successful approaches to hard combinatorial optimization
problems are based on linear programming, consider as a celebrated example
the case of the traveling salesman problem [3]. Here, the problem is first for-
mulated as an integer linear program. Dropping the integrality constraints leads
to a so-called LP relaxation (or linear relaxation) of the problem. In this
way one can profit from the numerous sophisticated techniques for solving or
approximating linear programs.

For N'P-hard optimization problems, unless P = NP, any linear relaxation
of polynomial size (and any polynomial-time solvable relaxation) is bound to
have a deviation from the solution of the original problem in some cases. The
quality of the used relaxation can have a decisive impact on the performance of
the algorithms based on it.

Below, we list our main contributions regarding the study and application of
relaxations, thereby also referring to already published works.

— There have been many (mixed) integer programming formulations of the
Steiner problem, but not much was known about the relative quality of
their LP relaxations. We compared all classical, frequently cited relaxations
from a theoretical point of view with respect to their optimal values. We
could present several new results, establishing very clear relations between
relaxations which have often been treated as unrelated or incomparable [25],
and construct a hierarchy of relaxations (see Section B.3]).

— We introduced a collection of new relaxations that are stronger than all
known relaxations that can be solved in polynomial time, and placed them
into our hierarchy (see Section[3]). Further, we derived a practical version of
such a relaxation and showed how it can optimized efficiently [35].
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— For geometric Steiner problems, the state-of-the-art algorithms follow a two-
phase approach by first calculating certain full Steiner trees (see Section H)
and then solving a minimum spanning tree problem in the resulting hyper-
graph (MSTH) [38]. We studied the known and some new relaxations for
the MSTH problem and showed the relationships between them and to the
relaxations of the Steiner problem [28]. In this way, we also gain some new
insights into the integrality gap of the relaxations (see Section [).

— From an algorithmic point of view, the usefulness of a relaxation is decided
not only by its optimum value, but also by the consideration how fast this
value can be determined or sufficiently approximated. We analyzed and im-
proved some algorithmic approaches to the relaxations [24I26/35].

— Especially in the context of exact algorithms, a major problem arises when
none of the (practically tractable) relaxations is strong enough to solve the
instance without branching. We presented two theoretically interesting and
practically applicable techniques for improving the relaxations, namely graph
transformation and local cuts. These techniques have proved to be quite pow-
erful, especially for the solution of large and complex instances. In particular,
the method of graph transformation, which was applied by us for the first
time to a network optimization problem, seems quite promising [IJ.

2.2 Reductions to Simplify Problem Instances

Informally, reductions are here methods to reduce the size of a given instance
without destroying the optimal solution. It has been known for some time that
reductions can play an important role as a preprocessing step for the solution of
NP-hard problems. In particular, the importance of reductions for the Steiner
problem has been widely recognized and a large number of techniques were
developed [I0JI6]; a milestone was the PhD thesis of Cees Duin [11].

Since each reduction method is specially effective on a certain type of in-
stances, and has less (or even no) effect on some others, it is important to have
a large arsenal of different methods at one’s disposal. The design and applica-
tion of reduction techniques has been a central part of our work on the Steiner
problem, with the main contributions listed below.

— For some of the classical reduction tests, which would have been too time-
consuming for large instances in their original form, we could design efficient
realizations, improving the worst-case running time to O(|E| + |V]|log |V])
in many cases. Furthermore, we have designed new tests, filling some of the
gaps left by the classical tests [20].

— Previous reduction tests were either alternative based or bound based. That
means to simplify the instance they either argued with the existence of
alternative solutions, or they used some constrained lower bound and
upper bound. We developed a framework for extended reduction tests, which
extends the scope of inspection of reduction tests to larger patterns
and combines for the first time alternative-based and bound-based
approaches [27].
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— In the solution process, particularly as the result of our other reduction
techniques, we frequently encounter graphs of (locally) low connectivity; but
the standard methods based on partitioning are not helpful for exploiting
this situation. We presented the new approach of using partitioning to design
reduction methods. The resulting methods have been quite effective for the
Steiner problem, and the approach can also be useful for other problems [29].

— We integrated all tests into a reduction packet, which performs stronger
reductions than any other package we are aware of. Additionally, the reduc-
tion results of other packages can be achieved typically in a fraction of the
running time (see [26J35] and also the comparison in [§]).

2.3 Heuristics and Upper Bounds

Since we cannot expect to solve all instances of an NP-hard problem like the
Steiner problem in times that are small (polynomial) with respect to the size
of the given instance, methods for computing “good”, but not necessarily op-
timal solutions (heuristics) are well motivated on their own. But the value of
such a solution provides also an upper bound for the value of any optimal so-
lution, which can be used, for example, in bound-based reductions or in exact
algorithms.

For the Steiner problem, the number of papers on heuristics is enormous;
there are many tailored heuristics, and also every popular meta-heuristic has
been tried (often in many variants). Comprehensive overviews of older articles
are given in [16/23], some more recent results can be found in [22/35].

We have developed a variety of heuristics for obtaining upper bounds. Espe-
cially in the context of exact algorithms, very sharp upper bounds are highly
desired, preferably without resorting to very long runs.

— We developed variants of known path heuristics, including an empirically
fast variant with worst-case running time O(|E| + |V |log|V|) [26].

— We introduced the new concept of reduction-based heuristics. On the basis
of this concept, we developed heuristics that achieve in most cases sharper
upper bounds than the strongest known heuristics for this problem despite
running times that are smaller by orders of magnitude [26J35].

2.4 Exact Algorithms

For an NP-hard problem like the Steiner problem, it is usually not considered as
surprising that (not very large) instances can be constructed that defy existing
exact algorithms. On the other hand, it should not be surprising that relatively
large (non-trivial) instances can be solved exactly in fairly small times. An in-
structive case is the development in the context of the Steiner problem in recent
years: Instances (of a size or type) that were assumed to be completely out of
the reach of exact algorithms some years ago can now be solved in reasonable
times. But this does not happen by itself, say due to faster computers: The im-
provements in the running times are often by orders of magnitude larger than
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the gains in the speed of the used computers. Major improvements happen when
somebody comes up with new ideas that work well in practice.

For the Steiner problem, there are many published works on exact solution
building upon every classical approach (enumeration algorithms, dynamic pro-
gramming, branch-and-bound, branch-and-cut). Again, we point to [I6] for a first
survey. Later major contributions were presented by Duin [T1] (advanced reduc-
tions and heuristics in a branch-and-bound framework), Koch and Martin [I§]
(improved branch-and-cut), and Uchoa et al. [34] (further improved reductions,
again with branch-and-cut). For recent improvements of the worst-case time
bounds of (dynamic programming) exact algorithms see [4U12].

Our major contribution in this context has been the integration of the com-
ponents described in previous subsections into an “orchestra”, so that we can
largely profit from the resulting synergy effects.

— We presented an algorithm that exploits small width in (sub-)graphs, and
showed how it can be used profitably in combination with our other tech-
niques in a more general context [29].

— We showed how one can take advantage of the interaction between the com-
ponents to design a very powerful reduction process. We integrated this
reduction process into a branch-and-bound framework [26135].

We have performed detailed experimental studies for each of the components
and the whole exact solution program, thereby using the well-established bench-
mark library SteinLib [1T9133].

— We could solve all instances in SteinLib that have been solved before, in
most cases in running times that are smaller than those in the literature by
orders of magnitude (see [26J35] and also the comparison in [§]).

— We have been able to solve many previously unsolved instances (from Stein-
Lib). All still unsolved instances in SteinLib have been constructed to be
difficult for known techniques.

— Regarding geometric Steiner problems, our algorithm for general networks
has turned out to be competitive with a specially tailored MSTH approach
[38], for large instances even outperforming it by orders of magnitude [35].

3 Relaxations for the Steiner Problem in Networks

As we have described before (Section 2II), a deviation between the (optimal)
solutions of a relaxation and the original integer problem can seriously impair
the performance of the algorithms based on that relaxation. To counter this, two
different approaches are possible. First, one can try to improve the relaxation
without the explicit knowledge of a stronger relaxation (in advance); this is the
approach we chose in [I], where we described two new and successful methods
along this path. The other (more theoretical) approach is to come up with explicit
alternative formulations that lead to stronger relaxations, which is the subject
of this section.
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For the following, we need some further notations. We use the notation Py
for (mixed) integer linear programs, where the abbreviation @ describes the
program further. The corresponding linear relaxation is denoted by L Py and the
dual of such a relaxation is denoted by DLFPg. These notations denote programs
corresponding to an arbitrary, but fixed instance of the problem. The value
of an optimal solution of a (mixed) integer programming formulation, denoted
by v(Pg), is of course the value of an optimal solution of the corresponding
(Steiner) problem; but the optimal solution value v(LPg) of the corresponding
linear relaxation can differ from v(Pg) (integrality gap).

We compare relaxations using the predicates equivalent and (strictly)
stronger: We call a relaxation R; stronger than a relaxation Ry if the opti-
mal value of Ry is no less than that of Ry for all instances of the problem. If the
converse is also true, we call them equivalent; otherwise we say that R; is strictly
stronger than Rs. If neither is stronger than the other, they are incomparable.

We will briefly describe in Section Bl the classical cut relaxation and some
variants and properties. In Section[3.2] we take a closer look at the integrality gap
of the cut relaxation. This leads to the concept of common flows, which we use
as the basis for developing stronger relaxations. We show how to derive various
concrete relaxations from the generic template based on common flows, which
turn out to be the strongest polynomial (i.e., of polynomial size or computable in
polynomial time) relaxations known for the Steiner problem. We compare these
new and all previous relaxations of this problem, leading to a new hierarchy of
relaxations presented in Section [3.3]

3.1 The Cut and Flow Formulations

In this section, we briefly state the classical cut formulation, the equivalent
multicommodity flow formulation, and some variants, properties and notations
which are needed in the rest of the paper.

In the context of relaxations, sometimes it is advantageous to use a refor-
mulation of the problem based on the (bi-)directed version of the given graph:
Given G = (V, E,¢) and R, find a minimum-cost arborescence (directed tree) in
G = (VA c) (A :={[v,vj],[vj,v] | (vi,v;) € E}, ¢ defined accordingly) with
a terminal (say z,) as the root that spans R*" := R\{z,} (i.e., contains a path
from z, to every terminal in R*").

A cut in a graph is defined here as a partition (W, W) of its vertex set V
@cCcW CV;V=WUW). We use §~ (W) to denote the set of arcs [v;,v;] with
v; € W and v; € W. The sets 67 (W) and, for the undirected version, §(W)
are defined similarly. For simplicity, we write 6~ (v;) instead of 6~ ({v;}). A cut
C = (W, W) is called a Steiner cut if 2. € W and RNW # 0.

In the (integer) linear programming formulations we use (binary) variables z;;
for each arc [v;,v;] € A (or X;; for each edge (v;,v;) € E), indicating whether
an arc is part of the solution (z;; = 1) or not (x;; = 0). Thus, the cost of the
solution can be calculated by the dot product c - z, where c is the cost vector.
For any B C A, z(B) is short for ), _ 5 x; for example, z(6~(W)) is short for
Z[vi,vj]EA,vigw,'quW Lig-
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Directed Cut Formulation. The directed cut formulation was stated in [39].
An undirected version was already introduced in [2], but the directed variant
yields a strictly stronger relaxation [7].

Pc c-x — min,
(6~ (W)) =1 (z2r g Wi RNW #0), (1.1)
z e {0,1}41 (1.2)

The constraints ([[LI]) are called Steiner cut constraints. They guarantee
that in any arc set corresponding to a feasible solution, there is a path from z,
to any other terminal.

Multicommodity Flow Formulation. Viewing the Steiner problem as a mul-
ticommodity flow problem leads to the following formulation [39)].

Pr c-x — min,

yOT ) =y 0T {3 R eV (o), D

Yy < (2t € R*), (2.2)
yt >0 (2¢ € R*), (2.3)
z e {0, 1}, (2.4)

Each variable yfj denotes the quantity of the commodity ¢ flowing through
[vs,v;]. Constraints (ZI) and (23] guarantee that for each terminal z, € R*",
there is a flow of one unit of commodity ¢ from z, to z;. Together with (22,
they guarantee that in any arc set corresponding to a feasible solution, there is
a path from z, to any other terminal.

Lemma 1. LPr is equivalent to LPc. In fact, using the maz-flow min-cut the-
orem, it is easy to see that every feasible solution T for LPc corresponds to a
feasible solution (&,9) for LPr and vice versa [16].

An Augmented Flow Formulation. Observing that in an optimal (directed)
Steiner tree, the out-degree of each Steiner node is not smaller than its in-
degree, one can use the following constraints (which we call flow-balance (FB)
constraints) to make LPp stronger [I1T§].

(67 (v)) < (6 (vy)) (v e VA\R) (3.1)

We denote the linear program that consists of LPr (or LPg) and (31 by
LPripp (or LPcyrp). In [25] we showed that LPp pp is strictly stronger than
LPr. Now consider the following formulation.

PF’+FB c~X—>min,
zij + g = Xig  ((vi,v5) € E), (4.1)
(z,y) : is feasible for Pripp.
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Lemma 2. If (X,x,y) is a solution for LPr/ g with root z,, then there exists
a solution (X, Z,y) for LPp/+pp with any other root zp, € R\{z.}.

Proof. Tt is easy to verify that (X,&,7) with &;; = 2 + vy — y2, 9l =
max{07yfj _yg)j}+max{07y§?i_y§i}’ g?] = y?z (fOI‘ [Uiavj] € A7 zt € R\{Za,Zb})
satisfies (1) and (Z2). Because of >, 15— (o) (Tji = Tij) = 2fo;m)es-(o0)
(max{0, y%; —y5;} + max{0,y?; — y};} + min{0, —y}; + 47} + min{0, —y5; +¢%,}) =
Z[v_j,vi]eéf(vi)(y;‘i —yi;) — (yé?i —yfj) (for v; € V, z; € R\{z4, 2p}) the constraints
() are satisfied, too. From (&) for 3° follows that x(6~ (v;)) = #(6~ (v;)) and
z(0% (v;)) = &(0F (v;)) (for v; € V\R), so & satisfies the constraints (3.1]). 0

Because this translation could also be performed from any (optimal) solution
with root zp to a feasible solution with root z,, the value v(LPp/ypp) (or
v(LPp4+pp)) is independent of the choice of the root; and LPg/ 4 pp is equivalent
to LPF+FB (and LPC+FB)«

3.2 A Collection of New Formulations

In this section, we demonstrate how the study of the weaknesses of known re-
laxations can lead to the development of stronger relaxations.

Integrality Gap of the Flow/Cut Relaxations. An instance with a devia-
tion between the integral and the linear solution for the (directed) flow formu-
lation is described in the following example.

Ezample 1. For the instance shown in Figure[l] (say with 21 as the root), we have
v(LPp) = 7} (setting z-variables to 1/2 for the arcs [z1, s2],[21, s3], [s1, 22],[s3, 2],
[s1, z3]s[s2, 23], [S2,v0],[83,vol,[v0, $1]); while an optimal Steiner tree has the
cost 8. Thus the integrality gap (as the ratio v(Pr)/v(LPr)) is at least 16/15.

Goemans [I3] extended this example to graphs Gy, with k+1 terminals (Figure[T]
shows G2) whose integrality gap comes arbitrarily close to 8/7 with growing k;
and no example with v(Pp)/v(LPr) larger than 8/7 is known [35]. However, no
better upper bound than 2 for this ratio has been proved in general [14/24].

Looking at the flow-variables y? and y> in Example[I] one can see that at the
vertex vy flows of two commodities enter over different arcs ([s2, vg] and [s3, vg]),
but depart together over the arc [vg, s1]. We denote this situation as a rejoining.
Formally, a rejoining of flows of the commodities for {z;,, z,,...,2;,} =: B at
a vertex v; is defined by the condition

Z max {y},|z € B} > Z max {y |z € B}.
[vj,v:]€5 (vs) [vivE]€6t (vi)

Later we will show how to counter this problem in an extended linear program.
This situation is typical. In fact, we do not know of any graph with an in-
tegrality gap for LPr that does not include a variant of Figure [l Of course,
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]
]

51

Fig. 1. Instance with v(LPr) < v(Pp)

there may be additional edges, edges replaced by paths, other edge costs and
non-terminals replaced by terminals, but still the graph in Figure [ is a mi-
nor of any graph with an integrality gap (a minor of a graph is obtained by
a sequence of deletions and contractions, for the relevance of minors to linear
relaxations of the Steiner problem see [7]). Furthermore, the rejoining of flows of
different commodities is a common property of all examples with an integrality
gap known to us, although more than two flows can rejoin (as we will show in
Figure 2]) and it may need a change of the root to see a rejoining. Figure [I] can
be used to illustrate the latter: If we turn vy into a terminal zy and choose it as
root, the optimal linear solution value stays the same, but no rejoining of flows
shows up.

Common Flow. As we have seen above, the basic problematic situation for
LPr can be described as the rejoining of flows of different commodities. We
capture this in linear constraints with the help of additional variables yZ (for
subsets B C R*") that describe the amount of flow going from the root to any
terminal z, € B: y? > y? for all z, € B. In Figure [} it is easy to see that
the flow to zo and z3 (y{ZZ’ZS}) incoming at vy is greater than the outgoing
flow. This cannot be the case for z-values corresponding to a feasible Steiner
tree. Thus, we introduce additional constraints to ensure that for each com-
mon flow the outgoing amount at any vertex is not smaller than the incoming
amount.

As already noted, the same graph can or cannot show rejoining of flows,
depending on the choice of the root. To detect all rejoinings we consider all pos-
sible roots. Thus, the corresponding variables in the common-flow formulation
will have the shape y™ 2, describing a flow from z, to all terminals z, € B C R*".

A Template for Common-Flow Formulations. We first state an exhaustive
common-flow formulation that has an exponential number of constraints and
variables, and describe afterwards how to reduce it to different formulations
(e.g., of only polynomial size).
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Prr c- X — min,
y (7 (z) =y (6T (2) - (20 € Ry2 € R*"), (5.1)
yr i —yrlzd < gtz <{zmzs,Zt} C R), (5.2)
y];{zé} —ypt <yt ({0, 25,20} C R; [vi, )] € ), (5.3)
yT’B((S*(Ui)) < yT’B(6+(Ui)) (zr € RyBCR*";v;, € V\(BU{z}), (5.4)
ynB < yn© (2 € R;B C C C R*), (5.5)
ui < Xy <z R; (vi,v)) € B), (5.6)
gtz = 0 (z, € R), (5.7)
y >0, (5.8)
X e {o,1}/7. (5.9)

It follows from the proof of Lemma [2] that the constraints (5.2)) and (B3]
redirect the flows from a root z,. to flows from any other root zs € R to each
terminal z; € R. In particular, from these constraints in combination with (5.7)

t{z7}

it follows that Yji = y;}{zt} for all z,., z; € R. For each flow from a root z, to

a terminal z;, described by the variables y”{**}, the constraints (5.I]) guarantee
an outflow of one unit out of z,, and (together with the previous observation)
an inflow of one unit in z;. Together with the constraints (5.4l (with B = {z:})
and (5.8) this guarantees a flow of one unit from z, to each terminal z; € R*.
The constraints (5.4]) also guarantee for any root z, and set of terminals B that
there is no rejoining at any vertex v; (to be more precise, there is a penalty for
rejoined flows in form of increased y™® values). The constraints (5.5) set each
common flow from a root z, to a set of terminals C to at least the maximum
of all flows from z, to a subset B C C' of the terminals. Finally the constraints
(B8] build the edgewise maximum over all flows from all terminals in the edge
variables X.

We do not know of any graph where the relaxation LPpr has an integrality
gap. Note that due to the exponential number of constraints and variables the
possibility that there is no integrality gap is not ruled out by known complexity
arguments (and common assumptions).

Polynomial Variants. To derive polynomial-size relaxations from LPpr, we
limit the number of terminal sets B polynomially, e.g., by choosing two constants
ki > 1 and ko > 1 (k; + k2 < |R|), and using only those variables y™? with
| B| either at most k; or at least |R| — ko. We denote the resulting relaxation by
LPpx, xy. Tt has O(|R| Tmax{kikz=1} A|) variables and O(|R|?™ax{ki.k2=1} 4])
constraints. For example, if we choose k1 = 2 and ko = 1 and also use only one
fixed root z, we get a relaxation equivalent to LPp2 which we presented in [25].
Here, we state that relaxation in the form as it is derives from Pgr, using the
variables y™? for a fixed z, and for B € B:= {C C R* | |C] € {1,2,|R| — 1}}.
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Pp2 c-x — min,
y 6 (2) = (6T (z)) =1 (2 € R, (6.1)
B () < 4B () (BeBueV\(BUln)), (62)
y"B < yn¢ (BcCCeB), (6.3)
y BT =g, (6.4)
>0, (6.5)
z e {0, 1}, (6.6)

The drawback of this limitation is that not all rejoinings will be detected by
the limited relaxation, as the following example shows.

Ezample 2. In Figure 2 using LPp with z; as the root, there is a rejoining
of 3 different flows (y2,3® and y*) at vy (an optimal solution is obtained by
setting the a-variables to 1/3 for all (existing) arcs [z1, si],[si, 22],[8:, 23],[84, 24],
[s2, v0],[83, v0],[84, vo],[v0, $1] and to 1 for the arc [vg, 29]). As LPg2 captures only
the rejoining of 2 flows, there will still be some integrality gap.

The figure also shows how the choice of k5 can affect the relaxation: Only if the
common flow ¢y to a set of terminals B is considered such that 2, 23,24 € B,
but zg ¢ B, the relaxation gives the optimal integer value. On the other hand,
for k1 > 3 or ky > 2 there is no integrality gap.

Such examples can be generalized to graphs Gk, k2] that produce an inte-
grality gap for any common-flow relaxation limited by some constants k; and ko
(Figures [ and ] show the graphs GJ1,0] and G[2,1]): Around a vertex vy put
k1 + 2 non-terminals s; and connect them to vy with edges of cost 1. Add k1 + 2
terminals z; and connect each z; to all s;, j # 4, with edges of cost k; +1. Finally,
connect vy to kg new terminals z) with edges of cost 1. An integer optimal solu-
tion has the cost kg + (k1 + 1) (k1 +2) + 2. On the other hand, a feasible solution
for the (ki,k2)-limited common-flow relaxation can be constructed as follows:
Set the X-variables for edges incident to z{,1 < I < ko, to 1; the X-variable
for (vg,s1) to 1 — (k1 +1)~! and all other X-variables to (k; + 1)~!. Thus, the
optimal value of the relaxation is at most ko + (ky +1)(ky +2) +2 — (ky +1)7 L
As a consequence, we have derived a collection of relaxations L Pgk, .k, such that
LPpxy .k, can be related to LPpji.j.; we assume that k1 4+ ko < 51 + jo:

if k1 < j1,k2 < jo: The relaxation LPpj, ., is stronger than LPgpx, .k, (since it
contains a superset of the constraints and variables). If additionally k; <
j1 or ke < jo, the relaxation LPpj j, is even strictly stronger. Consider
the graph G[min{ky, j1}, min{ke, jo}]: LPps s gives the optimal integral
solution, while L Prx, .k, has an integrality gap.

otherwise: The relaxations are incomparable, consider the two graphs
G[min{kl,jl}, max{kg, jg}] and G[max{kl,jl}, min{kg, jg}]

Now, we show why considering all roots is important. The only difference between
the relaxations L Pp2,1 and LPg2 is that LPp2,1 considers all terminals as root.
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Fig. 2. v(LPr) = 14} < v(LPg2.1) = 142 < v(LPpr) = 15 = v(Pgr)

Lemma 3. The relaxation LPg21 s strictly stronger than LPpg2.

Proof. The relaxation LPpr2,1 is stronger than LPpz2, as it contains a superset
of the constraints and variables. To see that it is even strictly stronger, consider
the graph GJ1,1] (Figure [[l with an extra edge (vo, 20)). In this graph, LPp2.
has no integrality gap, but for LPr2 it depends on the choice of the root: With
Z1, Z2 or z3 - but not with zy - as the root we get the optimal integer value. O

Practical Adaptations. Here we present - as an example - a quite restricted,
but still very useful variant of LPpr.

We observed that in many cases the tracing of the common flow to all |R| —1
terminals (ko = 1) catches most of the problematic situations. As depicted in
Figure 2] to fool the relaxation with ks = 1, typically there has to be a terminal
directly connected to a vertex at which a rejoining happens. In many such cases,
the terminal is the vertex itself. To counter such a situation without introducing
a quadratic number of constraints or variables, we restrict the common-flow
relaxation by k1 = ko = 1 on non-terminals, and by k3 = 2 on terminals, but
only considering the set R\ {z,, z; } for any terminal z; (with respect to root z,).
Additionally, we restrict the relaxation to one fixed root z,., and because we do
not need the X-variables anymore, we can replace the y® " with a-variables.

In a cut-and-price framework it is highly desirable to introduce as few vari-
ables as possible. Working with flow-based relaxations makes this difficult, be-
cause if a flow variable for one edge is needed, all variables and all flow conser-
vation constraints have to be inserted to get something useful. Therefore, the
cut-based formulations are more suitable in this context. In analogy to Pc, we
can use constraints of the form y{=}(§=(W)) > 1 for all W N {z,, 2} = {z}.
Finally, we eliminate the variables y{#} and yf\{z“zi} with e &€ 07 (z): The
y1#i}variables are replaced by yf\{#~%i} if the replacement is possible using
the constraints (B.A]); and the yf\#r2id _variables are replaced by z if possible.
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All constraints that still use unwanted variables are deleted. Now, we have the
following formulation:

Per c¢-x — min,

(6 (W)) = 1 (2 W, ROW £0), (7.1)

(@~ (W)\6~ (=) =1 (2 € W,R* W #0), (7.2)
2(6”(v)) < 2(6%(v)) (v € V\R), (7.3)

y B (67 (1) < @(67(z) (20 € R, (7.4)

y >0, (7.5)

x e {0,114, (7.6)

This new formulation has less than 2|A| variables. Although it has an expo-
nential number of constraints, its linear relaxation can be solved efficiently by
row and column generation, see [35].

Relation to Other Relaxations
Lemma 4. The relazation LPp1,1 is equivalent to LPr/ypp.

Proof. The relaxations are very similar. An apparent difference is that LPpgi,1
considers all possible roots. But as we have shown in the proof of Lemma [2]
the choice of the root does not change the value of a solution for LPg/pp; and
the constraints (2] and (B3] in LPp1.1 cover exactly the transformation of a
solution for one root into a solution for another. a

Lemma 5. The relaxation LPr2 is strictly stronger than LPcr and LPcr is
strictly stronger than LPgi,1.

Proof. Obviously LPp2 is stronger than LPc, as LP¢: is a restricted and aggre-
gated version of L Ppz. Similarly, L P/ contains a superset of the variables and
constraints of LPc4rp, which is equivalent to LPp1.1 (Lemma H)). To see that
the relations are strict, consider the graph GJ[1,1] (Figure [[l with an extra edge
(vo, 20)). If we choose z1, 29 or z3 as the root, LPc/ has an integrality gap, but
not L Prz; and if we contract (v, z0), LPc+pp still has a gap, but not LPsr. O

3.3 A Hierarchy of Relaxations

Figure [3] summarizes the relations stated before. All relaxations in the same
box are equivalent. A line between two boxes means that the relaxations in
the upper box are strictly stronger than those in the lower box. Notice that
the “strictly stronger” relation is transitive. All relaxations (abbreviations) not
described here were already considered in [25]; all of them are weaker than the
relaxations presented in this paper.

This hierarchy clarifies the relationship between all published relaxations for
the Steiner problem and shows explicitly how new (arbitrarily strong) relaxations
can be developed by introducing additional variables.
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Fig. 3. Hierarchy of relaxations

4 Relaxation and Approximation by Full Steiner Trees

Many exact and approximative approaches to the Steiner problem use the con-
cept of full Steiner trees. Any Steiner minimum tree (SMT) can be decomposed
into its so-called full components by splitting its interior terminals; each result-
ing subtree is a full Steiner tree. (A full Steiner tree (FST) for Q C R is
a tree with @ as its sets of leaves and terminals.) An approach that suggests
itself naturally is trying to construct a (minimum) Steiner tree by considering
(minimum) FSTs for subsets of terminals.

As far as exact algorithms are concerned, the application of FSTs has been
particularly successful in the context of geometric Steiner problems [38]. In ge-
ometric Steiner problems, a set of points (in the plane) is to be connected at
minimum cost according to some geometric distance metric. The FST approach
consists of two phases. In the first phase, the FST generation phase, a set of
FSTs is generated that is guaranteed to contain an SMT. In the second phase,
the FST concatenation phase, one chooses a subset of the generated FSTs whose
concatenation yields an SMT. Although there are point sets that give rise to an
exponential number of FSTs in the first phase, usually only a linear number of
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FSTs are generated, and empirically the bottleneck of this approach has usually
been the second phase, where originally methods like backtracking or dynamic
programming have been used. A breakthrough occurred as Warme [37] observed
that FST concatenation can be reduced to finding a minimum spanning tree in a
hypergraph whose vertices are the terminals and whose hyperedges correspond
to the generated FSTs. Although the minimum spanning tree in hypergraph
(MSTH) problem is NP-hard, a branch-and-cut approach based on the lin-
ear relaxation of an integer programming formulation of this problem has been
empirically successful [38].

As far as approximation algorithms are concerned, all algorithms with a per-
formance ratio better than 2 use the concept of FSTs (see [I5] for an extensive
coverage of themes concerning the approximation of Steiner trees). The perfor-
mance ratio of 2 can already be achieved by computing a minimum spanning tree
(MST) for terminals in the distance network (so using FSTs with two terminals
as edges). Almost all these approximation algorithms use a greedy strategy to
improve the current Steiner tree (starting for example with the above mentioned
MST) by considering certain FSTs (for example, all FSTs with at most a con-
stant number & of terminals). In each step, an FST is chosen which maximizes
a certain function (for example, the reduction in the cost of the current Steiner
tree by using the non-terminals of an FST), until no eligible FST leads to an
improvement anymore. Among these algorithms, the loss-contracting algorithm
(which will be described in Section 3] achieves the best performance ratio,
namely 1.55 for general and 1.28 for quasi-bipartite graphs (graphs with no
edges between non-terminals).

In this section, we use the concept of FSTs to provide some insights into the
integrality gap of the cut relaxation. In particular, we prove an improved bound
of 1.39 on this gap for the special class of quasi-bipartite graphs We begin with
the used relaxations and their relevant properties in Section 4.1l In particular, we
present another cut-based relaxation which uses variables for (directed) FSTs.
In Section 2] we clarify the relation between this relaxation and the classical
cut relaxation. This relation enables us to profit from the performance ratio
of a certain approximation algorithm for bounding the integrality gap of the
considered relaxations, as demonstrated in Section [£3]

4.1 Minimum Spanning Trees in Hypergraphs: Formulations

Let F be a set of FSTs. By identifying each FST T € F with its set of ter-
minals, we get a hypergraph H = (R, F'). For each FST T, let ¢y be the sum
of its edge costs. Any FST T can be rooted from each of its [ leaves, leading
to a set of directed FSTs {T,...,T;}. We denote the set of directed FSTs
generated from F' in this way by F. In the following, we use the term FST
both for the tree T" and the corresponding hyperedge in H, the meaning should
be clear from the context. Cuts in hypergraphs can be defined similarly to

! Very recently, Chakrabarty, Devanur and Vazirani showed a bound of 4/3 for this
value, using a different approach [5].
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those in usual graphs (Section B]); here we use A instead of § (for example,
AW):={T e F|TNW #0, TNW #0}).

We begin with a packing formulation of the MSTH problem, which has a
variable Xp for each hyperedge (FST) T.

Prgsr E cr X1 — min,

TeF
> (T - 1)Xr = |R| -1, (8.1)
TeF
. (TnW[-1D)Xp < W1 (0#WCR), (8.2)

T, TAW£0
Xr € {0,1} (T eF). (8.3)
In [37], the following result (with a slightly different syntax) was shown.

Lemma 6. Any feasible solution of Prgr describes a spanning tree for the
hypergraph (R, F) and vice versa.

Now consider the following (directed) cut formulation of the MSTH problem:

Prsc Z cr X1 — min,
TeF
> (T - 1)Xr = |R| -1, (9.1)
TeF
Y Xr>1 (zr ¢ W, WNR#0D), (9-2)
T, TeA— (W)
Xr € {0,1} (T €F). (9.3)

In [28], we have shown the following result:
Lemma 7. LPrgsc is equivalent to LPprgr.

The equivalence is actually stronger: The sets of feasible solutions (and corre-
sponding polyhedra) are identical for both relaxations. With respect to optimal
solutions, our assumption that the edge costs are positive leads directly to the
observation that ) .. A-(z) XT = 0. A more detailed analysis (similar to our
proofs of Lemmas 8 and 9 in [25] for the directed cut relaxation in graphs) leads
to the observation that for any optimal solution for L Prgc without (@) and for
every z € R*, it holds that > pc - (,,) X = 1. So dropping the constraints
@J) does not change the optimal solution value of LPrgc. In the following,
we assume that the constraints (@) are omitted. Now we get the following
dual program of LPpgc, which has a variable uy, (only) for each Steiner cut
(W, w).

DLPFSC Z uw — max,

> uw <er (TEF), (10.1)
W, TeA— (W)

u > 0. (10.2)
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For later use we note that by replacing F' with A, we get the dual DLP¢s of
the cut relaxation LPg.

4.2 Relating the Relaxations in Hypergraphs and Graphs

Let F be a set of FSTs in a graph G with terminals R. By building the union of
(the edge sets of) the FSTs in F', we get a subgraph Gg of G. We assume that
G contains a Steiner tree for R.

Lemma 8. Consider the relaxations LPrsc for (R, F) and LPc for (Gp, R).
We have v(LPpgsc) > v(LPs).

Proof. Let X be an optimal solution of LPpgc. For each arc [v;,v;] € A that is
part of directed FSTs Ty, ..., T, let Z;5 := XTl +--- —|—XTq. It is easy to verify
that Z is feasible for LPx and yields the same value v(LPrsc). a

Lemma 9. Let G be a quasi-bipartite graph. Then there exists a set of FSTs F
in G such that v(LPrgc) for the hypergraph (R, F) is at most v(LPc) for the
Steiner problem instance (G, R).

Proof. Let s be a non-terminal and Zs C R the set of vertices adjacent to s. Let
& be an optimal solution to LP¢ for (G, R) and (&, 7) a corresponding optimal
solution for LPr. Let z; be an arbitrary terminal in Z,. For any other terminal
2z € R* with a flow of commodity k' of value gf,’ along a path P = z; — s — z,
it can be ensured that there exists also a flow §% of at least the same quantity
along P (property 7). To see this, observe that because of the constraints (2]
(for terminal z;,), the §*-values over paths not including P from z, to z; sum up
to at least 1 — gj}& so P can be replaced (if necessary) by alternative subpaths
(without enhancing any #-value) such that the constraints (2.]]) remain valid for
any k' and the property 1 is fulfilled.

Now consider all positive flows along paths containing the arc [z, s]: The
successors of s in these paths define a tree Tl1 with root z;, Steiner node s
and leaves from Zs. Let 3}}% along a path P = 2; — s — z; be the smallest
such flow over all z; € Zs — {2}. Imagine we introduce a disjoint copy of T’}
with all £-values equal to §% and reduce the original Z-values correspondingly.
Property { guarantees that a solution of the same value exists in the (imaginary)
modified graph. By repeating this operation until 2, 4 (for all s) gets zero, we
get a set of directed FSTs T, ..., T9 and corresponding X-values. By repeating
this process for all terminals z;, we get a set F of directed FSTs such that
Tij = ZTGF:[WM]GT Xr. Now it is easy to verify that X satisfies all constraints
of LPrsc (without (@) and yields the same value as & in LP¢. O

From Lemmas [§] and [@ we immediately get the following theorem.

Theorem 1. For any quasi-bipartite graph G with terminals R and any set F
that contains all (optimal) FSTs in G the relaxations LPc (for (G,R)) and
LPrsc (for (R, F)) have the same optimum value.
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In the following, we treat L Prgc as a relaxation for the Steiner problem: Given
an instance (G, R) of the Steiner problem, we assume that F' contains all (opti-
mal) FSTs in G (for each possible subset of R). When writing LPpgc for G we
mean the corresponding LP for the instance (R, F') of the MSTH problem.

4.3 Consequences for the Integrality Gap of Relaxations

First, we need some further definitions (see [I5J32] for more details). A Steiner
tree that does not contain any Steiner nodes is called a terminal-spanning
tree. Let T* be a terminal-spanning tree and 7" an FST. The minimum-cost
subgraph T*[T] in T* U T that contains T" and spans all terminals is again a
Steiner tree, and the gain of T with respect to T* is gainy« (T') := max{0, ¢(T) —
c(T*[T))}. Let T be an FST. The loss of T is the cost of the cheapest subgraph
of G (a forest) that connects the Steiner nodes of T to its terminals.

The loss-contracting algorithm [32] begins with the distance network of G as
Gy and an MST for R in Gy as the initial terminal-spanning tree Ty. In each
iteration 4, an FST T is chosen that maximizes the ratio gaing, ,(T)/loss(T).
Then, an edge set corresponding to the loss of T' is contracted (their cost is set
to zero) in the graph G;_1, leading to the graph G; and a corresponding MST
T;. This process is repeated until we have gainr, ,(T) < 0 for all FSTs T. Now,
we have the final loss-contracted graph G* and the final terminal-spanning tree
T*. The tree T*, together with the contracted edges of total cost loss™ represent
a feasible solution (the output of the algorithm) for the original instance (G, R).
Regarding this solution, we can use the following two lemmas [T5l32].

Lemma 10. Let T* be the final terminal-spanning tree constructed by the loss-
contracting algorithm on an instance (G, R) and loss* the total cost of contracted
edges. Then we have ¢(T*) < smt and loss* < loss-In("™*/ 5™ 4-1), where mst

1s the cost of an MST for R in the distance network of G, smt the cost of an
SMT for (G, R), and loss the sum of the losses of all FSTs in that SMTH

Lemma 11. For quasi-bipartite graphs, loss* < 0.28 - smt and the performance
ratio of the loss-contracting algorithm is no worse than 1.28.

Now we have the preliminaries to prove the following results.

Lemma 12. Let T* be the final terminal-spanning tree constructed by the loss-
contracting algorithm and G* the corresponding loss-contracted graph. Then,
there is an (optimal) dual solution of DLPrsc for G* of value ¢(T*).

Proof. The terminal-spanning tree 7% is an MST in the subgraph of G* induced
by the terminals. It is well known that for the MST problem (the special case of

2 To keep the running time polynomial for general graphs, only FSTs with at most
a constant number k of terminals are considered. In Lemma [I0 smt is replaced by
smty, the cost of an optimum Steiner tree under the restriction that all its full com-
ponents contain at most k terminals. The performance ratios remain asymptotically

the same, because it can be proved that SST"mtf <1+ 1+L1{3g g - See [32] for details.
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the Steiner problem when all vertices are terminals), a pair of optimal primal and
dual solutions Z and 4 of the same value for L Pc resp. DL Pc can be constructed.
This can be done by running a dual ascent algorithm and performing a reverse
delete on the tight arcs, see [39U31] for details. In particular, the complementary
slackness conditions can be satisfied, meaning that in the arc set of each cut
(W, W) with 4w > 0, there is exactly one arc e with £, = 1 (these arcs represent
a minimum spanning tree). Furthermore, it can be guaranteed that the sum of
the cut variables corresponding to the edges on a path in the constructed MST
(arcs e with e = 1) and separating the endpoints of the path is not larger than
the cost of the longest edge on that path.

We claim that the dual solution % is also feasible for DL Prgsc w.r.t. G*. Assume
the contrary and let T' (with root z; and leaves z3,...,2) be an FST with
Ur = ZW’ Tea-w) w > cr. Consider the (unique) path between z; and
some z; (i € {2,...,1}) in T*. The sum of the relevant @ values corresponding
to the edges on this path is no greater than the cost of the longest edge on
the path. Repeating this argument in proper order we establish that the sum
of the 1 values for all considered (sub-)paths (which is an upper bound for Ur)
is no larger than the cost of [ — 1 (different) edges on the corresponding paths.
But then, introducing 7" and removing these edges would lead to a Steiner tree
cheaper than T*, a contradiction to the fact that gainp«(T) is non-positive for
any FST T. O

Lemma 13. Let T* be the final terminal-spanning tree constructed by the loss-
contracting algorithm on an arbitrary graph G. Then, v(LPrgsc) > ¢(T%).

Proof. By Lemma [[2] there is a feasible solution @ of value ¢(T*) for DLPrsc
w.r.t. G*. Since G* is obtained from G by setting some edge costs to zero, the
corresponding FSTs in G have no smaller costs and 4 is also feasible w.r.t. G. O

Theorem 2. For an instance (G, R) of the Steiner problem, let loss* be the
total cost of the edges contracted by the loss-contracting algorithm and smt the
cost of an optimal Steiner tree. Then, for the integrality gap of the relazation
v(LPrsc) >1— loss™

v(Prsc) = smt *

Proof. From Lemma [[3 we know that v(LPrgc) > ¢(T*). On the other hand,
T* together with the contracted edges deliver a feasible solution for the original
instance, so we have ¢(T*) 4 loss* > smt = v(Ppsc), and the claim follows. O

LPrsc we have:

Lemma 14. Let T* be the final terminal-spanning tree constructed by the loss-
contracting algorithm on a quasi-bipartite graph G. Then, v(LPc) > ¢(T*).

Proof. The claim follows immediately from Lemma [[3] and Theorem [I1 O

Theorem 3. The integrality gap of the bidirected cut relazation (v(P,)/v(LPc))
for a quasi-bipartite graph is smaller than 1.39.

Proof. Using Lemma[I4] and following the same argumentation as in the proof of

Theorem[2 we get ”U((LPIZC)) >1- lgfrf: . From Lemmal[TT] we know that lffrfz <0.28

for quasi-bipartite graphs, and the claim follows. O
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Fig. 4. Transfer from hypergraphs to graphs introduces an integrality gap

A natural question is whether a better bound (than the elementary bound 2)
can be proved for this relaxation in the general case by the approach used here.

A fundamental difficulty is that Lemmal[dl (and consequently Theorem[I) is not
valid for general graphs (even after loss contraction), as Example[B demonstrates.
Therefore, a similar approach for general graphs should use a modified version
of Lemma [0 that limits the gap introduced by the transfer from hypergraphs to
graphs (at least for the worst case) properly.

Ezample 3. In the graph illustrated in Figure[] let A = o, 8 = 2, and v = 3a—e¢
(0 < € < «). For this graph, we have v(LP¢) = 8« (setting a-variables to
1/2 for the arcs [z1, s2],[21, 83),[81, 22),[83, 22],[51, 23], 82, 23], [$2, vo],[$3, vol,[v0, $1]
and to 1 for the arc [vo, z0]); while the optimal Steiner tree, which is in this
case identical to the minimum terminal-spanning tree, consists of the edges
(20, 21), (20, 22), (20, 23) and has the cost 3y = 9a — 3e. The loss-contracting
algorithm starts and ends with this terminal-spanning tree, without contracting
any edges. On the other hand, it can be observed that for any choice of FSTs
F such that G = G, the relaxation LPrgc yields the value 3y = 9a — 3¢ for
the hypergraph (R, F'). Intuitively, this is because that the re-usage of the arc
[vo, s1] must be “paid for” in the case of LPpg¢, in contrast to the case of LP¢.

5 Concluding Remarks

Despite the achievements described in this article, of course many challenges are
open. Here, we mention just a few which we consider as specially important.

— Further study of the structural properties of relaxations can lead both to
new theoretical insights and algorithmic developments. In particular, the
question of the integrality gap of the cut relaxation is quite intriguing.

— The algorithmic potential of full Steiner trees is presumably not exhausted.
Natural candidates for further exploitation are special metrics (not only
geometric ones) as they arise in certain applications (like the computation
of phylogenetic trees).

— Finally, the transfer of methods that have proved to be useful in this context
to similar problems is a promising (but in some cases non-trivial) task.
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Abstract. We review the literature on minimum spanning tree prob-
lems with two or more objective functions (MOST) each of which is of
the sum or bottleneck type. Theoretical aspects of different types of this
problem are summarized and available algorithms are categorized and
explained. The paper includes a concise tabular presentation of all the
reviewed papers.

1 Introduction

Let G = (V, E) be a (undirected, simple) graph with vertex set V = {v1,...v,}
and edge set £ = {e1,...,en} where e; = (v;,,v;,) is an (unordered) pair of
vertices. Let ¢: F — RP be a vector-valued cost function on the edge set. A
spanning tree of G is a connected, acyclic subgraph T C G, T = (V(T), E(T)),
with vertex set V(T) = V. Let T denote the set of spanning trees of a given
graph G. The multiple objective minimum spanning tree problem is defined as

(MOST)  min f(T) = (f1(T),.... [,(T))
st. TeT.

In contrast to the (single objective) spanning tree problem, the objective function
f: 7T — RP is vector-valued, i.e., composed of component functions fx: 7 — R.
The components fi of f are sum objectives, i.e.

fe="> e,

ecE(T)
or bottleneck objectives, i.e.

max c*(e).
ecE(T)

In the following, we assume sum objectives unless stated otherwise. In MOST,
the task is to find optimizers which simultaneously minimize the & component
functions. Since the notion of optimality is not canonical in R? (note that there
is no canonical order in RP), an optimality concept has to be defined. In this
paper, we use the Edgeworth-Pareto optimality definition. We define the set of
efficient spanning trees

J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 104116 2009.
© Springer-Verlag Berlin Heidelberg 2009
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Xp:={T eT:ATcT with fi(T) < fi(T) for all k < p
and fj(T) < f;(T') for at least one j < p}

and the set of weakly efficient spanning trees
Xpp ={T €T :ATecT with fx(T) < fx(T) for all k < p}

The images of these sets under the objective function f are called the set of
nondominated points Yy := f(Xg) and the set of weakly nondominated points
Yun := f(XwE). Note that in single objective optimization, the task is to find a
single minimizer of the scalar-valued objective function. In contrast, minimizing
the vector-valued objective function f is understood as finding (a subset of) the
set Y and for each of these nondominated points at least one efficient spanning
tree. For an introduction to single objective spanning tree problems and general
multiple objective optimization, we refer to the books of Ahuja, Magnanti, and
Orlin [2] and Ehrgott [10].

Efficient solutions and nondominated points are often computed by scalariza-
tion methods which transfer the multiple objective programming problem into
a single criterion, i.e. scalar-valued optimization problem. In the following we
state some of these scalarization methods in the context of MOST.

The weighted-sum problem can be stated as

WSP(A)  min Y N fi(T)
i=1

st. TeT.

where \; > 0,7 =1...p, is a weight associated with objective i. It is easy to see
that optimal spanning trees of WSP(\) are efficient. Efficient spanning trees that
can be obtained by solving WSP(\) for any choice of A € RP are called supported
while all remaining efficient trees are called unsupported. The corresponding
vectors in the objective space are analogously called (un)supported nondominated
points. Supported efficient spanning trees are located on the boundary of the
convex hull of Y. For sum objectives, WSP(\) is a (single objective) spanning
tree problem and can be solved by the well-known standard techniques.

Another scalarization is the e-constraint method which is defined by a pa-
rameter ¢ € RP~! restricting the feasible set of the single objective minimum
spanning tree problem.

EPS(¢) min f;(T)
st. TeT
fi(T) <ej, j#i

Optimal spanning trees for EPS(e) are weakly efficient and any efficient tree can
be computed by solving EPS(¢) for a certain choice of . For biobjective sum prob-
lems, EPS(¢) is also known as the weight-constraint spanning tree problem which
is treated in [1], [14], [I8], [20], and [36],. Since the latter problem is known to be
NP-hard, the e-constraint minimum spanning tree problem is NP-hard as well.
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In the next sections, we review the current literature and present some new
results classified according to the number of sum objectives in MOST. While
Sections [B] and [ deal with at least 2 sum objectives with regard to theory and
algorithms, respectively, Section 2 considers the special case of at most one sum
objective. We conclude the paper by a tabular respresentation of the reviewed
papers in Section [6

2 MOST with at Most One Sum Objective

In this section we consider 1 sum objective function and thus p — 1 bottleneck
objective functions. Since there are m edges, each bottleneck objective can take
on at most m different values. Consequently, the number of nondominated points
is bounded by O(mP~1).

Theorem 1. If the objective function of MOST consists of p—1 bottleneck and
1 sum objective function, then |Yn| € O(m?).

Sergienko and Perepelitsa [35] consider minimum spanning tree problems
with two parameters on each edge, one bottleneck and one sum objective func-
tion. They propose a polynomial time algorithm for finding the nondominated
set. Their algorithm temporarily disregards the bottleneck objective and solves a
single objective minimum spanning tree problem. In the corresponding solution
the maximum bottleneck parameter is identified and all edges in the graph hav-
ing maximum bottleneck parameter are deleted. The reduced graph is processed
likewise until a feasible solution can no longer be found.

Melamed and Sigal [23I24/25126] deal with spanning tree problems having
one sum objective and (at least) one bottleneck objective function. All papers
numerically investigate the fraction of supported spanning trees among the set of
efficient spanning trees. For this purpose all nondominated points are identified
using some enumeration which explains the relatively small test instances. In the
four experimental studies, random parameters are always chosen independently
and uniformly distributed in the intervals [0, 20], [0, 100] or [0, 500]. The sizes of
the graphs vary between n = 10 and n = 150. Depending on the specific setup,
Melamed and Sigal report values averaged over 20 to 50 instances.

In [23] two biobjective problems are addressed: The first having one bottleneck
and one sum objective function, the second having two bottleneck objective
functions. The algorithm used to find the nondominated set is similar to the
algorithm of Sergienko and Perepelitsa [35]. Melamed and Sigal conclude that
the fraction of supported spanning trees decreases with increasing

— size of the cost interval [23],
— number of vertices in the graph [23], and
— number of efficient spanning trees [24].

Melamed and Sigal extend their work to the tri-objective case of either having
two bottleneck and one sum objective function or having three bottleneck objec-
tive functions (cf. [25/26]). The idea of the algorithm in [35] is adapted to having
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at least two bottleneck objective functions: Maxima found in previous iterations
are excluded consecutively by changing the costs of the edges thus yielding new
candidate points. If no feasible solution can be found, the set of candidates is
filtered for dominated solutions. Interestingly, Melamed and Sigal report that
the fraction of supported efficient spanning trees is much greater for these prob-
lems than for the corresponding biobjective problems. Second, the cardinality of
the efficient set is increasing rapidly (the precise factors depend on the specific
problem setup) when going from two to three objectives.

3 MOST with at Least Two Sum Objectives - Theory

In this section, we consider MOST with sum objectives only. A multiple objec-
tive combinatorial optimization problem is called intractable if the cardinality
of the set of optimal values, i.e., |Yx|, can be exponential in the size of the in-
stance (see [I0]). MOST is intractable and NP-hard, even for p = 2 objective
functions.

Theorem 2 (Camerini, Galbiati, and Maffioli [4]). MOST is NP-hard.

Theorem 3 (Hamacher and Ruhe [I7]). MOST is intractable.
Proof. Consider the complete graph G = K,, of n vertices and m = ”(n;l)
edges. G contains n"~? spanning trees. For each edge e; we define its costs as

ctey) =271

Ae) :=2m =27 = 2™ — cl(ey).

It is c'(e;) + c2(e;) = 2™ for all i € {1,...,m} and ¢'(T) + ¢*(T) = (n — 1)2™
for all T' € 7. All pairs of spanning trees T1,Ts € T, Ty # T5, are incomparable
by the uniqueness of the number representation of the binary system. Thus,
|YN| =n""2, O

There is a one-to-one correspondence between efficient spanning trees and non-
dominated solutions in the example of Hamacher and Ruhe [17]. Since there are
n™~2 many efficient spanning trees, the following corollary can be immediately

derived from Theorem [

Corollary 1. The set of supported efficient spanning trees and the set of nondom-
inated points is, in general, exponentially large in the number of vertices of G.

In the example used in Theorem [l and Corollary[dlall efficient spanning trees are
optimal for a single weighted sum problem since ¢! (T)+c?(T) = (n—1)2™ for all
T € T. The corresponding nondominated points are located on a straight line in
Y. They are all supported. Consequently, the nondominated frontier has no (in-
termediate) breakpoints for this example. In general, this number of breakpoints
is polynomially bounded in the number of vertices.
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Theorem 4. The number of breakpoints of the nondominated frontier is poly-
nomially bounded for p = 2.

Proof. Each breakpoint can be computed with the weighted sum method for
some value of A € (0,1). The weighted sum method can be realized with a greedy
algorithm for single objective spanning tree problems. For each edge j € E and
A € (0,1), the costs of this single objective problem are given as
1 2 _ 2 12
Acj + (1= N)ej = ¢j + (¢j — cj)\

For each j € E, we may think of ¢5 — (¢} — ¢3)X as a function of X on the interval
(0,1). These |E| = m many linear functions have k < m? points of intersection
at the A-values 0 < Ay < Ag <--- < A < 1.For A € [Aj, \it1], i € {1,...,k—1},
the sorting of the linearly combined costs remains the same. Consequently the
greedy algorithm returns for any such A the same solution. Since the sorting of
the edges changes at most m2-times, the greedy algorithm returns at most m?
different solutions when \ varies over (0,1). Thus, there are at most m?-many

breakpoints. O

In order to compute all nondominated solutions with a 2-phase algorithm, Theo-
rem [l implies that the first phase of computing (conv(Y")) 5 can be accomplished
in a polynomial number of applications of the weighted sum method.

The question about the cardinality of the set of unsupported nondominated
points arises directly in the context of the preceding intractability results.

Theorem 5. The set of unsupported efficient spanning trees might be exponen-
tially large in the number of vertices of G.

Proof. Consider the complete graph G = K,. For each edge e; we define its costs
as

cte;) =211

62(61') — om+2 _ gi=1 _ gm+2 Cl(ei)

The same reasoning as in the proof of Theorem [3] holds true here as well. Note
that |c!(Ty) — ¢ (Tz)| > 4, i = 1,2, for every pair Ty, To € T, Ty # Tp. We slightly
modify the graph now by introducing two new vertices vy, 11 and v, 12 and three
new edges with the following costs:

em+1 = (Unt1,Unt2) with ¢(emt1) = (0,0)

em—+2 = (v1,Up41) With ¢(en12) = (1,0)

em—+3 = (v1,Upt2) with c¢(emn13) = (0,2)
This new graph has 3n™ "2 spanning trees and 2n"~2 efficient spanning trees.
Among those, n”~2 4 1 are supported, while n”~2 — 1 are nonsupported. ]

An interesting question relates to results about adjacency of efficient spanning
trees. In the remainder of this section we elaborate on this issue for problems
with p = 2.
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Definition 1. Two trees are called adjacent if they have n—2 arcs in common.

Alternatively, two trees T7 and T» are adjacent if there is some edge e € E(T})
and some edge f ¢ E(T1) such that E(Ty) = E(T1) \ {e} U {f}. This edge
exchange is called edge swap or simply swap. Research on adjacency of efficient
solutions is motivated by the fact that the set of optimal solutions of the minimal
spanning tree problem is connected:

Theorem 6. Let Ty and Ty denote two minimal spanning trees. Then there is a
sequence of edge swaps yielding To from Ty. Moreover, a sequence can be found
such that all spanning trees constructed in this sequence are minimal.

This result allows an efficient enumerative search to obtain all optimal solutions
to the single objective spanning tree problem. Surprisingly, for MOST, the set
of efficient spanning trees is non-connected.

Definition 2. The adjacency graph of (weakly) efficient spanning trees G =
(V,E) is defined by the vertex set V = Xg. Two vertices v; and v; are connected
by an (undirected) edge (v;,v;) if their corresponding trees are adjacent.

Ehrgott and Klamroth [12] provide an instance of the multiple objective mini-
mum spanning tree problem having a non-connected adjacency graph of efficient
spanning trees. This implies that it is not possible to swap from one efficient
tree to another while visiting efficient trees only. Gorski, Klamroth and Ruzika
[15] extend these results.

Theorem 7. The adjacency graph of (weakly) efficient spanning trees is non-
connected in general. The number of connected components of G and the cardi-
nality of the components of G may grow exponentially in the size of the input
data.

These results imply that it is, in general, not enough to swap to get all effi-
cient spanning trees. Ruzika [32] proved some structural results about the set
of supported efficient spanning trees and suggested their usage in terms of a
branch and bound algorithm for the constrained spanning tree problem. Henn
[19] showed the efficiency of this algorithm.

4 MOST with at Least Two Sum Objectives - Algorithms

Corley [6] intended to compute X g for MOST, however, Hamacher and Ruhe
[I7] demonstrated that Corley’s algorithm is only capable of computing a subset
of Xg. Corley suggests to iteratively compose spanning trees similar to Prim’s
idea. In each iteration the set of vertices already contained in the subtree defines
a cut in the graph. The subtree is expanded by all nondominated edges along
this cut. In contrast to the single objective case a set of efficient extensions has
to be considered and, consequently, a set of subtrees has to be processed.

Hamacher and Ruhe [17] address the theory of multiple objective minimum
spanning tree problems (see Theorem B) and provide an algorithm for the biob-
jective case. Their own algorithm is capable of computing the set of supported
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efficient spanning trees exactly. Alternatively—and this is their main focus—
their two-phase method can compute a well-dispersed set of feasible spanning
trees serving as a representation of Xpg. The first phase is realized by a di-
chotomous search scheme. First, the lexicographical optimal spanning trees are
computed. Given two extremal spanning trees, a weighted sum problem is solved
to determine either a new extremal efficient spanning tree in between the two
given trees or to decide that there is no such solution. After the first phase is
finished a neighborhood search is employed in the second phase to find unsup-
ported solutions closing this gap. These solutions are guaranteed to be locally
efficient.

Andersen, Jornsten, and Lind [3] numerically compare two heuristics for
the biobjective MOST. In both heuristics the set of supported nondominated
solutions is found in the first phase by some algorithm, e.g., the algorithm in
[I7]. Although being aware of the fact that the set of efficient solutions is not
connected, the authors suggest to exploit adjacency to construct an approxima-
tion of the nondominated set. Two different methods are proposed to generate
unsupported trees: A neighborhood search and the ”adjacent search”. In the
neighborhood search spanning trees being adjacent (in the sense of [12]) to at
least one previously found (locally) efficient spanning tree are investigated. In
the adjacent search, a new heuristic, only those spanning trees are constructed
which are adjacent to at least two (locally efficient) spanning trees. Two meth-
ods are proposed for generating spanning trees which are adjacent to at least
two given spanning trees. The two proposed heuristics are tested on various
instances. On average, adjacent search investigates less candidate points than
neighborhood search. The computational effort in constructing new candidate
solutions is, however, larger for the adjacent search.

A two-phase procedure for the biobjective minimum spanning tree problem
is proposed by Ramos, Alonso, Sicilia, and Gonzalez [31]. Their procedure
does not only find one efficient solution for each nondominated points, but all
efficient solutions. For this purpose an enumerative procedure for finding all
minimum spanning trees of a single objective minimum spanning tree problem
is developed. The first phase algorithm for the biobjective problem is similar to
the algorithm of [I7]. However, given two consecutive extreme points, all efficient
solutions yielding the same nondominated point are computed by the single
objective enumeration algorithm. Unsupported efficient solutions are found by
a branch and bound method. A search tree having n levels, from the root 0
to the lowest level n — 1, is constructed and passed in depth first order. Each
vertex x of this search tree corresponds to an edge of the adjacency list of vertex
i € V. Furthermore, with each node x a partial solution (a forest) is associated.
This solution corresponds to all edges on the path from the root of the search
node to node z. Branching is performed for each edge in the adjacency list
of vertex ¢ + 1. Those edges which are already part of the partial solution or
those which lead to a cycle in the partial solution are neglected. For each partial
solution a lower bound on the cost vector is computed. If this lower bound
is dominated by some previously found solution, the branch corresponding to
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this solution is fathomed. Solutions found by this branch and bound method
do not have to be efficient. Thus, an additional filtering procedure has to be
applied excluding the dominated solutions. The performance of this two-phase
algorithm is numerically investigated. Interestingly, the running time decreases
with an increasing number of vertices. Ramos, Alonso, Sicilia, and Gonzdlez note
that the number of unsupported efficient solutions decreases for their test set-up
with an increasing number of vertices.

The numerical study of Steiner and Radzik [37] compares two different
two-phase methods for the biobjective integer minimum spanning tree problem.
For the first phase the algorithm of Hamacher and Ruhe [17] is utilized to find
the set of supported efficient solutions for both approaches. In the second phase
a k-best minimum spanning tree algorithm is compared to a branch and bound
algorithm. In the former variant the triangles between all pairs of consecutive
nondominated extreme points are searched for unsupported efficient trees by
the (single objective) k-best minimum spanning tree algorithm of Gabow [13]. In
order to obtain a single cost objective, the two cost components are aggregated by
a weighted sum. The algorithm of Gabow is then applied with this cost function.
Each solution is used to reduce the search space by splitting the original rectangle
into two smaller ones. This k-best approach is compared with the branch and
bound procedure of Ramos, Alonso, Sicilia, and Gonzélez [3T] in numerical tests.
Steiner and Radzik conclude that the k-best algorithm substantially outperforms
the branch and bound method due to the huge search tree and rather ineffective
bounding procedure of the second approach.

5 Related Topics

There is some literature adressing topics which are closely related to MOST.

Hutson and ReVelle [2122] assume a tree graph and two arc parameters -
referred to as costs and coverage - to be given. They introduce the covering
problem on tree graphs as the problem of finding a connected subset of arcs
minimizing costs and maximizing coverage. An integer programming formula-
tion of this biobjective spanning tree problem is introduced and a few example
problems are solved using an all-purpose solver. The articles do not contain an
algorithm nor do they discuss theoretical properties of the biobjective spanning
tree problem. The main goal is the transfer of coverage concepts mainly used in
facility location to network analysis.

Schweigert [33/34] recognizes that the weighted sum method delivers efficient
spanning trees and formulates an algorithm for finding all supported efficient
spanning trees similar to the method of [I7]. It is also shown that for any un-
supported efficient spanning tree there exists a total ordering of the set of arcs
such that the tree is optimal for Kruskal’s algorithm. Unfortunately, the proof
of this theorem assumes the unsupported tree to be given and then constructs
the total ordering. Consequently, a practical algorithm for finding unsupported
spanning trees cannot be derived from this observation.
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Perny and Spanjaard [28] consider extensions of combinatorial optimization
problems: Preferences are defined by quasi-transitive relations on the set of feasi-
ble solutions. They formally introduce preference-based combinatorial optimiza-
tion problems and general algorithms. These algorithms find the set of preferred
solutions only if the preference relation satisfies some independence axiom. The
idea of preference relations is specialized to the biobjective minimum spanning
tree problem as follows: A tree T} is preferred to T3 if and only if the weighted
augmented Tchebycheff metric of Tj is less than that of 7. Unfortunately, this
relation does not satisfy the independence axiom. Hence, the proposed algo-
rithms do not find the set of preferred solutions exactly, but an approximation.

Minoux [27] considers general problems over a finite ground set E. Two cost
values are associated with each element in F. An algebraic sum of bottleneck
and linear cost function constitutes the single objective function. It is assumed
that there exists a polynomial-time solution algorithm for the same problem with
linear cost objective function only. It is observed that the max-term can take on
at most |E| values. If the optimal solution value v for the bottleneck objective
function was given prior to the optimization by some oracle, then the sum ob-
jective function would only have to be optimized over all elements of the ground
set not exceeding v in the bottleneck objective (it should be remarked that this
idea is also used in [23I24)2526] and [35]). Based on this observation a solution
algorithm is proposed. In the k-th iteration of the algorithm the sum-problem is
solved over a modified ground set E*. In E* only the k smallest elements with
respect to the bottleneck objective are included. A solution to this modified
problem is also a solution to the problem with combined objective function. If
no solution is found, k is increased. After at most |E| solutions of sum-problems
the optimal solution to the combined problem is found. Several improvements of
this algorithm are discussed in the paper as well as the application to a variety
of problems (also the spanning tree problem). There are several follow-ups (e.g.
[9], [16], [29], [30]) for the same problem presenting new algorithms or exploiting
more efficient data structures for similar algorithmic ideas. Dell’Amico and
Maffioli [§] study the complexity of 56 problems having an algebraic sum of a
linear and a non-linear function as objective function.

Dell’Amico and Maffioli [7] consider arborescence problems with two cost
parameters on each arc. Six different elementary objective functions (e.g., bot-
tleneck, minimum sum, or sum of cost of the longest path objective function) are
proposed and always two of them are linearly combined, thus, yielding a scalar
valued objective function. The resulting problems are classified as NP-hard or
polynomial time algorithms solving the problem exactly are given.

6 Conclusion

We have reviewed known results and algorithms for the multiple objective mini-
mum spanning tree problem and related topics. All papers included in our review
are concisely listed in Table [B] using the classification scheme for multiple ob-
jective combinatorial optimization problems of Ehrgott and Gandibleux [I].
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Table 1. Entries for Problem Type

Entry Explanation

E Finding the efficient set

e Finding a subset of the efficient set

SE  Finding the supported efficient solutions
MO  Solving the max ordering problem

C Finding a compromise solution

Table 2. Entries for Solution Method

Entry Explanation

SP Exact algorithm specifically designed for the problem

BB  Algorithm based on branch and bound

conv Method for computing nondominated frontier based on
iterative weighted sum problems

NS  Neighborhood search

Prim Prim-type algorithm

rank Ranking method

k-best K-best spanning tree procedure

Table [ has six columns. In the first column, we refer to the paper under con-
sideration. The number of objective functions in this paper is listed in the sec-
ond column. Here, we distinguish between approaches designed for biobjective
(denoted by 2) and general multiple objective problems (denoted by p). Note that
all papers consider sum objectives. The third and fourth column provide informa-
tion about the type of the problem and the applied solution methods, respectively.
Tables [1l and ] explain the abbreviations used in these columns. In the last two
columns, a ”+” indicates that examples are included in the paper and that the
algorithm has been implemented by the authors, respectively. The abbreviations
”sum” and "max” indicate in Table[Blthe type of objective function. It should be
noted that the articles of Chen, Guo, Tu, and Chen [5], Dell’Amico and Maffioli
[7U8], Perny and Spanjaard [28], and Schweigert [33J34] are not listed since they
are not discussed in the survey or do not fit this algorithm-oriented scheme.

Almost all algorithms reviewed in the previous sections address problems with
two objectives. Some algorithmic ideas are prevalent in the surveyed literature.
They seem to be widely accepted and they are frequently used like the computa-
tion of the nondominated frontier (cf. the approaches using the algorithm of [17])
or the treatment of bottleneck objective functions (cf. [35] and [232412526]).
The methods for identifying unsupported efficient spanning trees vary and in-
clude neighborhood searches [I7], branch and bound procedures [31], and k-best
spanning tree algorithms [37]. The question of adjacency of efficient spanning
trees is not well understood. All known neighborhood structures for the multiple
objective minimum spanning tree problem lead to a non-connected adjacency
graph.
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Table 3. Classification for the reviewed papers

Paper Number and Type of Problem Solution Example Implemented

Objectives Type Method
3 2 sum SE, e conv, NS + +
[6] p sum e Prim - -
[17] 2 sum SE, e conv, NS + -
[ p sum MO rank + -
[21122] 2 sum - - + -
[23124] 1 sum, 1 max E SP + +
[25126] 1 sum, 2 max E SP - +
31 2 sum E conv, BB + +
[35] 1 sum, 1 max E SP - -
37 2 sum E conv, k-best / BB + +
[o/16] sum-max C SP - -
[27129130] sum-+max C SP - -
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Abstract. Algorithms for route planning in transportation networks
have recently undergone a rapid development, leading to methods that
are up to three million times faster than Dijkstra’s algorithm. We give
an overview of the techniques enabling this development and point out
frontiers of ongoing research on more challenging variants of the problem
that include dynamically changing networks, time-dependent routing,
and flexible objective functions.

1 Introduction

Computing an optimal route in a transportation network between specified
source and target nodes is one of the showpieces of real-world applications of
algorithmics. We frequently use this functionality when planning trips with cars
or public transportation. There are also many applications like logistic planning
or traffic simulation that need to solve a huge number of shortest-path queries in
transportation networks. In the first part of this paper, we focus on the simplest
case, a static road network with a fixed cost for each edge. The cost function
may be any mix of travel time, distance, toll, energy consumption, scenic value,
etc. associated with the edges. Some of the techniques described below work
best if the cost function is positively correlated with travel time. The task is to
compute the costs of optimal paths between arbitrary source-target pairs. Some
preprocessing is allowed but it has to be sufficiently fast and space efficient to
scale to the road network of a continent.

The main part of this paper is Section 2] which explains the ideas behind
several practically successful speedup techniques for exact static routing in road
networks. Section Bl makes an attempt to summarize the development of per-
formance over time. In Section @] we outline generalizations for public trans-
portation, mobile devices, outputting optimal paths, and dynamically changing
networks. Augmenting static techniques to time-dependent scenarios is discussed
in Section [ while Section [6] describes some experiences we made with imple-
menting route planning algorithms for large networks. Then, Section [1 explains
our experimental approach giving several examples by applying it to some al-
gorithms we implemented. We conclude in Section [§ with a discussion of future
challenges.
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2 Static Routing

We consider directed graphs G = (V, E) with n nodes and m = ©(n) edges.
An edge (u,v) has the nonnegative edge weight w(u,v). A shortest-path query
between a source node s and a target node ¢ asks for the minimum weight d(s, t)
of any path from s to ¢t. In static routing, the edge weights do not change so
that it makes sense to perform some precomputations, store their results, and
use this information to accelerate the queries. Obviously, there is some tradeoff
between query time, preprocessing time, and space for preprocessed information.
In particular, for large road networks it would be prohibitive to precompute and
store shortest paths between all pairs of nodes.

2.1 “Classical Results”

Dijkstra’s Algorithm [20] - the classical algorithm for route planning — main-
tains an array of tentative distances D[u] > d(s, u) for each node. The algorithm
visits (or settles) the nodes of the road network in the order of their distance
to the source node and maintains the invariant that D[u] = d(s,u) for visited
nodes. We call the rank of node u in this order its Dijkstra rank rks(u). When
a node wu is visited, its outgoing edges (u,v) are relazed, i.e., D[v] is set to
min(D[v], d(s,u)+w(u,v)). Dijkstra’s algorithm terminates when the target node
is visited. The size of the search space, i.e. the number of settled nodes, is O(n)
and n/2 (nodes) on the average. We will assess the quality of route planning
algorithms by looking at their speedup compared to Dijkstra’s algorithm, i.e.,
how many times faster they can compute shortest-path distances.

Priority Queues. A naive implementation of Dijkstra’s algorithm has a run-
ning time of O(n?) since finding the next node to settle takes O(n) (linear search
of candidates). However, the algorithm can be implemented using O(n) priority
queue operations. In the comparison based model this leads to O(nlogn) exe-
cution time. In other models of computation (e.g. [T1]) and on the average [47],
better bounds exist. However, in practice the impact of priority queues on per-
formance for large road networks is rather limited since cache faults for accessing
the graph are usually the main bottleneck. In addition, our experiments indicate
that the impact of priority queue implementations diminishes with advanced
speedup techniques that dramatically reduce the queue sizes.

Bidirectional Search executes Dijkstra’s algorithm simultaneously forward
from the source and backwards from the target. Once some node has been visited
from both directions, the shortest path can be derived from the information
already gathered [I2]. Bidirectional search can be combined with most other
speedup techniques. On the other hand, it is a necessary ingredient of many
advanced techniques.

Geometric Goal Directed Search (A*). The intuition behind goal directed
search is that shortest paths ‘should’ lead in the general direction of the tar-
get. A* search [32] achieves this by modifying the weight of edge (u,v) to
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w(u,v) — w(u) + 7(v) where m(v) is a lower bound on d(v,t). Note that this
manipulation shortens edges that lead towards the target. Since the added and
subtracted vertex potentials w(v) cancel along any path, this modification of edge
weights preserves shortest paths. Moreover, as long as all edge weights remain
nonnegative, Dijkstra’s algorithm can still be used. The classical way to use A*
for route planning in road maps estimates d(v,t) based on the Euclidean dis-
tance between v and t and the average speed of the fastest road anywhere in
the network. Since this is a very conservative estimation, the speedup for finding
quickest routes is rather small. Goldberg et al. [25] even report a slow-down of
more than a factor of two since the search space is not significantly reduced but
a considerable overhead is added.

2.2 Exploiting Hierarchy

Small Separators. Transportation networks are almost planar, i.e., most edges
intersect only at nodes. Hence, techniques developed for planar graphs will often
also work for road networks. Using O(n log? n) space and preprocessing time,
query time O(y/nlogn) can be achieved [22/41] for directed planar graphs with-
out negative cycles. Queries accurate within a factor (1 4 €) can be answered in
near constant time using O((nlogn)/e) space and preprocessing time [70]. Most
of these theoretical approaches look difficult to use in practice since they are
complicated and need superlinear space. The approach from [70] has recently
been implemented and experimentally evaluated on a road network with one
million nodes [52]. While the query times are very good (less than 20 us for e =
0.01), the preprocessing time and space consumption are quite high (2.5 hours
and 2 GB, respectively).

Multi-Level Techniques. The first published practical approach to fast route
planning [67068] uses a set of nodes Vi whose removal partitions the graph G =
Go into small components. Now consider the overlay graph G1 = (V1, E1) where
edges in Fj are shortcuts corresponding to shortest paths in G that do not
contain nodes from V; in their interior. Routing can now be restricted to G; and
the components containing s and ¢ respectively. This process can be iterated
yielding a multi-level method [69U35/36U34]. A limitation of this approach is that
the graphs at higher levels become much more dense than the input graphs thus
limiting the benefits gained from the hierarchy. Also, computing small separators
and shortcuts can become quite costly for large graphs.

Reach-Based Routing. Let R(v) := max, tcv Rst(v) denote the reach of node
v where Ry (v) := min(d(s,v),d(v,t)). Gutman [3I] observed that a shortest-
path search can be stopped at nodes with a reach too small to get to source or
target from there. Variants of reach-based routing work with the reach of edges
or characterize reach in terms of geometric distance rather than shortest-path
distance. The first implementation had disappointing speedups (e.g. compared
to [67]) and preprocessing times that would be prohibitive for large networks.
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Highway Hierarchies (HHs) [58/59] group nodes and edges in a hierarchy of
levels by alternating between two procedures: Contraction (i.e., node reduction)
removes low degree nodes by bypassing them with newly introduced shortcut
edges. In particular, all nodes of degree one and two are removed by this pro-
cess. Edge reduction removes non-highway edges, i.e., edges that only appear on
shortest paths close to source or target. More specifically, every node v has a
neighborhood radius r(v) that we are free to choose. An edge (u,v) is a highway
edge if it belongs to some shortest path P from a node s to a node ¢ such that
(u,v) is neither fully contained in the neighborhood of s nor in the neighborhood
of t, i.e., d(s,v) > r(s) and d(u,t) > r(t). In all our experiments, neighborhood
radii are chosen such that each neighborhood contains a certain number H of
nodes. H is a tuning parameter that can be used to control the rate at which the
network shrinks. The query algorithm is very similar to bidirectional Dijkstra
search with the difference that certain edges need not be expanded when the
search is sufficiently far from source or target. HHs were the first speedup tech-
nique that could handle the largest available road networks giving query times
measured in milliseconds. There are two main reasons for this success: Under the
above contraction routines, the road network remains sparse and near planar.
Furthermore, preprocessing can be done using limited local searches starting
from each node which resulted in the fastest preprocessing at that time.

Advanced Reach-Based Routing. It turns out that the preprocessing tech-
niques developed for HHs can be adapted to preprocessing reach information
[26]. This makes reach computation faster and more accurate. More impor-
tantly, shortcuts make queries more effective by reducing the number of nodes
traversed and by reducing the reach-values of the nodes bypassed by shortcuts.
Reach-based routing is slower than HHs both with respect to preprocessing time
and query time. However, the latter can be improved by a combination with
goal-directed search to a point where both methods have similar performance.

Highway-Node Routing (HNR). In [65] the multi-level routing scheme with
overlay graphs [67J69I35/30] is generalized so that it works with arbitrary sets
of nodes rather than only with separators. This is achieved using a new query
algorithm that stalls suboptimal branches of search on lower levels of the hi-
erarchy. By using only important nodes for higher levels, query performance is
comparable to HHs. Preprocessing is done in two phases. In the first phase,
nodes are classified into levels. In the second phase, the shortcuts are recursively
computed bottom up. Shortcuts from level ¢ are found by local searches in level
{ — 1 starting from nodes in level ¢. This second phase is very fast and easy to
update when edge weights change.

Contraction Hierarchies (CHs) are a special case of highway-node routing
where we have n levels — one level for each node [23]. Such a fine hierarchy can
improve query performance by a considerable factor. The queries are also further
simplified since it is sufficient to search upward in a search graph. This property
saves considerable space since each edge is only stored at its lower endpoint.
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CH preprocessing proceeds in two phases. The first phase orders nodes by im-
portance. The second phase contracts (removes) nodes in this order. When node
v is contracted it is removed from the network in such a way that shortest path
distances between the remaining nodes are preserved. See Fig. [Il for an example.
Local searches are used to decide which of the potential shortcuts of the form
(u,v,w) are needed. In a sense, contraction hierarchies are a simplification of
HHs where only the node contraction phases are used (using a more careful im-
plementation). Node ordering keeps the nodes in a priority queue with priorities
based on how attractive it is to contract a node. The most important term of
the priority function is the edge difference — how many additional edges would
the graph get if a node is contracted (this value may be negative). Another
important priority term ensures that nodes are removed from the networks uni-
formly rather than only in one area of the network. Due to their simplicity and
efficiency, contraction hierarchies are now used in almost all of our advanced
routing techniques.
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Fig. 1. Contraction with node ordering u < v < w. Node w is contracted by adding a
shortcut from v to w and by removing the incoming and outgoing edges of w.

Distance Tables. Once a hierarchical routing technique (e.g., HH, HNR, CH)
has shrunk the size of the remaining network G’ to ©(y/n), one can afford to
precompute and store a complete distance table for the remaining nodes [59].
Using this table, one can stop a query when it has reached G’. To compute
the shortest-path distance, it then suffices to lookup all shortest-path distances
between nodes entering G’ in forward and backward search respectively. Since
the number of entrance nodes is not very large, one can achieve a speedup close
to two compared to the underlying hierarchical technique.

Transit-Node Routing precomputes not only a distance table for important
(transit) nodes but also all relevant connections between the remaining nodes
and the transit nodes. Independently, three approaches proved successful for
selecting transit nodes: separators [BIIT5], border nodes of a partition [342],
and nodes categorized as important by other speedup techniques [B/4U6T]. Tt
turns out that for route planning in road networks, the latter approach is the
most promising one. Since only about 7-10 such access connections are needed
per node one can ‘almost’ reduce routing in large road networks to about 100
table lookups. Interestingly, the difficult queries are now the local ones where
the shortest path does not touch any transit node. This problem can be solved



122 D. Delling et al.

by introducing several layers of transit nodes. Between lower layer transit nodes,
only those routes need to be stored that do not touch the higher layers. Transit-
node routing (e.g., using appropriate slices of a CH) reduces routing times to a
few microseconds at the price of larger preprocessing time and additional space
consumption.

2.3 Advanced Goal-Directed Search

Edge Labels. The idea behind edge labels is to precompute information for
an edge e that specifies a set of nodes M(e) with the property that M(e) is
a superset of all nodes that lie on a shortest path starting with e. In an s—t
query, an edge e need not be relaxed if t € M (e). In [67], M (e) is specified by an
angular range. More effective is information that can distinguish between long
range and short range edges. In [74] many geometric containers are evaluated.
Very good performance is observed for axis parallel rectangles. A disadvantage
of geometric containers is that they require a complete all-pairs shortest-path
computation. Faster precomputation is possible by partitioning the graph into
k regions that have similar size and only a small number of boundary nodes.
Now M (e) is represented as a k-vector of edge flags [A4/434849/63] where flag
¢ indicates whether there is a shortest path containing e that leads to a node in
region i. Fig. [ gives an example. Edge flags can be computed using a single-
source shortest-path computation from all boundary nodes of the regions. A
further improvement gets by with only one (though comparatively expensive)
search for each region [33].

SHARC is an extension of the edge flag approach [6]. By using subroutines
from hierarchical approaches—namely contraction—during preprocessing most
of the disadvantages of edge flags can be remedied. The key observation is that it
is sufficient to set suboptimal edge flags to many edges of the graph. Expensive
preprocessing is then only done for important edges. In addition, SHARC extends
the idea of the 2-level edge flag approach presented in [48] to a multi-level arc-
flags setup. The result is a fast unidirectional query algorithm, which is especially
advantageous in scenarios where bidirectional search is prohibitive, e.g. time-
dependent networks (cf. Section [Bl). In general, SHARC can be interpreted as
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Fig. 2. Example for Arc-Flags. The graph is partitioned in 3 regions.
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goal-directed technique that incorporates hierarchical aspects implicitely. Even
faster query times can be achieved by a bidirectional version of SHARC.

Landmark A* (ALT). Using the triangle inequality, quite strong bounds on
shortest-path distances can be obtained by precomputing distances to a set of
landmark nodes (= 20) that are well distributed over the far ends of the network
[25129]. Using reasonable space and much less preprocessing time than for edge
labels, these lower bounds yield considerable speedup for route planning.

Precomputed Cluster Distances (PCD). In [46], a different way to use pre-
computed distances for goal-directed search is given. The network is partitioned
into clusters and then a shortest connection between any pair of clusters U and
V, ie., mingeyvev d(u,v), is precomputed. PCDs cannot be used together with
A* search since reduced edge weights can become negative. However, PCDs yield
upper and lower bounds for distances that can be used to prune search. This
gives speedup comparable to landmark-A* using less space. Using the many-
to-many routing techniques outlined in Section [l cluster distances can also be
computed efficiently.

2.4 Combinations

Bidirectional search can be profitably combined with almost all other speedup
techniques. Indeed, it is a requiredd ingredient of highway hierarchies, transit-
node routing, highway-node routing and contraction hierarchies and it achieves
a considerable improvement for reach-based routing and edge flags. Willhalm et
al. have made a systematic comparison of combinations of pre-2004 techniques
[BI76/37]. Landmark A* harmonizes very well with reach-based routing [26]
whereas it gives only a small additional speedup when combined with HHs [17].

Recently, the combination of edge flags with hierarchical approaches has proved
very successful [§]. Contraction hierarchies combined with edge flags yield query
times almost as low as transit-node routing using less space and preprocessing
time. This large reduction in preprocessing times compared to edge-flags alone
stems from a restriction of the edge-flag computations to a network that is
already considerably contracted. This combination is also quite effective for many
types of networks where hierarchical methods alone work not as well as for road
networks. Edge flags combined with transit-node routing lead to the currently
fastest query times for road networks.

2.5 Differences to Commercial Systems

It turns out that commercial route planning systems and the methods described
above have a lot of things in common but differ in a crucial fact. Like commercial
systems, the methods from Sections and follow some kind of intuition a

! However, there are approaches that combine forward search with a type of backward
graph exploration that is not shortest path search. This will become relevant in
Section
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human uses for traveling in transportation networks. The main difference is that
commercial systems might provide suboptimal results while the latter guarantee
to find the shortest path. Surprisingly, settling for approximate results does not
result in faster query times. In fact, the contrary is true.

For example, a common approach in commercial car navigation systems is the
following: do not look at ‘unimportant’ streets, unless you are close to the source
or target [39]. This heuristic needs careful hand tuning of road classifications to
produce reasonable results but yields considerable speedups. Recalling the con-
cept of highway hierarchies, one might notice that HH follows the same intuition:
after a fixed number of hops, consider only a highway network. It turns out that
one main reason for the better performance of HH compared to the heuristic is
the correctness of the former. The latter has to make a precarious compromise
between quality and size of the search space that relies on manual classification
of the edges into levels of the hierarchy. In contrast, after setting a few quite ro-
bust tuning parameters, HH-preprocessing automatically computes a hierarchy
aggressively tuned for high performance.

3 Chronological Summary — The Horse Race

Although academic research on speedup techniques for DIJKSTRA’s algorithm
started in the late nineties, motivated from timetable information [67], a boost
in development was the publication of continental-sized road networks in 2005.
The European network was made available for scientific use by the company
PTV AG. The USA network was from publicly available geographical data [72].
Before that, input-sizes were limited and even worse, most data was confidential,
e.g. the timetable data used in [67]. This lead to the problem that it was hard
to compare different approaches with respect to performance. Once large road
networks were available to everybody [68/19] so that speedup techniques became
comparable, a “horse race” started: Which group can achieve the fastest query
(and preprocessing) times on these inputs. In this Section we give a chronological
summary of this race, including techniques that were published before 2005.

However, it is still difficult to compare speedup techniques even for road net-
works because there is a complex tradeoff between query time, preprocessing time
and space consumption that depends on the network, on the objective function,
and on the distribution of queries. Still, we believe that some ranking helps to
compare the techniques. We take the liberty to speculate on the performance of
some older methods that have never been run on such large graphs and whose
actual implementations might fail when one would attempt it. In Tab. [Il we list
speedup techniques in chronological order that are ‘best’ with respect to speedup
for random queries and the largest networks tackled at that point. Sometimes we
list variants with slower query times if they are considerably better with respect
to space consumption or manageable graph size.

Before [67] the best method would have been a combination of bidirectional
search with geometric A* yielding speedups of 2-3 over unidirectional Dijkstra.
The separator-based multi-level method from [67] can be expected to work
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Table 1. Chronological development of the fastest speedup techniques. As date for the
first publication, we usually give the submission deadline of the respective conference.
If available, we always selected measurements for the European road network even if
they were conducted after the first publication. Otherwise, we linearly extrapolated
the preprocessing times to the size of Europe, which can be seen as a lower bound.
Note that not all speedup techniques have been preprocessed on the same machine.
Also note that we report the space consumption of the technique including the graph.

method first date data  size space preproc. speedup
pub. mm/yy from n/10° [B/n] [min]

D1JKSTRA 200 08/59 - 18 21 0 1
separator multi-level [67] 04/99 [36] 0.1 ? > 5400 52
edge flags (basic) [44] 03/04 [45] 1 35 299 523
landmark A* 25]  07/04 [28] 18 89 13 28
edge flags E3[48] 01/05 [33] 18 30 1028 3951
HHs (basic) B8] 04/05 [58] 18 49 161 2645

« 20 10/05 [28 18 100 1625 1559
reach + shortc. + 4 {28} 08/06 {28} 18 56 141 3932
HHs + dist. tab. 9] 04/06 [64] 18 68 13 10364
HHs + dist. tab. + A* 7] 08/06 [64] 18 92 14 12902
high-perf. multi-level GBIl 06/06 [I5] 18 181 1440 401109
transit nodes (eco) 13 10/06  [64] 18 140 25 574727
transit nodes (gen) B 10/06 [64] 18 267 75 1470231
highway nodes [65] o1/07 [64] 18 28 15 7437
approx. planar € = 0.01 2] 09/07 [52] 1 2000 150 18057
SHARC 6 09/07 [7] 18 34 107 21800
bidirectional SHARC 6] 09/07 [7] 18 41 212 97261
contr. hier. (aggr) 23] 01/08 [23] 18 17 32 41051
contr. hier. (eco) 23  o1/08 [23 18 21 10 28350
CH + edge flags (aggr) 8] 01/08 [ 18 32 99 371882
CH + edge flags (eco) 8] 01/08 [ 18 20 32 143682
transit nodes + edge flags  [§] 01/08 [8] 18 341 229 3327372
contr. hier. (mobile) [62] 04/08 [62] 18 8 31 9878

even for large graphs if implemented carefully. Computing geometric contain-
ers [67U74[75] is still infeasible for large networks. Otherwise, they would achieve
much larger speedups than the separator-based multi-level method. Until re-
cently, computing edge flags has also been too expensive for Europe and the USA
but speedups beyond 523 have been observed for a graph with one million nodes
[49]. Landmark A* works well for large graphs and achieves average speedup of
28 using reasonable space and preprocessing time [25]. The implementation of
HHs [58] was the first that was able to handle Europe and the USA. This imple-
mentation wins over all previous methods in almost all aspects. A combination
of reach-based routing with landmark A* [26] achieved better query times for the
USA at the price of a considerably higher preprocessing time. At first, that code
did not work well on the European network because it is difficult to handle the
present long-distance ferry connections, but later it could be considerably im-
proved [27]. By introducing distance tables and numerous other improvements,
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highway hierarchies took back the lead in query time [59] at the same time using
an order of magnitude less preprocessing time than [58]. The cycle of innovation
accelerated even further in 2006. Miiller [51] aggressively precomputes the pieces
of the search space needed for separator-based multi-level routing. At massive ex-
pense of space and preprocessing time, this method can achieve speedups around
400000. (The original implementation cannot directly measure this because it
has large overheads for disk access and parsing of XML-data). Independently,
transit-node routing was developed [3], that lifts the speedup to six orders of
magnitude and completely replaces Dijkstra-like search by table lookups. This
approach was further accelerated by combining transit nodes with edge flags [§],
yielding speedups of over 3 millions.

However, the story was not over because speedup techniques have to fulfill
several properties, in addition to speed, if they should be used in real-world
scenarios: Memory consumption should be as low as possible, simple updating
of preprocessing due to traffic jams should be possible, and speedup techniques
should work in time-dependent networks. Highway-Node Routing [65] and con-
traction hierarchies [23I62] fulfill the first two requirements, while SHARC [6/14]
was developed for the latter scenario. These scenarios are the topic of Sections [
and Al

4 (Generalizations

Many-to-Many Routing. In several applications we need complete distance
tables between specified sets of source nodes S and target nodes T'. For example,
in logistics optimization, traffic simulation, and also within preprocessing tech-
niques [463]. Many non-goal-directed bidirectional search methods [67I26I65])
can be adapted in such a way that only a single forward search from each source
node and a single backward search from each target node is needed [42]. The ba-
sic idea is quite simple: Store the backward search spaces. Arrange them so that
each node v stores an array of pairs of the form (¢,d(v,t)) for all target nodes
that have v in their backward search space. When a forward search from s settles
a node v, these pairs are scanned and used to update the tentative distance from
s to t. This is very efficient because the intersection between any two forward
and backward search spaces is small and because scanning an array is much
faster than priority queue operations and edge relaxations governing the cost of
Dijkstra’s algorithm. For example, for |S| = |T'| =10000, the implementation in
[23] needs only about 10s.

Outputting Paths. The efficiency of many speedup techniques stems from
introducing shortcut edges and distance table entries that replace entire paths
in the original graph [67/5826/59/51J3]. A disadvantage of these approaches is
that the search will output only a ‘summary description’ of the optimal path
that involves shortcuts. Fortunately, it is quite straightforward to augment the
shortcuts with information for unpacking them [I7/42[3)23I62]. Since one can
afford to precompute unpacked representations of the most frequently needed
long-distance shortcuts, outputting the path turns out to be up to four times
faster than just traversing the edges in the original graph.
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Mobile Route Planning. Most of the techniques described above can be
adapted to mobile devices such as car navigation systems or cell phones. How-
ever, space is at a premium here and most of the data has to reside on an external
memory device such as flash memory that has high access latencies and where
write accesses are very expensive. Therefore, the first measure is to keep the pri-
ority queue and the nontrivial tentative distances in the fast memory. Goldberg
and Werneck [29] successfully implemented the ALT algorithm on a Pocket PC.
Their largest road network (North America, 29 883 886 nodes) occupies 3 735 MB
and a random query takes 329s. The RE algorithm [3T27] has been implemented
on a mobile device, yielding query times of “a few seconds including path com-
putation and search animation” and requiring “2-3 GB for USA /Europe” [24].
Contraction hierarchies have been implemented using careful blocking of nodes
that are often accessed together and using aggressive variable-bitlength encod-
ing for edges and edge weights [62]. This implementation needs only 140 MByte
space for the European network and 69 ms query time on a 330 MHz ARM 11
processor without any preloaded information in the fast memory.

Turn Penalties. On most road crossings, going straight takes less time than,
e.g., turning left. Such turn penalties (and disallowed turns) can be modelled
using edge based routing where road segments become nodes of the graph and
edges connect possible pairs of successive road segments. The disadvantage of this
model is that a naive implementation takes several times more space than node-
based routing. This problem can be circumvented by running logical edge-based
routing based on bidirectional Dijkstra on a node-based physical representation.
A thin interface layer makes an on-the-fly conversion. For a small subset of
important nodes in the edge-based graph, an explicit contraction hierarchy is
computed. The implicit Dijkstra search can switch to a fast contraction-hierarchy
query when the search is covered by important nodes. Thus, most advantages of
both approaches are combined [BOI73].

Flexible Objective Functions. The objective function in road networks de-
pends in a complex way on the vehicle (fast, slow, too heavy for certain bridges,
etc.) the behavior and goals of the driver (cost sensitive, thinks he is fast, etc.),
the load, and many other aspects. While the appropriate edge weights can be
computed from a few basic parameters, it is not feasible to perform preprocessing
for all conceivable combinations. Currently, our best answer to this problem is
highway-node routing/contraction hierarchies [6523]. Assuming that the impor-
tant nodes are important for any reasonable objective function, only the second
phase of preprocessing needs to be repeated. This is an order of magnitude faster
than computing a HH or the node ordering of contraction hierarchies.

Dynamization. In online car navigation, we want to take traffic jams etc. into
account. At first glance, this is fatal for most speedup techniques since even a
single traffic jam can invalidate any of the precomputed information. However,
we can try to selectively update only the information affected by the traffic jam
and/or relevant to the queries at hand. Updating the preprocessing of Geometric
Containers has been analyzed in [75]. By only allowing increases in the sizes of
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containers, queries stay correct, but performance may be worse than recomputing
the containers from scratch. Landmark A* can be dynamized either by noticing
that lower bounds remain valid when edge weights can only increase, or by using
known dynamic graph algorithms for updating the shortest-path trees from the
landmarks [I8]. Highway-node routing was originally developed for dynamization
[65]. Indeed, it allows fast and easy updates (2-40ms per changed edge weight
depending on the importance of the edge). Even faster dynamization is possible
by leaving the preprocessed information unchanged and only causing the query
algorithm to descend the hierarchy when it encounters unreliable information.
This approach scales to quite large numbers of delays using an iterative approach
that only takes edges into account that actually affect the current query [64]. In
the meantime this approach has been successfully adapted to mobile contraction
hierarchies, generalizing [62].

Multi-Criteria Routing. The fastest route in transportation networks is often
not the “best” one. For example, users traveling by train may be willing to
accept longer travel times if the number of required transfers is lower or the
cost of a journey with longer duration is cheaper. We end up in a multi-criteria
scenario [535721] in which none of the high-performance approaches developed
in the last years can be applied easily. The adaption of a fast method to this
scenario is one of the main challenges in the near future.

Multimodal Routing. Often, we use more than one transportation network
for traveling. For example, we first use our car to get to the train station, use
the train to get to the airport and finally board a plane. Planning a route in
such a combined network has to fulfill certain constraints, e.g., your own car is
only available at the beginning of the journey or we want to avoid switching
the type of transportation too frequentely. These constraints can be modeled
by adding appropriate labels to each edge [1I34]. Unfortunately, using a fast
routing algorithm in such a label-constrained scenario is very complicated and
hence, another challenging task.

5 Time-Dependency

As already mentioned, most developed techniques require the network to be
static or only allow a small number of updates [65/I8]. In practice, however,
travel duration often depends on the departure time. It turns out that efficient
models for routing in almost all transportation systems, e.g., timetable infor-
mation for railways or scheduling for airplanes, are based on time-dependent
networks. Moreover, road networks are not static either: there is a growing body
of data on travel times of important road segments stemming from road-side
sensors, GPS systems inside cars, traffic simulations, etc. Using this data, we
can assign speed profiles to roads. This yields a time-dependent road network.
Switching from a static to a time-dependent scenario is more challenging than
one might expect: The input size increases drastically as travel times on con-
gested motorways change during the day. On the technical side, most static
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techniques rely on bidirectional search, i.e., a second search is started from the
target. This concept is prohibited in time-dependent scenarios as the arrival
time would have to be known in advance for such a procedure. Moreover, pos-
sible problem statements for shortest paths become even more complex in such
networks. A user could ask at what time she should depart in order to spend as
little time traveling as possible. As a result, none of the existing high-performance
techniques can be adapted to this realistic scenario easily.

5.1 Modeling Issues

The major difference between static and time-dependent routing is the usage
of functions instead of constants for specifying edge weights. We use piece-wise
linear functions for modeling time-dependency in road networkdd. Each edge gets
assigned a number of sample points that depict the travel time on this road at
the specific time. Evaluating the travel time for an edge at time 7 is then done
by linear interpolation between the points left and right to 7. In order to allow
a polynomial time exact solution [40I56], we assume that the network fulfills the
FIFO property or non-overtaking property: if A leaves an arbitrary node s before
B, B cannot arrive at any node t before A.

Currently, research concentrates on solving the earliest arrival problem in
time-dependent networks, i.e., find the quickest route from s to ¢ for given time
of departure 7. Note that this problem is closely related to the latest departure
problem, i.e., find the quickest route from s to ¢ such that you arrive at ¢ at a
given time 7' [13].

Rolling-Out Time-Dependency. Another approach to model time-dependency is
to roll out the time component. In the time-expanded approach for timetable
information [6654], each time-dependent edge is multiplied such that each edge
represents exactly one connection and a timestamp is assigned to each node.
Although the resulting graphs are time-independent, the main downside of this
approach is the increase in input size. While this is still practicable for timetable
information [53J30], the time-expanded graphs get way too big for road networks.
In addition, adaption of speedup techniques to the time-expanded approach is
more complicated than expected [9]. Hence, the time-dependent approach seems
more promising.

5.2 Basic Algorithmic Toolbox

Analyzing all speedup techniques, preprocessing relies on two major ingredients:
(local) DIJKSTRA-searches and contraction. Hence, for correct routing in time-
dependent networks, both ingredients need to be augmented.

Generalizing Dijkstra’s Algorithm. A straightforward extension [II] of
D1JKSTRA’s algorithm is capable of computing the distance between s and ¢

2 Note that this is flexible enough to accurately integrate time-tabled connections such
as ferries.
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when departing from s at time 7. However, we may also need to compute a
profile, i.e. the distance between s and ¢ for all departure times. It turns out
that this is more expensive but can be computed by a label-correcting variant
of DIJKSTRA’s algorithm [I3]: distance labels now become functions of time and
edge relaxations compute minima of two time-dependent functions; nodes may
have to be scanned several times when parts of the their distance label improve.
An interesting result from [I3] is the fact that the runtime of label-correcting
algorithms highly depends on the complexity of the edge-functions.

Contraction. The second ingredient of high-performance speedup techniques
is contraction (cf. Section [). Basically, we may leave the principle untouched:
unimportant nodes are removed from the graph and shortcuts are added in order
to preserve distances between remaining nodes. However, contraction in time-
dependent road networks is more expensive, in terms of space consumption, than
in time-independent networks. Let P(f) be the number of interpolation points
of the function f assigned to an edge (u,v). Then the composed function f @ g,
modeling the duration for traversing g after f, may have up to P(f)+ P(g) inter-
polation points in the worst case. This is one of the main problems when routing
in time-dependent graphs: Almost all speedup techniques developed for static
scenarios rely on adding long shortcuts to the graph. While this is “cheap” for
static scenarios, the insertion of time-dependent shortcuts yields a high amount
of preprocessed data.

An interesting observation is that in timetable networks, the problem of in-
creasing interpolation does not exist. More precisely, P(f®g) = min{P(f), P(g)}
holds as the number of relevant departure times is dominated by the edge with
less connections.

5.3 Adapting Speedup Techniques

Up to now, three different approaches have successfully been adapted to the
time-dependent scenario. They either use a unidirectional search or perform a
backward search that limits the node set the forward search has to visit.

A* with landmarks (ALT) was the first natural choice for adaption to time-
dependent scenarios. Like for the dynamic time-independent scenarios, ALT per-
forms correct queries as long as potentials are feasible. So, by using the lower
bound of each edge during preprocessing, ALT-queries stay correct. Unfortu-
nately, a unidirectional variant [I§] only leads to a mild speedups of 3-5. A
speedup of 30 can be obtained if we are willing to accept suboptimal paths
being up to 15% longer than the shortest [55]. This can be achieved by a bidi-
rectional approach. Here, a time-independent backward search bounds the node
set that has to be examined by the forward search. This approach can be en-
hanced by performing ALT only on a small core built by contraction during
preprocessing [16].

SHARC. A disadvantage of ALT is its rather small speedup even in static
scenarios. This was the main motivation for the development of SHARC, a uni-
directional speedup technique [6] being as fast as bidirectional approaches. It is
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based on two foundations: contraction and edge flag computation. An edge flag
is now set as soon as it is important for at least one departure time [I4]. As a
result, quickest paths for all departure times between two points have arc-flags
set to true. A straight-forward approach is to compute flags using the label cor-
recting algorithm described above. While this works for large timetable graphs,
preprocessing takes way too long for road networks. By setting suboptimal arc-
flags, preprocessing times can be reduced but for the price of query performance.
Depending on the degree of perturbation, time-dependent SHARC is up to 214
times faster than DIJKSTRA.

Contraction Hierarchies [5]. Due to their simplicity and good performance,
contraction hierarchies are an interesting candidate for generalization. In the
most simple implementation, the first preprocessing phase (node ordering) can
be done on the static graph. Only the second phase needs to replace ordinary
Dijkstra searches by profile searches. This is straight-forward in principle but
challenging because a naive implementation is very expensive. The query algo-
rithm is slightly less obvious. The simultaneous forward and backward Dijkstra-
searches of the static version are replaced by four activitiedd: 1. A time dependent
forward-upward Dijkstra-search. 2. Backward exploration of the downward edges
leading to the target. Note that in most other hierarchical search techniques
this weakening of the backward search would imply traversing the entire graph
whereas the DAG (directed acyclic graph) property of contraction hierarchies
makes it possible that only a small subset of the nodes is visited. 3. Pruning of
supoptimal paths (when forward distance plus a lower bound on the distance to
the target exceed some upper bound). 4. A forward-downward Dijkstra search
starting simultaneously from all the promising places where forward search and
backward exploration met that is confined to the edges explored in component 2.
Various forms of upper and lower bounds on travel time can be used to improve
pruning, accelerate preprocessing, and save space.

6 Implementation

Advanced algorithms for routing in road networks require thousands of lines
of well written code and hence require considerable programming skill. In par-
ticular, it is not trivial to make the codes work for large networks. Here is
an incomplete list of problems and complications that we have seen in routing
projects: Graphs have to be glued together from several files. Tools for reading
files crash for large graphs. Algorithm library code cannot handle large graphs
at all. The code slows down several times when switching from a custom graph
representation to an algorithm library. 32-bit code will not work. Libraries do
not work with 64-bit code. Our conclusion from these experiences was to design
our own graph data structures adapted to the problem at hand. We use C++

3 We avoid the term ‘phase’ here since the activities can be interspersed in various
ways.
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with encapsulated abstract data types. Templates and inline functions make this
possible without performance penalties.

Speedup techniques developed by algorithmicists usually come with high level
arguments why they should yield optimal paths. While this is already much
more robust than purely heuristic algorithms, we sometimes observed that subtle
details only revealed by a detailed correctness proof can yield suboptimal paths.
For example, we had several cases where the algorithm considered was only
correct when all shortest paths are unique.

There are plenty of things that can go wrong both with the algorithms and
their implementations. The implementation can help here with extensive con-
sistency checks in assertions and experiments that are always checked against
naive implementations, i.e., queries are checked against Dijkstra’s algorithm and
fast preprocessing algorithms are checked against naive or old implementations.
On the long run one also needs a flexible visualization tool that can draw pieces
of large graphs, paths, search spaces, and node sets. Since we could not find
tools for this purpose that scale to large road networks, we implemented our
own system [10].

7 Methodology of Experiments

Evaluating speedup techniques on large networks is not as trivial as one might
expect. For example, an obvious choice of queries uses randomly selected node
pairs on the largest available graph. Although the resulting average query time is
a meaningful number, it is not quite satisfactory since most queries will produce
very long paths (thousands of kilometers) that are actually rare in practice. One
possible solution is to use random queries on a variety of subgraphs. However,
this leads to a plethora of arbitrary choices that make it difficult to compare
results. In particular, authors will be tempted to choose only those subgraphs
for which their method performs well.

Sets of real world queries would certainly be interesting, but it is unlikely that
a sample taken from one server is actually representative for the entire spectrum
of route planning applications. We therefore chose a more systematic approach
[58] that has also been adopted in several other studies: We generate a random
query with a specified ‘locality’ r by choosing a random starting node s, and
a target node ¢t with Dijkstra rank rke(t) = r (i.e., the r-th node visited by a
Dijkstra search from s). In our studies, we generate many such queries for each
r which is a power of two. We then plot the distribution with median, quartiles,
and outliers for each of these values of r. For the European road network, Fig.
shows the results for contraction hierarchies, CHs combined with edge flags, and
for transit-node routing. We view it as quite important to give information on
the entire distribution since some speedup techniques have large fluctuations in
query time.

In some cases, e.g., for contraction hierarchies, it is also possible to compute
good upper bounds on the search space size of all queries that can ever hap-
pen for a given graph [59I64123]. Figure[d gives the upper bounds for contraction
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hierarchies and highway-node routing. We view this as a quite good surrogate
for the absence of meaningful worst case upper bounds that would apply to all
conceivable networks.

8 Conclusions and Open Problems

Speedup techniques for routing in static road networks have made tremendous
progress in the last few years. While for challenging applications such as logis-
tics planning and traffic simulation, query times cannot be fast enough, for other
applications the query times are more than satisfying: other overheads like dis-
playing routes or transmitting them over the network are the bottleneck once
the query time is below a few milliseconds.

A major challenge is to close the gap to theory, e.g., by giving meaningful
characterizations of ‘well-behaved’ networks that allow provably good worst-case
bounds. In particular, we would like to know for which networks the
existing techniques will also work, e.g., for communication networks, VLSI de-
sign, social networks, computer games, graphs derived from geometric routing
problems, ...

Perhaps the main academic challenge is to go beyond static point-to-point
routing. Although first techniques already provide promising results, the gap
between static and time-dependent routing is still very big. A very impor-
tant topic for the furture is to reduce preprocessing space of time-dependent
techniques. Here, the main problem lies in the mentioned problem that short-
cuts are “cheap” in static scenarios, while in time-dependent scenarios short-
cuts can become highly complex objects. Further beyond that, we want
multi-criteria optimization for individual paths and we want to run realistic
traffic simulations.
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Abstract. Given a flight schedule, which is a set of non-stop flights, called legs,
with specified departure and arrival times, and a set of aircraft types, called sub-
fleets, the fleet assignment problem is to determine which aircraft type should fly
each leg. The objective is to maximize the overall profit.

Usually, planners assume that precise input data are determininstically
available at planning time. As a consequence, an important insufficiency of mod-
ern industrial plans, especially flight-plans, is their lack of robustness. Disrup-
tions prevent from operating as planned before and induce high costs for trouble
shooting.

One reason for the uncertainties in the data for fleet assignment is that this
problem is part of a long row of optimization problems of an airline. There-
fore, important restrictions of later steps like connection dependent ground times
should be considered in the fleet assignment problem. We show how connec-
tion dependent ground times can be added to the fleet assignment problem and
presents three optimization methods, varying in run time and solution quality, that
can solve real-world problem instances with more than 6000 legs within minutes.

Moreover, real or believed non-determinism leads to inevitable uncertainties
in input data. As a consequence, instead of a traditional plan, a flexible strat-
egy which reacts on different relizations of the uncertain data is demanded. The
Repair Game is a formalization of a planning task, and playing it performs dis-
ruption management and generates robust plans with the help of game tree search.
We introduce the game and present experimental results of a feasibility study.

1 Introduction

For operating an airline, several optimization problems have to be solved. These in-
clude, e.g., network planning, aircraft and crew scheduling. In this paper we address
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J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 140 2009.
(© Springer-Verlag Berlin Heidelberg 2009



From State-of-the-Art Static Fleet Assignment to Flexible Stochastic Planning 141

the fleet assignment problem (FAP), and how connection dependent ground times can
be considered. Moreover, an important problem in state-of-the-art aircraft planning is
to react with an instant decision, after a certain disruption hinders the company to act
as planned before. Therefore, we show how stochastic uncertainties can be incorpo-
rated into the FAP within the frame of games against Nature. The problem belongs to
stochastic multi-stage optimization problems.

In the following, we introduce the fleet-assignment problem, characterize the most
influencing research fields for our work here, and outline our approach for disruption
management.

1.1 The Deterministic Fleet-Assignment Problem (FAP)

Briefly, for the FAP a flight schedule is given, consisting of a set of legs (flights without
stopover) with departure and arrival station (airport), departure time and block/ground
time for every subfleet (aircraft type). A subfleet has to be assigned to every leg while
maximizing the profit and not exceeding the given number of aircraft per subfleet.

The assigned subfleet type has great influence on a leg’s profit due to the subfleet’s
seating capacity, fuel consumption, airport fees and personnel cost. So choosing the
“right” one is of vital importance for an airline. But the FAP is only one, though im-
portant, optimization problem in a long row and the following stages use the solution
of the FAP as input. Therefore the main operational constraints of the following stages
should be adhered by the FAP as far as possible, in order to produce solutions that are
valid and useful for the following optimization problems, especially the aircraft rotation
building and tail assignment.

One operational restriction that arises in these later stages is considering minimum
turn times of aircraft that depend on the arriving and departing leg. We call such turn
times connection dependent ground times. A common situation, where connection de-
pendent ground times are needed, occurs at stations that have distinct terminals for
domestic and international flights. If an aircraft arriving with a domestic flight wants to
succeed with an international flight it must be towed to a different terminal, which can
last more than an hour. But if it proceeds with another domestic flight it can stay at the
terminal and the minimum ground time is much shorter.

We present three methods, one MIP based and two local search based approaches, to
solve the FAP with connection dependent ground times. The MIP approach combines
ideas of two well-known MIP models for the FAP to get an improved model that is
able to solve real-world problem instances with connection dependent ground times
in reasonable times [1116]. The local search approach is an extension of a previously
developed heuristic that is part of a commercial airline tool of our industrial partner
Lufthansa Systems.

Because operating aircraft is one of the largest expense factors in airlines, the FAP
is of considerable importance to airlines and has attracted researchers for many years,
theoretically [15/18/26] and practically [[LL6I8L16430435]]. A common approach for solv-
ing the FAP is to model the problem as a mixed integer program (MIP) like in [16]. But
there also exist a number of heuristic approaches [6/141333436], mainly based on local
search. Recently, many researchers started to extend the basic FAP by adding additional
restrictions [SU7] or incorporation additional optimization problems [4133]].
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1.2 Fleetassignment under Uncertainty

Multistage Decisions under Risk. Despite all successes of deterministic optimization,
we observe inconsistencies between planned and real operations. These inconsistencies
come to our mind in form of disruptions, and the reason for disruptions in the operations
obviously stems from the fact that planners lack information about the real behavior of
the environment at planning time: Traditionally, plans are built which maximize profits
over ’expected’ or just estimated input data, but it is also convenient to assume that
it is more realistic to optimize the expected payoff over all possible scenarios instead.
We assume that data are only approximately known and that they are modeled with the
help of distributions. E.g., in the airline example, we know a distribution over a leg’s
(i.e. flight’s) possible arrival times. Moreover, it can be assumed that we learn about
realizations of random variables in the course of time. This view leads us to the field
of *multistage decisions under risk’, related to linear stochastic programming [[10i28]],
stochastic Optimization [21]], game playing [3]], re-planning [20] and others [31].

Game Tree Search. A multistage decision process as described above can be inter-
preted as a game between Nature and an operator. We have to find a decision and one
time step later we learn about realizations of some of the random variables and we have
to take a further decision etc. If we assume all variables being discrete, the resulting
structure forms out a so called game tree. The link between stochastic optimization and
game tree search is established due to complexity theory: In many settings, stochastic
optimization problems, as well as the games traditionally played with the help of game
tree search, are both PSPACE-complete [25]].

Game tree search itself is the core of most attempts to make computers play games.
The game tree acts as an error filter and examining the tree behaves similar to an ap-
proximation procedure.

At some level of branching, the complete game tree (as defined by the rules of the
game) is cut, the artificial leaves of the resulting subtree are evaluated with the help
of heuristics, and these values are propagated to the root [[19127]] of the game tree as if
they were real ones. For 2—person zero-sum games, computing this heuristic minimax
value is by far the most successful approach in computer games history, and when
Shannon [32]] proposed a design for a chess program in 1949 it seemed quite reasonable
that deeper searches lead to better results. Indeed, the important observation over the
last 40 years in the chess game and some other games is: the game tree acts as an error
filter. Therefore, the faster and the more sophisticated the search algorithm, the better
the search results! This, however, is not self-evident, as some theoretical analyzes show
[223117].

New Approach. Our approach [9] can roughly be described by inspecting a (stochas-
tic) planning task in a ’tree-wise’ manner. Let a tree 7' be given that represents the
possible scenarios as well as our possible actions in the forecast time-funnel. It consists
of two different kinds of nodes, MAX nodes and AVG nodes. A node can be seen as
a ’system state’ at a certain point of time at which several alternative actions can be
performed/scenarios can happen. Outgoing edges from MAX nodes represent our pos-
sible actions, outgoing edges from AVG nodes represent the ability of Nature to act in
various ways. Every path from the root to a leaf can then be seen as a possible solution
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of our planning task; our actions are defined by the edges we take at MAX nodes under
the condition that Natures acts as described by the edges that lead out of AVG nodes.

The leaf values are supposed to be known and represent the total costs of the *plan-
ning path’ from the root to the leaf. The value of an inner MAX node is computed by
taking the maximum of the values of its successors. The value of an inner AVG node is
built by computing a weighted average of the values of its successor nodes. The weights
correspond to realization probabilities of the scenarios.

Let a so called max-strategy S be a subtree of T which contains the root of 7', and
which contains exactly one successor at MAX nodes, and all successors that are in 7 at
AVG nodes. Each strategy .S shall have a value f(5), defined as the value of S’s root.
A principle variation p(S), also called plan, of such a max-strategy can be determined
by taking the edges of .S leaving the MAX nodes and a highest weighted outgoing edge
of each AVG node. The connected path that contains the root is p(S). We are interested
in the plan p(S,) of the best strategy S, and in the expected costs F(Sy) of S,. The
expected costs F(p) of a plan p are defined as the expected costs of the best strategy S
belonging to plan p, e.g. E(p) = maz{E(S) | p(S) = p}.

This model might be directly applied in some areas, as e.g. job shop scheduling [22]],
not, however, in applications which are sensible to temporary plan deviations. If a job
shop scheduling can be led back to the original plan, the changes will nothing cost, as
the makespan will stay as it was before.

This is different in airline fleet assignments. Because differences between planned
operations and real operations cause costs, the expected costs associated with a given
plan are not the same before and after the plan is distributed to customers. A plan gets a
value of its own once it is published. Thus, it is possible to find back to the original plan
after some while, but nevertheless, costs occur. Tree nodes will have to be to identified
with a pair of the system state plus the path, how the state has been reached.

1.3 Organization of This Paper

In Section 2] the problem definitions, models and algorithms in the context of the de-
terministic FAP are described. The section itself is divided into several subsections. In
subsection 2.1] the FAP with connection dependent ground times is defined as a math-
ematical model. Subsection introduces a new MIP model for the FAP and in sub-
section 2.4] a local search based heuristic is presented. In subsection a generalized
preprocessing technique is described that reduces the problem size of an FAP instance.

We introduce the Repair Game in section [3| as a reasonable formalization of the
airline planning task on the level of disruption fighting. Section Bl describes the Repair
Game, its formal definition (subsection[3.1)), as well as an interpretation of the definition
and an example in subsection 3.2l In subsection we describe a prototype, which
produces robust repair decisions for disrupted airline schedules, on the basis of the
Repair Game.

In the @" section experimental results are presented. In subsection 4.1l we present
the experiments for improvements in the context of the deterministic FAP, describing
the influence of different preprocessing techniques and comparing the run times of FAPs
with and without connection dependent ground times. In subsection [4.2] we compare
the results of our new approach under uncertainty with an optimal repair procedure
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(in the traditional sense). A comparison of the sequential and a parallel version of our
prototype is additionally given.
The paper ends with concluding remarks in section

2 Problem Definitions, Models and Algorithms for the
Deterministic FAP

2.1 FAP Problem Definition

The FAP occurs in different variations during the planning process of an airline. In the
midterm strategic planning the FAP is solved for a typical cyclic time period. An often
suggested interval length is one day which applies to many large U.S. domestic airlines.
The FAP for a more irregular schedule is solved on a weekly basis like schedules of
European or internationally operating airlines.

During short-term tactical planning the FAP must be solved for a concrete fully-dated
time interval of up to six weeks. Most airlines take the typical period of the strategic
phase, roll it out to some larger time interval, include additional flights (e.g., for holidays)
and remove canceled flights. Here the interval is not cyclic but you may have to consider a
configuration of aircraft waiting at specific stations at the start and/or end of the interval.
The non-cyclic FAP can also be used during operations for rescheduling when you have
to deal with heavy disruptions of the (planned) schedule. Here you need very fast FAP
solvers but you only have to deal with small time intervals of one to three days.

Input Data and Notations. For simplicity and ease of notation we restrict ourselves to
the non-cyclic FAP for the rest of the paper. Nevertheless note that all presented mod-
els, algorithms and preprocessing techniques can be easily adopted for cyclic FAPs. An
instance of an FAP consists of the following input data:

F set of available subfleets

Ny number of aircraft available for subfleet f € F

L set of legs (schedule)

Fi set of subfleets that can be assigned toleg ! € £, F; C F
DL f profit of leg I € £ when flown by subfleet f € F;

sfep departure station (airport) of leg ! € £

s¢TT arrival station of leg { € £

t;{?p departure time of leg | € £ when flown by subfleet f € F;
e arrival time of leg [ € £ when flown by subfleet f € F;

g(k, 1, f) minimum ground time needed at station s when an aircraft of subfleet f

operates legs k and [ successively; s{"" = sfep must hold

The only difference of the FAP with connection dependent ground times compared to
the classical FAP is the minimum ground time function g(k, !, f), which depends on
the arriving and departing leg. It is defined as a function, because the minimum ground
time normally is computed out of some attributes of the legs k and [ (e.g. station, inter-
national or domestic flight, ...) and the subfleet f. A complete table of all possibilities
would be to large and hardly maintainable. In the classical FAP the minimum ground
time only depends on the arriving flight k& and the subfleet f and can therefore directly

be incorporated into the arrival time ¢;f.
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Connection Network. The FAP with connection dependent ground times described
here can be defined by a well-known IP called connection network [1]. The IP consists
of |F| flow networks, one for each subfleet. The legs are the nodes of the network and
arcs represent possible connections between legs. We define the set of valid successors
C, 5 (predecessors C) fl) of a leg [ when flown by subfleet f:

Cup = {k € LIf € Fuos™ = {477 + 9Lk f) S HF} U )

Cif = {k € LIf € Fuus” = {1577 + gk, f) <7} U 1)

(', contains all possible legs, that an aircraft of subfleet f can succeed with after
operating leg [. Therefore a leg k& € )y must be compatible with subfleet f, must
depart at the arrival station of leg [ and the ground time between the arrival time of leg
[ and the departure time of leg £ must not be less than the minimum ground time of the
legs [ and k. The additional element * is used if the aircraft does not fly any further leg
until the end of the planning period. C’ ! contains all possible legs, that an aircraft can
fly before operating leg [ and * means that [ is the first leg of the aircraft.

The connection network IP uses binary variables xy; . A variable xy ; r is one iff
legs k£ and [ are flown successively by an aircraft of subfleet f. The variable z, ; ¢
(x1,4,¢) is used for “connections” without predecessor (successor), that is [ is the first
(last) leg flown by an aircraft of subfleet f during the planning period. With these nota-
tions we can write the FAP as follows:

maximize Z Z Dk, f Z Tk,l,f (1)

kel feFy lGCk-,f
subject to S>> mp=1 VkeL )
fEF lECk,‘f
Z Thl,f — Z a;l,wf:O Vl€£7f6f'l 3)
kecl_,fl mECl,f
Zx*’l’f SNf VfeF “
lel

Tkl f € {0, 1} Vk € ﬁ, f S fk,l S Ck,f ®))

Condition () and (@) ensure that every leg is flown by exactly one subfleet. Equation
@) models the flow conservation and condition @) limits the number of aircraft of
each subfleet by limiting the total inflow of each subfleet. The objective function ()
maximizes the total profit.

The connection network is in principle able to solve the FAP with connection de-
pendent ground times but has one huge disadvantage that makes it impractical for
real-world instances: the model requires a big number of binary variables that grows
quadratically with the number of legs. Even when using sophisticated preprocessing
techniques only small FAPs (a few hundred legs) can be solved by this model. So there
is an urgent need for faster solution methods.
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In the following, we present a new MIP model for the FAP with connection depen-
dent ground times. The new model is a hybrid of the connection network introduced
in section 2.1] and the so called time space network [[16]. The time space network is
probably the most popular method to solve the FAP but it cannot handle connection
dependent ground times.

2.2 Time Space Network

As we already mentioned the time space network cannot model connection dependent
ground times. Ground times may only depend on the arriving leg [ and the subfleet f.
Therefore this leg dependent ground time can be added to the arrival time of the leg

iy~ and does not need to be considered further. Every leg with a departure time greater
equal " is a valid successor.

As the connection network, the time space network also consists of |F| flow net-
works, one for each subfleet. But the individual flow networks are constructed differ-
ently: The nodes in the network are the flight events on the stations (possible arrivals
and departures of aircraft). The edges of the network are comprised of flight arcs and
ground arcs. A flight arc connects a departure and an arrival event of one leg flown
by a specific subfleet. The ground arcs connect two subsequent flight events on one
station. A flight event can be identified by a triple (¢, s, f), where ¢t is the time of ar-
rival (or departure), s is the station of arrival (or departure) and f is the subfleet the
event belongs to.

We need the following notations to define the time space network:

V  set of all flight events

vld‘}p (t ld‘}p , sflgp , f); flight event that corresponds to the departure of leg [ when flown
by subfleet f

v = ( INEEIE f); flight event that corresponds to the arrival of leg [ when flown
by subfleet f

vT  subsequent flight event of v € V on the same station of the same subfleet; * if v
is the last flight event

v~ preceding flight event of v € V on the same station of the same subfleet; * if v
is the first flight event

Vi set of flight events of subfleet f that have no predecessor

The time space network MIP uses binary variables g, ; for the flow on flight arcs.
Y1,y is one iff leg [ is flown by subfleet f. Moreover we use non-negative variables z, ,+
to represent the flow on the ground arcs. With these notations we can write:

maximize Z Z DUFYLF (6)

lel feF;
subject to Z wy=1 VIleL %)
fEFR
Z bir— Z Yif+ 20— Zupr =0 YoeV (8)

7*7‘7
=v ep__
’Ul f =v
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Fig. 1. Time Space Network

> zw<Ny VfeF 9)

UEV;
ywre{0,1} Vel fer (10)
Zypt 20 Yv ey (11)
Zew >0 YoeV* (12)

Condition (7) and (I0) ensure that every leg is flown by exactly one subfleet. Equality
(8) models the flow conservation for each flight event. Condition (@) limits the num-
ber of aircraft of each subfleet and conditions (I1)) and (I2) ensure that the flow on
the ground arcs is non-negative. The objective function (&) maximizes the total profit.
Figure[l shows an example.

Note that in contrast to the connection network the number of binary variables only
grows linearly with the number of legs and that the number of conditions is about the
sam. Moreover, it is sufficient to choose the z-variables non-integer. This is because
an indeed possible fractional value of a z-variable can only be transported to another
z-variable, due to equation (8). The fractional part of a z-variable can therefore, and
because equation (9) stays valid and because the z-variables are not part of the objective,
be substracted from the corresponding airport without changing the solution.

2.3 New MIP Model

Our new MIP model for the FAP with connection dependent ground times can be seen
as a hybrid of the time space network of section 2.2] and the connection network of
section 2.1l What makes the time space network unsuitable for dealing with connection
dependent ground times is the fact that it allows all connections (k, ) to be established
if 47 < tld‘}p holds. The main idea for out new model is to increase {3’} in such a way

that all later departing legs form valid connections. By doing so we may miss some

! The number of flight events is bounded by 2 - |£] - || and can be reduced below |£]| - | F| by
a simple preprocessing step described in [16].
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valid successors of leg k that depart earlier than the adjusted arrival time of leg k£ and
these connections are handled explicitly like in the connection network.

In practice the differences of connection dependent ground times for an arriving leg
hardly exceeds one or two hours. Therefore the arrival time of a leg also needs to be
increased only by these one or two hours at most, so you can expect that the number of
missed valid connections is quite small and you only need a small number of additional
binary variables for these connections in our new model compared to the time space
network.

The adjusted arrival time of a leg [ when flown by subfleet f can be computed by

th; = max {t0% + 11 € Fo s = {07 < 4077 + gLk, ) } U {877

The expression simply determines the latest “compatible” departing leg which does
not form a valid connection with leg [ and sets the adjusted arrival time ¢ g ofleg [ one
time unit above. If no such invalid departing leg exists the arrival time is left unchanged.
Knowing the adjusted arrival time we can define the set of “missed” valid successors
C},r (predecessors C’lf fl):

Cup = {k € LIf € Fusi™ = {427 + gLk £) S P T < 471}

oy {keﬁlfe]—"k, SETT = 1T 4 g(k, 1, f) < 0P tld)‘}p<t§€)f}

There is only one difference in the definition of Cj, y and C’fol compared to the definition
in the section2.T] of the connection network: We are only interested in legs that depart
during the interval [t}"}", ] ;).

As the connection and time space network our new MIP model consists of |F| flow
networks. Each flow network consists of two different kind of nodes: leg nodes that
correspond to the nodes of the connection network and event nodes that correspond to
the nodes of the time space network. The edges of the network are comprised of the
flight and ground arcs of the time space network and the connection arcs of the con-
nection network. Like in the time space network ground arcs connect successive event
nodes of one station. The flight arcs still connect the departure event of a leg with its ar-
rival event but they are divided in two parts and in between they visit the corresponding
leg node. Finally the connection arcs establish the "missed” valid connections between
leg nodes.

Besides the changed definition of Cj, ¢ and C’ L we also redefine the meaning of the
arrival event v}"’;" to be the triple (t s s that is we use the adjusted arrival time

here. Our new MIP model uses binary variables xy r, yl f P and y“” T, directly
corresponds to the z-variables in the connection network. As mentloned earlier the
flight arcs of the time space network are divided in two parts and yl (y“”) is the flight

arc that connects the departure event vl P (arrival event v}'"y") with the corresponding
leg node. Finally we use non-negative varlables Zy ot asin the time space network to
represent the flow on the ground arcs. With these notations our new MIP model can be
defined as follows:
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maximizez Z Prs | Ykt + Z Tl f (13)

kel feFy leCk,f
subject to Z Yt + Z Tprp | =1 Vke L (14)
feFy lECk,f
L+ 3wy U Y. wmp =0 VIELfER (15)
keCE; mEClyf
Z yﬁ?r - Z yz(}p + Zy- 0y — Ryt = 0 Yo eV (16)
'uffj‘f:v vﬁ?p:v

> zw<Ny VfeF (17)

vEV}“
Tkl f 6{0,1} Vk‘Eﬁ,fE}_k,lECkJ (18)
ylﬂf(}p’yﬁ? € {0,1} vieLl, feF (19)
Zy ot =0 YveV (20)
Zew >0 VoveV* 2n

Whether a leg k is flown by subfleet f or not can be identified by the outflowdl of the
corresponding leg node, thatis yi'f + >, cc; ; Tkl f - Therefore the objective function
(13) maximizes the total profit. Equation (I4)) ensures that every leg is operated by ex-
actly one subfleet. Equation (I3) ensures the flow conservation condition for leg nodes
and equation (I6) for event nodes. Condition (IZ) limits the number of used aircraft per
subfleet. Conditions (I8)—@21I) define the domains of the used variables.

Compared to the time space network we double the number of y-variables and add
some binary z-variables to the model. Furthermore we introduce the flow equations
(13D for the leg nodes, that is we roughly double the number of equations needed. As
mentioned earlier the number of ”missed” valid connections (and therefore x-variables)
is quite low in practice and there are also many legs, for which Cj ¢ (or C’ljfl) is
empty. For these legs you can substitute yj}" for y;ijf + Zkeclf} Tk f (yl‘f;p for

arr

Yi.s
modef. So normally we will end up with a model that is not much larger than a corre-
sponding time space network MIP. Figure 2| shows an example.

+ e cry Tim, ) and remove the corresponding leg node equation from the

2.4 Local Search Heuristics

We enhanced our previously developed local search based heuristics [[14] to be able
to deal with connection dependent ground times. The specialized neighborhood can

2 Or, alternatively, inflow.
3 The model will collapse into a normal time space network if all sets Cy, ; and Cffl are empty.
This is the case for FAPs without connection dependent ground times.
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Fig. 2. Example for a hybrid of time space network and connection network
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be used in a hill climbing or simulated annealing framework to produce high quality
solutions in short times. The simulated annealing heuristic uses an adaptive cooling
schedule described in [24].

Since flight schedules evolve over time, solving the FAP does not have to start from
scratch. Changes to a flight schedule are integrated into the old schedule by airline
experts, so that for the real-world fleet assignment instances an initial solution is given
which can then be used by our local search algorithms.

So clearly, the most challenging part for using Local Search to solve the FAP is how to
define the neighborhood. Therefore we will restrict to this topic for the rest of the section.
We allow two transitions which we call change and swap. In a nutshell, change and swap
look for leg sequences that do not use more aircraft than the current solution when moved
to a different subfleet. Although it might be possible to find other solutions by violating
temporarily the number of available aircraft of a subfleet, we found it very difficult to
reach from such an invalid solution a valid solution, since valid neighbors are rare.

We initially developed our neighborhood for the FAP without considering connection
dependent ground times. The following paragraphs shortly present the basic ideas of
the original neighborhood. Moreover, we describe the necessary extensions to be able
to deal with connection dependent ground times.

Waiting Function. Crucial for the efficient computation of our neighborhood transi-
tions is the waiting function ([13]], or Fig. B). Given a solution to the FAP the wait-
ing function W ;(t) counts the number of aircraft of subfleet f available on station
s at time ¢, such that V¢ : Wy ;(¢t) > 0 and 3¢’ : W, ;(¢') = 0. An island of
W ¢(t) is an interval (t1,t2) where W, f(t) is strictly positive V¢t € (t1,t2) and
W p(t1) =0=W,, f(tg)ﬂ. Every flight event (departure or arrival) of a given solution
belongs exactly to one of these islands.

The waiting functions can be used in a number of ways. The value W s(—o0) at the
beginning of the planning interval tells you the number of aircraft of subfleet f that must
be available at station s at the beginning of the planning interval to be able to operate
the schedule. These values can be used to determine the number of aircraft needed by

411 = —oo (t2 = oo) is allowed. In such a case W, ;(—00) (W, ;(c0)) does not need to be
zero.
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Fig. 3. Example of a waiting function with two islands for an airport s and a subfleet f. The
upper part shows the distribution of landings (upper arrows) and the distribution of starts (lower
arrows).

a solution. Furthermore it is known that all connections between arriving and departing
legs must lie within the islands of the waiting function and, more importantly, that it is
always possible to build these connections within the islands. And finally, the waiting
function is an important tool to efficiently construct leg sequences for our change and
swap transitions that do not increase the number of used aircraft.

Change and Swap. We call (ly, ..., [,) a leg sequence, if the arrival airport of /; is the
departure airport of leg [, ;1 forall i =0,...,k — 1 and all legs [y, ..., l,, are assigned
to the same subfleet. Note that a leg sequence is not (necessarily) representing a part
of an aircraft rotation, i.e. a successor /;4; can depart earlier than its predecessor ;.
Leg sequences are generated by a depth first search with limited degree at the search
nodes. The possible successors in a leg sequence are not allowed to increase the number
of aircraft used when the leg sequence is changed or swapped to another subfleet. For
the computation of a successor the islands of the waiting function are used. The exact
generation process of leg sequences is quite complex. In this paper we can only give a
sketch of the two transitions defining the neighborhood and using the leg sequences as
building blocks.

The Change. The change transition alters the assigned subfleet for a leg sequence which
starts and ends at the same airport A. On the input of a randomly chosen leg [ with f
being the subfleet currently assigned to [ and a subfleet g the change generates a leg
sequence Sy that starts with leg [ and to which subfleet g can be assigned without using
more aircraft than the current solution. For this, during the whole time of Sy subfleet g
has to provide an aircraft waiting on the ground on A; therefore [ and the last leg of Sy
must lie within one island of W4 4.

The Swap. The swap transition exchanges the assigned subfleets f and g among two leg
sequences Sy and S,. To maintain the current distribution of aircraft at the beginning
and end of the planning interval the two leg sequences have to start at the same airport
A and end at the same airport B, Let f be the subfleet currently assigned to a randomly

> If you are allowed to alter the distribution of aircraft this rule can be modified appropriately,
but the details are quite complex and omitted in this paper. The same holds for the change
transition.
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chosen leg [. Then, on input of leg [ and a subfleet g the swap transition computes first
a leg sequence S} starting with [ whose legs are currently assigned to subfleet f and
that can also be flown by subfleet g. The depth first search construction of leg sequence
S, also starts at station A and searches for a compatible leg sequence of legs flown by
subfleet ¢ that ends at the same station as a subsequence Sy of S } Then Sy and S,
form a valid swap transition.

Extensions for Connection dependent Ground Times. Our original neighborhood for
the FAP has the same difficulties with connection dependent ground times as the time
space network. By using the waiting functions we can assure that a solution of the FAP
(without connection dependent ground times) does not exceed the available number of
aircraft but we do not know the concrete connections between arriving and departing
legs. We only know that there exists at least one valid set of connections and that these
connections must lie within the islands of the waiting function. But this is only true if all
legs, that depart later than an arriving leg [ within an island, are valid successors of /, and
this does not (always) hold if you have to consider connection dependent ground times.

Because the waiting function has proven to be a fast and powerful tool to construct
transitions for the FAP, we adhered to this concept for the FAP with connection dependent
ground times and extended it by additionally storing a valid successor for each leg. The
generation procedure of leg sequences still uses the waiting function as major tool, but
it is modified to ensure that after a transition there still is a valid successor for each leg.

The computation of successors can be solved independently for each station s and
subfleet f. This can be done by calculating a complete matching on the bipartite graph
of arriving and departing legs of subfleet f on station s. The nodes of this bipartite graph
are the arriving and departing legs and an arriving leg & is connected with a departing
leg [ iff they can form a valid connection: ¢}"7 + gk, l, f) < t;{?’ . The waiting function
further helps to reduce the size of the bipartite graphs, for which matchings have to be
computed. As all connections must lie within islands, it is sufficient to calculate the
matchings for each island separately.

The matchings are calculated by a well-known maximum-flow algorithm for the
maximum matching problem for bipartite graphs. Note that these matchings only have

Change subfleet f Swap
subfleet f A \ \
FAIFANN NN Y N
N B\ N\
subfleet g subfleet g
N\ ) oI
A\ NN o Y
N NN B NN NN

Fig. 4. Neighborhood operations: change and swap. Arcs represent incoming and outgoing legs
on a station.
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to be computed from scratch once, namely at the beginning of the local search algo-
rithm. Afterwards you only have to deal with small updates to the islands, when sin-
gle legs are added or removed. These updates happen obviously when you switch to a
neighbor of the current solution but they also occur during the construction of leg se-
quences to fest whether or not a leg sequence can be moved to another subfleet without
destroying the complete matchings. In both cases, we only need to perform very few
(one or two) augmentation steps of the maximum-flow algorithm to restore the complete
matching or to discover that no complete matching exists anymore@

There are two simple preprocessing techniques that enhance the performance of our
extended neighborhood considerably. To ensure that the waiting function harmonizes
well with the added matching algorithm the arrival time ¢}""/" of a leg [ when flown by
subfleet f should be increased until the first valid departing leg is encountered, e.g.

set it to ¢; , = min {tdgp|t”r +g(lk, f) < tdgp} U {oc} and adjust g(I, -, f) to not

loose valid successors. Thereby the waiting function implicitly forbids connections for
all departing legs in the interval [t{"}", 7] ;).

Because the maintenance of complete matchings for the waiting functions is quite
expensive, it should only be done for waiting functions that actually need these addi-
tional information to ensure that there always exist valid connections for all legs. If for
all legs [ that arrive at a station s = s and that are compatible with a subfleet f
holds, that all later departing legs are valid successors, then the waiting function W ¢
is enough to ensure that a complete matching always exists and the matching does not
need to be computed explicitly.

2.5 Preprocessing

Hane et al. [16] introduced a (heuristic) preprocessing technique that can reduce the
number of legs of an FAP instance and eliminate some of the ground arcs of the time
space network. Here we present a small generalization of this preprocessing technique
and show how it can be applied to our new MIP model and local search heuristics.

The main motivation for this preprocessing method is the fact, that airline experts
prefer schedules that, totally for all subfleets in F, use as few as possible aircraft at
small stations. Extra aircraft should rather wait at large stations (hubs) where they can
more easily be used in the case of schedule disruptions.

The minimum number of aircraf{] needed at a station can be determined by looking at
the schedule when it is operated by one artificial subfleet f*. The artificial subfleet can
fly every leg [ "faster” than any real subfleet in F, e.g. [tld(}’i AU =Nyer [tld‘}p NvaE
The value of the waiting function W ¢+ (—o0) at the begmmng of the planning period
gives you the minimal number of aircraft needed at station s and, more importantly, the
islands of W, s+ define intervals in which all connections of a real schedule must lie if
it wants to use as few aircraft at station s as the artificial subfleet f*.

Hane et al. suggested two methods how to reduce the size of a time space network.
First of all two legs k and [ should be combined if they are the only legs in an island of

® This can only happen during the construction of a leg sequence. In that case the leg sequence
is rejected.
7 Or, to be more precise, a lower bound.
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W, s+ If you want to respect the island structure of W ¢« for your schedules &k and [
must always be flown by one aircraft successively and so they can be joined reducing
the number of legs by one. Secondly, you can delete all ground arcs for all subfleets in
the time space network that correspond to ground arcs that would run between islands
of Wy, ¢=. The waiting function tells us, that the flow of these ground arcs must be zero
in order to achieve the minimal number of aircraft, so they can be deleted.

We propose a third reduction method that allows us to join legs that belong to islands
with more than two legs. It is a generalization of the first method described above. For
each island of W ;- we compute a complete matching between arriving and departing
legs. Two legs k and [ are connected by an arc if there exists at least one real subfleet
f € F that can fly k£ and [ successivelyﬁ. Then we test every arc of the complete
matching if it is part of every possible complete matching by removing it from the
bipartite graph and trying to find an alternative complete matching. Such arcs, that are
contained in every complete matching, join legs that can be combined.

The idea of joining legs can be applied to any solution method for the FAP. The
idea of deleting ground arcs can also be naturally applied to our new MIP model that
deals with connection dependent ground times. Besides deleting ground arcs, we can
additionally remove all connection arcs that cross islands of Wy «.

The idea of deleting ground arcs can also be looked at from a different perspective:
it can be interpreted as splitting stations into “number of islands” many independent
stations. If we enforce that the number of waiting aircraft at the beginning and end of
these new stations is zero for all subfleets (except for the beginning of the first and the
end of the last island), we can use this idea also in our local search heuristics. By this
the number of stations (and waiting functions) increases but that is negligible because
the number of legs per station decreases, which speeds up the updating of the waiting
functions and matchings.

The preprocessing methods described here are heuristic ones as they restrict the solu-
tion space and therefore may cause a loss of profit. But as they enforce a desired feature
on an FAP solution and the loss of profit generally is quite low it rather adds to the
(non-monetary) quality of the produced assignments. Furthermore these techniques can
significantly reduce the run times needed for optimization, especially when using MIP
based solution methods.

3 The Repair Game

3.1 Definitions

We define the Repair Game via its implicit game tree. Its examination gives us a mea-
sure for the robustness of a plan and on the other hand it presents us concrete operation
recommendations.

Definition 1. (Game Tree)
For a rooted tree T = (V, E), E being a subset of V. x V, let L(T) C V be the set

8 If no such complete matching exists, the minimal number of aircraft cannot be achieved by the
real subfleets and preprocessing should not be applied to that station at all. So the matching
computation also serves as a (necessary) test for validity.
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of leafs of T. In this paper, a game tree G = (V, E, h) is a rooted tree (V,E), where
V =Vymax U Vaygand h : V — IN.

Nodes of a game tree GG represent positions of the underlying game, and edges move
from one position to the next. The classes Via;ax and Vay g represent two players
MAX and AV G and for a node/position v € V; the class V; determines the player i
who must perform the next move.

Definition 2. (Wmaxav Value)

Let G = (V, E, h) be a game tree and w, : N(v) — [0, 1] be weight functions for all
v € Vava, where N (v) is the set of all sons of a node v. The function wmaxav : V —
IN g is inductively defined by

h(v) ifve L(G)
wmaxav(v) := ¢ max{wmaxav(v') | v € N(v)} ifv e Vayrax \ L(G)
Yven (v (wo(v') - wmaxav(v')) if v € Vave \ L(G)

Definition 3. (Repair Game)

The goal of the Repair Game = (G,p,g.f,s) is the calculation of wmaxav(r) for a special
game tree G = (V. E, g + f) with root r and uniform depth t; p € L(G) is a special
leaf, g, f and s are functions. The game tree has the following properties:

— Let P = (r =wv1,v2,...,p=1;) € V be the unique path from r to p. P describes
a traditional, original plan.

— V is partitioned into sets S1,...,Sn,|V]| > n > t by the function s : V —
{Si}1<i<n. All nodes which belong to the same set S; are in the same state of the
system — e.g. in aircraft scheduling: which aircraft is where at which point of time
—, but they differ in the histories which have led them into this state.

- g : {Siti<i<n — INg defines the expected future costs for nodes depending on
their state; for the special leaf p holds g(s(p)) = 0

= f i Ui, <AV} — INg defines the induced repair-costs for every possible
(sub)path in (V, E) ; every sub-path P’ of P has zero repair-costs, f(P’) = 0

— the node evaluation function h : V. — INg is defined by h(v) = g(s(v)) +
f(r...v); note that h(p) = 0 holds by the definition of g and f

The intuition behind this paragraph is as follows. We assume that an airline company
has available a flight plan, and all other data which are necessary for the computation
of an optimal flight plan. Especially, there are passenger desires for origin-destination
pairs, costs for performing the flights etc. During the operations, however, so called dis-
ruptions occur, which express the fact that the company did not know the necessary data
exactly, but that it based all its planning on estimations. Nevertheless, the original plan
has got a value of its own, because with its release, agreements with customers, with
partners and with others have been based on this plan. Therefore, after a disruption, the
airline company is interested to find back to the plan as soon as possible. But at this
moment, because many possible ways how the future may continue can be described,
it does not only consider estimated data for the operations, but starts a chess-like game
against Nature. How can we behave, what can Nature then do, what can we do there-
after, etc.
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Fig. 5. The Repair Game Tree

The connection to the FAP problem is via the MIP formulation (13) to (21) in section
Let the time horizon for the problem be divided into 7" many intervals, and let us
assign a further index ¢ to each variable. The index ¢ € T indicates in which time step ¢
the leg’s uncertain information is determined. If we pick up a certain time point ¢’ € T,
duration and existence of the legs will be determined for all ¢ < ¢, but will belong to
discrete probability distributions for all ¢/ with ¢’ < ¢ < T.

3.2 Interpretation and Airline Example

A planning team of e.g. an airline company starts the game with the construction of a
traditional plan for its activities. The path P represents this planned schedule, which
also is the most expected path in the time-funnel, and which interestingly gets an ad-
ditional value of its own, as soon as it is generated. It is small, can be communicated,
and as soon as a customer or a supplier has received the plan, each change of the plan
means extra costs for the change. Disruptions in airline transportation systems can now
prevent airlines from executing their schedules as planned. As soon as a specific dis-
ruption occurs, the MAX-player will select a repairing sub-plan such that the profit is
maximized and the repair costs plus the expected future repair costs are minimized.

As the value of a game tree leaf v depends on how ’far’ the path (r,...,v) is away
from P, it will not be possible to identify system states (where the aircrafts are at a spe-
cific time) with tree nodes. Therefore, the tree nodes V" are partitioned into S7U . . .US),.
In S; all those nodes are collected which belong to the same state, but have different
histories. All nodes in the same state S; have the same expected future costs. These
costs are estimated by the function g. The function f evaluates for an arbitrary partial
path, how far it is away from the level-corresponding partial path of P. Inner nodes of
the game tree are evaluated by the Wmaxav function.

Figure[3lshows a rotation plan at the right. Aircrafts A, B, and C are either on ground,
or in the air, which is indicated by boxes. A shadowed box means that the original
plan has been changed. The time goes from the top down. The left part of the figure
shows a game tree, where the leftmost path corresponds to the original plan P. When a
disruption occurs, we are forced to leave the plan, but hopefully we can return to it at
some node v. The fat path from node v downward is the same as in the original plan.



From State-of-the-Art Static Fleet Assignment to Flexible Stochastic Planning 157

Thus, at node v, we have costs for the path from the root 7 to v, denoted by f(r...v)
and future expected costs, denoted by g(s(v)). If we follow the original plan from the
beginning on, we will have the same expected costs at the time point represented by v,
but different path costs. The only node with zero costs typically is the special leaf node
p of the original plan.

3.3 Heuristic Procedure

The aim is to compare two different repair approaches with each other. The first one is
called "Myopic MIP’ solver and it repairs a plan after a disruption with the help of a
slightly modified time-space network such that the solution of the associated network
flow problem is an optimal one, under the assumption that no more disruptions will ever
occur. This procedure represents traditional deterministic planning. The only difference
is that it uses a modified cost function because the repair costs are mainly determined
by the changes on the original plan, rather than by leg profits.

The second procedure, called *T3’, is one which plays the Repair Game. It compares
various solutions of the modified time-space network flow problem and examines vari-
ous scenarios which might occur in the near future. The forecast procedure makes use
of the dynamics time-locally around time ¢ and ¢ 4 d as follows: Instead of generat-
ing only one myopic MIP optimal solution for the recovery, we generate several ones.
They are called our possible moves. A simple, certainly good heuristic is to demand that
these solutions have nearly optimal costs concerning the cost function which minimizes
the cost for changes. For all of these possible moves, we inspect what kind of relevant
disruptions can come within the next d minutes. On all these scenarios, we repair the
plan again with the help of the myopic MIP solver, which gives us value estimations
for the arisen scenarios. We weight the scenarios according to their probabilities, and
minimize over the expected values of the scenarios. Concerning the new part of the
plan we have not optimized the costs over expected input data, but we have approxi-
mately minimized the expected costs over possible scenarios. The following algorithm
is a simplified version of the algorithm shown in [3]].

value wmaxav(node v, value «, value [3)

1 generate all successors v1, . . ., v of v; let b be the number of successors
2 value val := 0;

3 if b = O return h(v) /* (leaf eval)x/

s fori:=1tod

s if vis MAX-node {

6 o := max(a, wmaxav(vs, o, 3)); if a > [ return 3; if i = b return 8
7 }else if v is AVG-node { // let wy, .., w, be the weights of vy, .., vy

s o :=max(L,(a—val —U - Z?:iﬂ w;)/w;);

o B i=min(U, (8 —val = L- Y0, | wy)/w;);

0 val+ = wmaxav(v;, o', 8') - w;;

nw  ifval +L- Z?:Hl w; > Breturn GB; if val + U - Z?:Hl w; < ovreturn o
12 if¢ = breturn val
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Here, o and (3 are parameters, used by the recursive algorithm for cutting parts of the
search tree. Typically, @ := —oo and 3 := oo in first main procedure call. L is a global
lower bound for the objective, U a corresponding upper bound.

4 Experimental Evaluation

4.1 FAP with Sequence Dependent Ground Times

We investigated the performance (running time and solution quality) of our algorithms
on several sets of real-world data. The instances are problems of recent summer and
winter schedules from major airlines provided to us by our industrial partner Lufthansa
Systems. Due to confidentiality only percentage results on the objective values (profit)
can be shown. Our experiments include a comparison of the effects of the preprocessing
techniques presented in section[2.3]and a comparison between the performance of FAPs
with and without connection dependent ground times.

Table 1. Properties of the problem instances tested

FAP legs subfleets stations alternatives

A 6287 8 96 2.9
B 5243 23 76 1.7
C 5306 21 76 4.8
D 5186 20 71 4.6

Table [T lists the sizes of the four problem instances used in this evaluation. The
column “alternatives” contains the average number of different subfleets a leg can be
assigned to. Instance B is special because its alternative-value is very low. Many of
the legs are fixed to one subfleet. This instance emerged form a scenario where only the
legs arriving or departing at one specific station should be optimized.

All tests were executed on a PC workstation, Pentium IIT 933 MHz, with 512 MByte
RAM running under RedHat Linux 7.3. We used two randomized heuristics using the
neighborhood presented in section 2.4] a hill climbing (HC) and a simulated annealing
(SA) algorithm, implemented in C. The HC and SA results show the average value of 5
runs. Our new MIP model was solved by the branch and bound IP-solver of CPLEX 7.5.
The root node was computed using the interior-point barrier-method and the sub nodes
were processed by the dual simplex algorithm. The IP-solver was used in a heuris-
tic configuration terminating as soon as the first valid (integral) solution was found].
Therefore also for the MIP approach a solution quality is given which corresponds to
the IP-gap reported by CPLEX. For the CPLEX-runs both, the root relaxation time and
the total run time, are given. All run times are given in seconds.

Table 2 shows the run times and solution qualities of our algorithms on the bench-
mark set. HC is fastest but has the worst solution quality. MIP computes near optimal
solutions in reasonable time, but normally is the slowest approach. Only on instance B
it is able to outperform SA due to the very special structure of instance B mentioned

% The computation of an optimal solution can last days despite the small IP-gaps.



From State-of-the-Art Static Fleet Assignment to Flexible Stochastic Planning 159

Table 2. Running time and solution quality of Hill Climbing, Simulated Annealing and MIP
model

FAP HC SA MIP
time quality time quality total time root time quality
A 16 97.99% 302 98.81% 752 54 99.90%
B 199.13% 13 99.84% 4 3 optimal
C 597.82% 84 99.40% 314 125 99.96%
D 598.12% 69 99.51% 229 124 99.98%

above. Finally, SA is a compromise between speed and quality. In general, it is not easy
to decide, if a solution quality of say 99% is sufficiently good. On the one hand, we are
dealing with huge numbers and 1% can be hundred thousands of Euro. On the other
hand we are only given estimations of the profit that can be off by more than 10%,
especially during strategic planning.

In table 3] we are presenting the effects of the preprocessing techniques of section
It contains results of four different preprocessing settings that we applied to (the
representative) instance A. Preprocessing setting no” stands for no preprocessing, ’J”
joins legs of islands that only consist of two legs, ”J*” additionally joins legs in bigger
islands and ”GJ*” uses all techniques described in sections As mentioned earlier,
these preprocessing techniques are heuristic ones and therefore the first column lists the
loss in profit due to the preprocessing. The following columns show the effect of prepro-
cessing on the LP-size of our MIP model. The number of legs, number of connection,
ground and flight arcs, the number of leg node equations and the total size of the LP are
given. The last columns contain the run times of our MIP and SA approach. As can be

Table 3. The influence of preprocessing on our FAP algorithms

Prepro profit legs conn. ground flight leg rows columns MIP root SA
loss arcs  arcs  arcs equ. time time time

no 6287 8050 12054 18168 94 14544 34349 5153 179 383
J 039% 5102 6143 8545 14660 731 11238 26181 910 77 336
I 0.56% 4549 6005 7163 13028 802 9693 23355 1001 59 302
GJI* 0.61% 4549 5984 6386 12953 802 9545 22611 752 54 302

Table 4. Comparison between FAPs with and without connection dependent ground times
(CDGT)

Instance A with CDGT Instance A without CDGT
Prepro rows columns MIP root SA rows columns MIP root SA
time time time time time time

no 14544 34349 5153 179 383 14155 25930 3199 114 123
J 11238 26181 910 77 336 10100 18915 415 47 103
J* 9693 233551001 59 302 8480 16145 336 31 97
GJ* 9545 22611 752 54 302 8313 15403 360 27 95
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seen, preprocessing is crucial for the MIP approach, as it is able to significantly reduce
the run times. SA does not take that much of an advantage from preprocessing.

In table [ we compare the run times of our FAP solvers on instances with and with-
out connection dependent ground times to see the impact of adding them to the FAP.
We took instance A and replaced its connection dependent ground times g(k, [, f) by
classical leg dependent ground times g(k, f) = minjec g(k, 1, f). Thereby we built an
instance without connection dependent ground times similar in size and structure to in-
stance A. Test runs were executed using the four different preprocessing settings from
above. Note that our MIP approach transforms into a regular time space network for
FAPs without connection dependent ground times. The table shows that the solution
times increase only by a factor of 2 to 3 by introducing connection dependent ground
times, both for the MIP and SA approach.

4.2 Results Incorporating Uncertainties

Experimental Setup. In accordance with our industrial partner, we built a simulator
in order to evaluate different models and algorithms The simulator is less detailed than
e.g. SimAir [29], but we agreed that it is detailed enough to model the desired part
of the reality. Furthermore, it is simple enough such that the occurring problems are
computationally solvable.

First of all, we discretize the time of the rotation plan into steps of d = 15 minutes.
Every departure in the current rotation plan is a possible event point, and all events
inside one d minute period are interpreted as simultaneous. When an event occurs, the
leg which belongs to that event can be disrupted, i.e. it can be delayed by 30, 60, or 120
minutes, or it can be canceled with certain probabilities. Let ¢ be the present point of
time. The simulator inspects the events between ¢ and ¢ + d, and informs a repair engine
(i.e. the software which uses a repair-algorithm/heuristic) about the new disruptions,
waits for a corrected rotation plan, and steps d minutes forward.

Influence of Look-Ahead. The basis for our simulations is a major airline plan plus
the data which we need to build the plan and its repairs. The plan consists of 20603
legs, operated by 144 aircrafts within 6 different subfleets. The MIP for this plan has
220460 columns, 99765 rows, and 580793 non-zeros. Partitioned into single days, the
resulting partial plan for any single day consists of a corresponding smaller number of
columns and non-zeros.

All experiments are performed on a 4-node-cluster of the Paderborn University. Each
node consists of two Pentium IV/2.8 GHz processors on a dual processor board with 1
GB of main memory. The nodes are connected by a Myrinet high speed interconnection
network. The cluster runs under the RedHat Linux operating system.

We simulated 14 days, and we divided this time period into 14 pieces such that
we arrived at a test set with 14 instances. Moreover, time is divided into segments
of 15 minutes, and everything happening in one 15 minute block is assumed to be
simultaneous. We compare the behavior of the 'myopic MIP’ and the *T3’ engines.
We appropriately choose the probabilities for disruptions to (0.003/0.04/0.16/0.24)
for (leg cancellation / delay of 120 minutes / delay of 60 minutes / delay of 30 min-
utes), and control the performance of the objective function ¢(TIM,ECH,CNL,
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revenue) = 50-TIM + 10000 - EC H + 100000 - C N L — revenue, TIM being time-
shifts, ECH meaning that the aircraft type of a leg had to be changed, CNL being the
number of necessary cancellations and revenues being the traditional cost measure for
the deterministic problem. A test run consists of about 1400 single decisions, and first
tests showed benefits of more than three percent cost reductions over the myopic solver
(cf. table ).

Table 5. Simulation results for probabilities 0.003/0.04/0.16/0.24

Date MIP T3 A
TIM CNL ECH profits ¢ TIM CNL ECH profits c
01/03 12210 8 2 -684 1431184 12120 8 2 -11374 1437374 -6190
01/04 11460 6 1 2028 1180972 11550 4 0 1145 976355 204617
01/05 10950 6 4 -24978 1212478 11340 8 5 -20407 1437407 -224929
01/06 13830 8 1 -5654 1507154 13470 8 1 -2567 1486067 21087
01/07 10530 7 2 -28385 1274885 10950 7 3 -33248 1310748 -35863
01/08 6000 4 4 -49501 789501 5430 2 4 -49784 561284 228217
01/09 11640 4 2 -29410 1031410 11570 4 2 -20977 1019477 6933
01/10 11730 6 3 -20403 1236903 11130 6 3 -25713 1212213 24690
01/11 12060 8 0 2003 1400997 12150 6 3 12119 1225381 175616
01/12 12030 6 2 -1971 1223471 11790 8 2 974 1408526 -185055
01/13 12630 8 0 580 1430920 12570 6 1 1036 1237464 193456
01/14 10410 6 4 -38488 1198988 10020 6 4 -36133 1177133 21855
01/15 5790 2 0 -1000 490500 5760 2 0 -1000 489000 1500
01716 12270 5 0 -133 1113633 12090 4 0 257 1004243 109390
sums 153540 84 25 -195996 16522996 152040 79 30 -185672 15987672 535324

The columns 2 to 6 of table 3 show the results for the myopic MIP-solver, the
columns 7 to 11 belong to the T3-engine. The A-column shows the cost differences
of the two engines. Positive values indicate that the T3-engine causes less extra-costs
than the myopic MIP solver. Altogether, T3 spares about 3.35% in this example. An
interesting observation is that we can detect the Sundays on 8" and 15" January. Dis-
ruptions have significantly less consequences at these days, because the schedules on
Sundays are less vulnerable.

Although a benefit of more than three percent looks already promising, statistical sig-
nificance cannot be read out of a single test run. Although the engines make nearly 100
decisions per simulated day, these decisions cannot be taken as a basis for significance
examinations, because the single decisions are part of a chain and not independent from
each other. The results of the single days seem to form no normal distribution and, more-
over, depend on the structure of the original plan. Therefore, we made further test runs
and grouped those outcomes of each simulated week to one. We measure the averaged
per-day profit of a week, in absolute numbers (see Table[6]). The question of interest is
whether or not the T3-Engine performs better then the Myopic-MIP engine, no matter
how large the difference is. In table [6] the benefit of the T3-engine over the Myopic-
MIP engine is presented for 12 sample points. There, an entry week i / run j describes
the averaged per-day profit of the T3-procedure over the myopic MIP-procedure, aver-
aged over week 4, at simulation run j. Positive values are in favor of the T3-procedure.
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Table 6. The daily-average profit of T3 over Myopic, two different weeks, six measure points
each

runl run2 run3 run4 run5 run6
week 1 2320 27696 32261 -9238 -15799 13150
week 2 11040 48778 11580 -1253 9144 8389

The average value of these numbers is 11505 units, the standard deviation is 17897. If
we assume a normal distribution, we can conclude with the help of the t-distribution
that with probability 95% the expected benefit of the T3-engine over the myopic MIP-
engine is greater or equal to 2309 units.

Parallelization. The basic idea of our parallelization is to use dynamic load balancing
and to decompose the search tree, to search parts of the search tree in parallel and to
balance the load dynamically with the help of the work stealing concept. This works as
follows: First, a special processor P gets the search problem and starts performing the
wmaxav algorithm as if it would act sequentially. At the same time, the other processors
send requests for work, the REQUEST message, to other randomly chosen processors.
When a processor P; that is already supplied with work, catches such a request, it
checks, whether or not there are unexplored parts of its search tree, ready for evaluation.
These unexplored parts are all rooted at the right siblings of the nodes of P/s search
stack. Either, P; sends back that it cannot serve with work with the help of the NO-
WORK message, or it sends such a node (a position in the search tree etc.) to the
requesting processor P;. That is done with the help of the WORK message. Thus, F;
becomes a master itself, and P; starts a sequential search on its own. The master/worker
relationships are dynamically changed during the computation. A processor P; being
a worker of () at a certain point of time may become the master of () at another point
of time. In general, processors are masters and workers simultaneously. If, however,
a processor P; has evaluated a node v, but a sibling of v is still under examination
of another processor @), P; will wait until ) sends an answer message. When P; has
finished its work (possibly with the help of other processors), it sends an ANSWER
message to F;. The master-worker relationship between P; and P; is released, and P;
is idle again. It again starts sending requests for work into the network.

When a processor P; finds out that it has sent a wrong local bound to one of its
workers P;, it makes a WINDOW message follow to P;. P; stops its search, corrects
the window and starts its old search from the beginning. If the message contained a
cutoff, P; just stops its work. A processor F; can shorten its search stack due to an
external message, when e.g. a CUTOFF message comes in which belongs to a node
near the root. In absence of deep searches and advanced cutting techniques, however,
CUTOFF and WINDOW messages did not occur in our experiments.

In many applications, the computation at each node is fast in relation to the exchange
of a message. E.g. there are chess programs which do not use more than 1000 processor
cycles per search node, including move generation, moving end evaluating the node. In
the application presented here, the situation is different. The sequential computations
at each node takes several seconds if not even minutes, such that the latency of mes-
sages is not remarkably important. Therefore, the presented application is certainly well
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Table 7. Speedups

# proc simtime day 1 SPE dayl simtime day 2 SPE day2 simtime day 3 SPE day3

1 226057 1 193933 1 219039 1
2 128608 1.76 111612 1.73 126915 1.73
4 68229 3.31 59987 3.23 66281 3.30
8 46675 4.84 40564 4.78 46065 4.75

suited for grid computing, as well. However, it is necessary to overlap communication
and computations. We decoupled the MIP solver from the rest of the application and
assigned a thread to it.

In distributed systems, messages can be delayed by the system. Messages from the
past might arrive, which are outdated. Therefore, for every node v a processor gener-
ates a local unique ID, which is added to every message belonging to node v. Thus,
we are always able to identify misleading results and to discard invalid messages. We
refer to [[L1]] for further details.

Speedups. We measure speedups of our program with the help the first three days of the
test set which consists of the 14 single days, mentioned above. The time for simulation
of the days using one processor is compared with the running time of several processors.
The speedup (SPE) is the sum of the times of the sequential version divided by the sum
of the times of a parallel version [12]. Each test day consists of 96 single measure
points. Table[7lshows the speedups which we could achieve. We are quite satisfied with
these speedups because they bring the necessary computations on a real-time level. Of
course, the question arises how the work load and the search overhead behave. As the
sequential and the parallel version do indeed exactly the same, search overhead does
not exist. Neither the costs for communication are relevant. The only reason that we
cannot achieve the full speedup are the large sequential computing periods, caused by
the commercial MIP solver.

5 Conclusions

The first major contribution of this paper shows how an important operational restric-
tion, connection dependent ground times, can be incorporated into the fleet assignment
problem and that this extended FAP can be solved for real-world problem instances. We
presented and evaluated three different optimization methods, two local search based
(HC and SA) and one MIP based approach, that have different characteristics concern-
ing run time and solution quality. HC is fast but produces low quality solutions, MIP
calculates near optimal solutions but needs longer and SA is a compromise between
speed and quality.

Now, with the help of this framework, it should be possible to include the through-
assignment problem, which is part of the aircraft rotation building optimization step.
Furthermore certain punctuality restrictions, like forbidding successive connections
without time buffers, can be integrated.

Playing the Repair Game leads to more robust (sub-)plans in airline scheduling than
traditional deterministic planning can provide. This is the second major contribution.
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Our forecast strategy outperforms the myopic MIP solver by means of simulations. We
have parallelized the search in order to drop the computation times to real time.
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1 Introduction

In view of the steadily growing car traffic and the limited capacity of our street net-
works, we are facing a situation where methods for better traffic management are
becoming more and more important. Studies [92] show that an individual “blind”
choice of routes leads to travel times that are between 6% and 19% longer than
necessary. On the other hand, telematics and sensory devices are providing or will
shortly provide detailed information about the actual traffic flows, thus making
available the necessary data to employ better means of traffic management.

Traffic management and route guidance are optimization problems by nature.
We want to utilize the available street network in such a way that the total net-
work “load” is minimized or the “throughput” is maximized. This article deals
with the mathematical aspects of these optimization problems from the view-
point of network flow theory. This is, in our opinion, currently the most promis-
ing method to get structural insights into the behavior of traffic flows in large,
real-life networks. It also provides a bridge between traffic simulation [1277] or
models based on fluid dynamics [80] and variational inequalities [23], which are
two other common approaches to study traffic problems. While simulation is a
powerful tool to evaluate traffic scenarios, it misses the optimization potential.
On the other hand, fluid models and other models based on differential equations
capture very well the dynamical behavior of traffic as a continuous quantity, but
can currently not handle large networks.

Traffic flows have two important features that make them difficult to study
mathematically. One is ‘congestion’, and the other is ‘time’. ‘Congestion’ cap-
tures the fact that travel times increase with the amount of flow on the streets,
while ‘time’ refers to the movement of cars along a path as a “flow over time”.

* A preliminary version of this paper has appeared as [59]. Some parts have been taken
from the following papers: [9294TI5TI5861].

J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 166 2009.
(© Springer-Verlag Berlin Heidelberg 2009
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We will therefore study several mathematical models of traffic flows that become
increasingly more difficult as they capture more and more of these two features.

Section P deals with flows without congestion. The first part gives an introduc-
tion to the classical static network flow theory and discusses basic results in this
area. The presented insights are also at the core of more complex models and algo-
rithms discussed in later sections. The main part of the section then introduces the
temporal dimension and studies flows over time without congestion. Although of
indisputable practical relevance, flows over time have never attracted as much at-
tention among researchers as their classical static counterparts. We discuss some
more recent results in this area which raise hope and can be seen as first steps
towards the development of methods that can cope with flows over time as they
occur in large real-life traffic networks. We conclude this section with a short dis-
cussion of flows over time as they occur in evacuation planning.

In Section Bl we add congestion to the static flow model. This is already a
realistic traffic model for rush-hour traffic where the effect of flow changing over
time is secondary compared to the immense impact of delays due to conges-
tion. We consider algorithms for centralized route guidance and discuss fairness
aspects for the individual user resulting from optimal route guidance policies.
Finally, we review fast algorithms for shortest path problems which are at the
core of more complex algorithms for traffic networks and whose running time is
therefore of utmost importance.

SectionMlthen combines flows over time with congestion. Compared to the mod-
els discussed in earlier sections, this setting is considerably closer to real-world
traffic flows. Thus, it hardly surprises that it also leads to several new mathemati-
cal difficulties. One main reason is that the technique of time expansion which still
worked for the problems of Sectionlis no longer fully available. Nevertheless, it is
possible to derive approximation algorithms for reasonable models of congestion,
but the full complexity of this problem is by far not understood yet.

Despite the partial results and insights discussed in this article, the develop-
ment of suitable mathematical tools and algorithms which can deal with large
real-world traffic networks remains an open problem. The inherent complexity
of many traffic flow problems constitutes a major challenge for future research.

2 Static Flows and Flows over Time

An exhaustive mathematical treatment of network flow theory started around the
middle of the last century with the ground-breaking work of Ford and Fulkerson
[35]. Historically, the study of network flows mainly originates from problems
related to transportation of materials or goods; see, e. g., [46I54163]. For a detailed
survey of the history of network flow problems we refer to the recent work of
Schrijver [87].

2.1 Static Flow Problems

Usually, flows are defined on networks (directed graphs) G = (V, E) with capac-
ities ue > 0 and, in some settings, also costs c. on the arcs e € E. The set of
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nodes V' is partitioned into source nodes, intermediate nodes, and sink nodes.
On an intuitive level, flow emerges from the source nodes, travels through the
arcs of the network via intermediate nodes to the sinks, where it is finally ab-
sorbed. More precisely, a static flow x assigns a value 0 < z. < u, to every arc
e € E of the network such that for every node v € V'

< 0 if v is a source,
Z Te — Z Te = 0 if v is an intermediate node, (1)
e€5(v) e€5t(v) > 0 ifvis asink.

Here, 6% (v) and 6~ (v) denote the set of arcs e leaving node v and entering
node v, respectively. Thus, the left hand side of () is the net amount of flow
entering node v. For intermediate nodes this quantity must obviously be zero;
this requirement is usually refered to as flow conservation constraint. A flow x is
said to satisfy the demands and supplies d,,, v € V, if the left hand side of () is
equal to d, for every node v € V. In this setting, nodes v with negative demand
d, (i.e., positive supply —d,) are sources and nodes with positive demand are
sinks. A necessary condition for such a flow to exist is ) . d, = 0. Observe
that the sum of the left hand side of () over all v € V is always equal to 0.

A flow problem in a network G = (V, E) with several sources S C V and
several sinks T' C V can easily be reduced to a problem with a single source and
a single sink: Introduce a new super-source s and a new super-sink t. Then add
an arc (s, v) of capacity us,) := —d, for every source v € S and an arc (w,t) of
capacity () = dy for every sink w € T In the resulting network with node
set V.U {s,t} all nodes in V are intermediate nodes and we set dg := Y, _od,
and di := Y cp dw-

For the case of one single source s and one single sink ¢, the flow z is called
an s-t-flow and the left hand side of () for v = ¢ is the s-t-flow value which
we denote by |z|. Due to flow conservation constraints, the absolute value of the
left hand side of () for v = s also equals the flow value. In other words, all flow
leaving the source must finally arrive at the sink. Ford and Fulkerson [3335]
and independently Elias, Feinstein, and Shannon [24] show in their so-called
‘Max-Flow-Min-Cut Theorem’ that the maximum s-t-flow value is equal to the
minimum capacity of an s-t-cut. An s-t-cut §*(S) is given by a subset of vertices
S CV\{t}, s € S, and defined as the set of arcs going from S to its complement
VS, ie, 67(S) == (Upes 07 () \ (Upes 9~ (v)). The capacity of an s-t-cut is
the sum of the capacities of all arcs in the cut. We give an example of a maximum
s-t-flow and a matching minimum cut in Figure[Il Ford and Fulkerson [35] also
observe that the Max-Flow-Min-Cut Theorem can be interpreted as a special
case of linear programming duality.

Today, a variety of efficient (i.e., polynomial time) algorithms are known for
computing an s-t-flow of maximum value and a corresponding minimum capacity
cut. We refer to the standard textbook by Ahuja, Magnanti, and Orlin [I] for
a detailed account of results and algorithms in this area. However, we mention
one further structural result for s-t-flows by Ford and Fulkerson [35]. Any given

veS
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Fig. 1. A maximum s-t-flow together with a matching minimum cut in a network. The
first number at each arc denotes its flow value and the second number its capacity.
The depicted s-t-flow has value 5 which equals the capacity of the depicted s-t-cut

5+({87w}) = {(va)v (wvt)}'

s-t-flow x = (x¢)ecr can be decomposed into the sum of flows of value zp on
certain s-t-paths P € P and flows of value x¢ on certain cycles C € C, that is,

Te = Za:p—i— ch foralle € E.

PeP cecC
ecP ecC

Moreover, the number of paths and cycles in this decomposition can be bounded
by the number of arcs, i.e., |P| + |C| < |E|.

In the setting with costs on the arcs, the cost of a static flow x is defined as
c(x) == Y .cp Ce Te- For given demands and supplies d,, v € V, the minimum
cost flow problem asks for a flow x with minimum cost ¢(x) satisfying these de-
mands and supplies. As for the maximum flow problem discussed above, various
efficient algorithms are known for this problem and a variety of structural char-
acterizations of optimal solutions has been derived. Again, we refer to [I] for
details.

A static flow problem which turns out to be considerably harder than the
maximum flow and the minimum cost flow problem is the multicommodity flow
problem. Every commodity i € K is given by a source-sink pair s;,¢; € V and a
prescribed flow value d;. The task is to find an s;-t;-flow x; of value d; for every
commodity ¢ € K such that the sum of these flows obeys the arc capacities,
i.e, > icx(®i)e < ue for all e € E. So far, no combinatorial algorithm has
been developed which solves this problem efficiently. On the other hand, there
exist polynomial time algorithms which, however, rely on a linear programming
formulation of the problem and thus on general linear programming techniques
(such as the ellipsoid method or interior point algorithms); see e. g. [1J.

2.2 Flows over Time

Flow variation over time is an important feature in network flow problems aris-
ing in various applications such as road or air traffic control, production systems,
communication networks (e. g., the Internet), and financial flows. This charac-
teristic is obviously not captured by the static flow models discussed in the
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previous section. Moreover, apart from the effect that flow values on arcs may
change over time, there is a second temporal dimension in these applications:
Usually, flow does not travel instantaneously through a network but requires a
certain amount of time to travel through each arc. Thus, not only the amount
of flow to be transmitted but also the time needed for the transmission plays an
essential role.

Definition of flows over time. Ford and Fulkerson [34I35] introduce the notion
of ‘dynamic flows’ or ‘flows over time’ which comprises both temporal features.
They consider networks G with capacities u, and transit times 7, € Z on the
arcs e € E. A flow over time f on G with time horizon T is given by a collection
of functions f. : [0,T) — [0,u.] where f.(0) determines the rate of flow (per
time unit) entering arc e at time 6. Here, capacity u. is interpreted as an upper
bound on the rate of flow entering arc e, i.e., a capacity per unit time. Transit
times are fixed throughout, so that flow on arc e progresses at a uniform rate.
In particular, the flow f.(f) entering the tail of arc e at time 6 arrives at the
head of e at time 6 4 7. In order to get an intuitive understanding of flows over
time, one can associate the arcs of the network with pipes in a pipeline system
for transporting some kind of fluid. The length of each pipeline determines the
transit time of the corresponding arc while the width determines its capacity.

Continuous vs. discrete time. In fact, Ford and Fulkerson introduce a slightly dif-
ferent model of flows over time where time is discretized into intervals of unit size
[0,1), [1,2),...,[T — 1,T), and the function f. maps every such interval to the
amount of flow which is sent within this interval into arc e. We call such a flow
over time discrete. Discrete flows over time can for instance be illustrated by as-
sociating each arc with a conveyor belt which can grasp one packet per time unit.
The maximal admissible packet size determines the capacity of the corresponding
arc and the speed and length of the conveyor belt define its transit time.

Fleischer and Tardos [3I] point out a strong connection between the discrete
time model and the continuous time model described above. They show that
most results and algorithms which have been developed for the discrete time
model can be carried over to the continuous time model and vice versa. Loosely
speaking, the two models can be considered to be equivalent.

Flow conservation constraints. When considering flows over time, the flow con-
servation constraints ([{l) must be integrated over time to prohibit deficit at any
node v which is not a source. Hence, for all £ € [0,T)

13 13
Z)/Tefe(ﬁ—fe)dﬁ - Y [roa=o. @)

ecd— (v e€dt(v)

The first term on the left hand side of (Z) is the total inflow into node v until
time £ and the second term is the total outflow out of v until time £. Notice that
since the left hand side of (2)) might be positive, temporary storage of flow at
intermediate nodes is allowed. This corresponds to holding inventory at a node
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before sending it onward. However, we require equality in ([2)) for £ = T and any
intermediate node v in order to enforce flow conservation in the end. If storage
of flow at intermediate nodes is undesired, it can be prohibited by requiring
equality in @) for all £ € [0,T).

As in the case of static flows, a flow over time f satisfies the demands and
supplies d,,, v € V, if the left hand side of (2] for £ = T is equal to d,, for every
node v € V. If there is only one single sink ¢, the left hand side of @) for £ =T
and v =t is the flow value of f.

Time-expanded networks. Ford and Fulkerson [34)35] observe that flow-over-time
problems in a given network with transit times on the arcs can be transformed
into equivalent static flow problems in the corresponding time-expanded network.
The time-expanded network contains one copy of the node set of the underlying
‘static’ network for each discrete time step 6 (building a time layer). Moreover,
for each arc e with transit time 7, in the given network, there is a copy between
each pair of time layers of distance 7, in the time-expanded network. An illustra-
tion of this construction is given in Figure[2l Thus, a discrete flow over time in
the given network can be interpreted as a static flow in the corresponding time-
expanded network. Since this interrelation works in both directions, the concept
of time-expanded networks allows to solve a variety of time-dependent flow prob-
lems by applying algorithmic techniques developed for static network flows; see
e.g. [3I]. Notice, however, that one has to pay for this simplification of the con-
sidered flow problem in terms of an enormous increase in the size of the network.
In particular, the size of the time-expanded network is only pseudo-polynomial
in the input size and thus does not directly lead to efficient algorithms for com-
puting flows over time. Nevertheless, time-expanded networks are often used to
solve problems in practice.

Mazimum s-t-flows over time. Ford and Fulkerson [34J35] give an efficient al-
gorithm for the problem of sending the maximum possible amount of flow from

*r— =4
=3
6 =2
6=1
6=0

S v w t

Fig. 2. A network with transit times on the arcs (left hand side) and the corresponding
time-expanded network (right hand side). The vertical black arcs model the possibility
to store flow at nodes.
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one source to one sink within a given time horizon T'. They show that this prob-
lem can be solved by one minimum-cost flow computation in the given network,
where transit times of arcs are interpreted as cost coefficients. Their algorithm
is based on the concept of temporally repeated flows. Let x be a feasible static
s-t-flow in G with path decomposition (zp)pep where P is a set of s-t-paths.
If the transit time 7p := ) _p 7c of every path P € P is bounded from above
by T, the static s-t-flow = can be turned into a temporally repeated s-t-flow f as
follows. Starting at time zero, f sends flow at constant rate zp into path P € P
until time T — 7p, thus ensuring that the last unit of flow arrives at the sink
before time T'. An illustration of temporally repeated flows is given in Figure Bl

Feasibility of f with respect to capacity constraints immediately follows from
the feasibility of the underlying static flow z. Notice that the flow value |f]| of
f, i.e., the amount of flow sent from s to ¢ is given by

fl = Y (T—mp)ap = Tla| =) rewe . (3)

PcP eckE

The algorithm of Ford and Fulkerson computes a static s-t-flow x maximizing
the right hand side of (@), then determines a path decomposition of z, and
finally returns the corresponding temporally repeated flow f. Ford and Fulkerson
show that this temporally repeated flow is in fact a maximum s-t-flow over time
by presenting a matching minimum cut in the corresponding time-expanded
network. This cut in the time-expanded network can be interpreted as a cut
over time in the given network, that is, a cut wandering through the network
over time from the source to the sink.

e

7 7 g
0=T/2 0 =2T/3 §=T-

Fig. 3. A static s-t-flow z and 4 snapshots of the corresponding temporally repeated
s-t-flow f
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A problem closely related to the one considered by Ford and Fulkerson is the
quickest s-t-flow problem. Here, instead of fixing the time horizon T" and asking
for a flow over time of maximal value, the value of the flow (demand) is fixed
and T is to be minimized. This problem can be solved in polynomial time by
incorporating the algorithm of Ford and Fulkerson into a binary search frame-
work. Burkard, Dlaska, and Klinz [I5] observed that the quickest flow problem
can even be solved in strongly polynomial time.

More complex flow over time problems. As mentioned above, a static flow prob-
lem with multiple sources and sinks can easily be reduced to one with a single
source and a single sink. Notice, however, that this approach no longer works for
flows over time. It is in general not possible to control the amount of flow which
is sent on the arcs connecting the super-source and super-sink to the original
nodes of the network. Hoppe and Tardos [49] study the quickest transshipment
problem which asks for a flow over time satisfying given demands and supplies
within minimum time. Surprisingly, this problem turns out to be much harder
than the special case with a single source and sink. Hoppe and Tardos give a
polynomial time algorithm for the problem, but this algorithm relies on submod-
ular function minimization and is thus much less efficient than for example the
algorithm of Ford and Fulkerson for maximum s-t-flows over time.

Even more surprising, Klinz and Woeginger [55] show that the problem of
computing a minimum cost s-t-flow over time with prespecified value and time
horizon is NP-hard. This means that under the widely believed conjecture P#NP,
there does not exist an efficient algorithm for solving this problem. The cost of
a flow over time f is defined as

T
e(f) = Zce/o fo(0) db .

ecE

In fact, Klinz and Woeginger prove that the problem is already NP-hard on very
special series-parallel networks. The same hardness result holds for the quickest
multicommodity flow problem; see Hall, Hippler, and Skutella [4I]. On the other
hand, Hall et al. develop polynomial time algorithms for solving the problem
on tree networks. An overview of the complexity landscape of flows over time is
given in Table[Il

Approzimation results. Fleischer and Skutella [27] generalize the temporally re-
peated flow approach of Ford and Fulkerson in order to get an approximation
algorithm for the quickest multicommodity flow problem with bounded cost. A
key insight in their result is that by taking the temporal average of an optimal
multicommodity flow over time with time horizon T', one gets a static flow in the
given network which is T-length-bounded, i. e., it can be decomposed into flows
on paths whose transit time is bounded by T. While it is initially not clear how
to compute a good multicommodity flow over time efficiently, a length-bounded
static flow mimicking the static ‘average flow’ can be obtained in polynomial
time (if the length bound is relaxed by a factor of 1 + €). The computed static
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Table 1. The complexity landscape of flows over time in comparison to the correspond-
ing static flow problems. The third column ‘transshipment’ refers to single-commodity
flows with several source and sink nodes. The quoted approximation results hold for
the corresponding quickest flow problems.

s-t-flow transshipment min-cost flow multicommodity flow
(static) flow poly poly (~ s-t-flow) poly poly (~ LP)
£l time pseudo-poly
flo o time s Sl B

B a seudo-po
poly [54) poly [0 2 poly FPTAS [28I29]
(~ min-cost flow) (~ subm. func.) NP-hard [55]

flow over time FPTAS [28I29] strongly NP-hard [41]
without storage 2-approx. [27029]

multicommodity flow can then be turned into a temporally repeated flow in a
similar way as in the algorithm of Ford and Fulkerson. Moreover, the time hori-
zon of this temporally repeated flow is at most (2 + €) T and therefore within
a factor of 2 + € of the optimum. Martens and Skutella [70] make use of this
approach to approximate s-t-flows over time with a bound on the number of
flow-carrying paths (k-splittable flows over time).

Fleischer and Skutella [27I28] also show that better performance ratios can
be obtained by using a variant of time-expanded networks. In condensed time-
expanded networks, a rougher discretization of time is used in order to get net-
works of polynomial size. However, in order to discretize time into steps of larger
length L > 1, transit times of arcs have to be rounded up to multiples of L. This
causes severe problems in the analysis of the quality of solutions computed in
condensed time-expanded networks. Nevertheless, one can show that the solution
space described by a condensed time-expanded network is only slightly degraded.
This yields a general framework to obtain fully polynomial time approximation
schemes for various flow-over-time problems like, for example, the quickest mul-
ticommodity flow problem with costs. Moreover, this approach also yields more
efficient algorithms for solving flow over time problems in practical applications.

For the case that arc costs are proportional to transit times, Fleischer and
Skutella [28] describe a very simple fully polyomial-time approximation scheme
based on capacity scaling for the minimum cost s-t-flow over time problem.

For a broad overview of flows over time we refer to the survey papers by
Aronson [3], Powell, Jaillet, and Odoni [79], Kotnyek [64], and Lovetskii and
Melamed [68]. We also refer to the PhD thesis of Hoppe [47] for an easily ac-
cessible and detailed treatment of the topic based on the discrete time model.
Skutella [90] presents a treatment of flows over time for the purpose of teaching
in an advanced course.

2.3 Earliest Arrival Flows

In typical evacuation situations, the most important task is to get people out
of an endangered building or area as fast as possible. Since it is usually not
known how long a building can withstand a fire before it collapses or how long a
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Fig.4. A network with one source and two sinks with unit demands for which an
earliest arrival flow does not exist. All arcs have unit capacity and the transit times are
given in the drawing. Notice that one unit of flow can reach sink ¢; by time 1; in this
case, the second unit of flow reaches sink t2 only by time 3. Alternatively we can send
one unit of flow into sinks ¢; and t2 simultaneously by time 2. It is impossible to fulfill
the requirement, that both flow units must have reached their sink by time 2 and one
of them must have already arrived at time 1.

dam can resist a flood before it breaks, it is advisable to organize an evacuation
such that as much as possible is saved no matter when the inferno will actually
happen. In the setting of flows over time, the latter requirement is captured by
so-called earliest arrival flows.

Shortly after Ford and Fulkerson introduced flows over time, the more elab-
orate earliest arrival s-t-flow problem was studied by Gale [37]. Here the goal
is to find a single s-t-flow over time that simultaneously maximizes the amount
of flow reaching the sink ¢ up to any time 6 > 0. A flow over time fulfilling
this requirement is said to have the earliest arrival property and is called earli-
est arrival s-t-flow. Gale [37] showed that earliest arrival s-t-flows always exist.
Minieka [75] and Wilkinson [94] both gave pseudopolynomial-time algorithms
for computing earliest arrival s-t-flows based on the Successive Shortest Path
Algorithm [(3/50/T16]. Hoppe and Tardos [48] present a fully polynomial-time ap-
proximation scheme for the earliest arrival s-t-flow problem that is based on a
clever scaling trick.

In a network with several sources and sinks with given supplies and demands,
flows over time having the earliest arrival property do not necessarily exist [30].
Baumann and Skutella [9] give a simple counterexample with one source and
two sinks; see Figure [l

For the case of several sources with given supplies and a single sink, however,
earliest arrival transshipments do always exist. This follows, for example, from
the existence of lexicographically maximal flows in time-expanded networks; see,
e.g., [75]. We refer to this problem as the earliest arrival transshipment problem.
Hajek and Ogier [40] give the first polynomial time algorithm for the earliest
arrival transshipment problem with zero transit times. Fleischer [30] gives an al-
gorithm with improved running time. Fleischer and Skutella [29] use condensed
time-expanded networks to approximate the earliest arrival transshipment prob-
lem for the case of arbitrary transit times. They give an FPTAS that approx-
imates the time delay as follows: For every time # > 0 the amount of flow
that should have reached the sink in an earliest arrival transshipment by time 6,
reaches the sink at latest at time (1 + ¢)@. Tjandra [91] shows how to compute
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earliest arrival transshipments in networks with time dependent supplies and ca-
pacities in time polynomial in the time horizon and the total supply at sources.
The resulting running time is thus only pseudopolynomial in the input size.

Earliest arrival flows and transshipments are motivated by applications related
to evacuation. In the context of emergency evacuation from buildings, Berlin [13]
and Chalmet et al. [20] study the quickest transshipment problem in networks
with multiple sources and a single sink. Jarvis and Ratliff [52] show that three
different objectives of this optimization problem can be achieved simultaneously:
(1) Minimizing the total time needed to send the supplies of all sources to the
sink, (2) fulfilling the earliest arrival property, and (3) minimizing the average
time for all flow needed to reach the sink. Hamacher and Tufecki [45] study an
evacuation problem and propose solutions which further prevent unnecessary
movement within a building.

Baumann and Skutella [9] (see also [7]) present a polynomial time algo-
rithm for computing earliest arrival transshipments in the general multiple-
source single-sink setting. All previous algorithms rely on time expansion of
the network into exponentially many time layers. Baumann and Skutella first
recursively construct the earliest arrival pattern, that is, the piece-wise linear
function that describes the time-dependent maximum flow value obeying sup-
plies and demands. The algorithm employs submodular function minimization
within the parametric search framework of Megiddo [7II72]. As a by-product,
a new proof for the existence of earliest arrival transshipments is obtained that
does not rely on time expansion. It can finally be shown that the earliest ar-
rival pattern can be turned into an earliest arrival transshipment based on the
quickest transshipment algorithm of Hoppe and Tardos [49].

The running time of the obtained algorithm is polynomial in the input size
plus the number of breakpoints of the earliest arrival pattern. Since the earliest
arrival pattern is more or less explicitly part of the output of the earliest ar-
rival transshipment problem, the running time of the algorithm is polynomially
bounded in the input plus output size.

3 Static Traffic Flows with Congestion

In the previous section we have considered flows over time where transit times
on the arcs are fixed. The latter assumption is no longer true in situations where
congestion does occur. Congestion means that the transit time 7. on an arc e is
no longer constant, but a monotonically increasing, convex function 7.(z.) of the
flow value z, on that arc e. Congestion is inherent to car traffic, but also occurs
in evacuation planning, production systems, and communication networks. In
all of these applications the amount of time needed to traverse an arc of the
underlying network increases as the arc becomes more congested.

Congestion in static traffic networks has been studied for a long time by traffic
engineers, see e. g. [89]. It models the rush hour situation in which flow between
different origins and destinations is sent over a longer period of time. The usual
objective to be optimized from a global system-oriented point of view is the overall
road usage, which can be viewed as the sum of all individual transit times.
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3.1 User Equilibrium and System Optimum

From a macroscopic point of view, such a static traffic network with congestion
can be modeled by a multicommodity flow problem, in which each commodity
1 € K represents two locations in the network, between which d; “cars” are to
be routed per unit of time. The data (s;,t;,d;), ¢ € K, form the so-called origin-
destination matriz. Feasible routings are given by flows z, and the “cost” ¢(x) of
flow « is the total travel time spent in the network. On arc e, the flow z then
induces a transit time 7.(x.), which is observed by all z. flow units using that
arc e. So the total travel time may be written as c(z) = ) c g Te Te(e)-

It is usually more convenient to think of a feasible routings in terms of flows
on paths instead of flows on arcs. Then, for every commodity ¢, the d; amounts
of flow sent between s; and t; are routed along certain paths P from the set P;
of possible paths between s; and t;. These paths P can be seen as the choice of
routes that users take who want to drive from s; to t;. On the other hand, any
solution x in path formulation can be seen as a route recommendation to the
users of the traffic network, and thus as a route guidance strategy. Therefore, it is
reasonable to study properties of flows as route recommendations and investigate
their quality within this model.

Current route guidance system are very simple in this respect and usually
restrict to recommend shortest or quickest paths without considering the effect
on the congestion that their recommendation will have. Simulations show that
users of such a simple route guidance system will—due to the congestion caused
by the recommendation—experience longer transit times when the percentage
of users of such a system gets larger.

Without any guidance, without capacity restrictions, but full information
about the traffic situation, users will try to choose a fastest route and achieve
a Nash equilibrium, a so-called user equilibrium. Such an equilibrium is defined
by the property that no driver can get a faster path through the network when
everybody else stays with his route. One can show that in such an equilib-
rium state all flow carrying paths P in each P; have the same transit time
TP = ) ccp Te Te(Ze), and, furthermore, if all 7. are strictly increasing and twice
differentiable, then the value of the user equilibrium is unique. This is no longer
true in capacitated networks [21].

So in uncapaciated networks, the user equilibrium is characterized by a cer-
tain fairness, since all users of the same origin destination pair have the same
transit time. Therefore, is has been widely used as a reasonable solution to the
static traffic problem with congestion. This is supported by recent results show-
ing that, under reasonable assumption about obtaining traffic information, a
simple replication-exploration strategy will indeed converge to the Nash equilib-
rium and the convergence (the number of rounds in which users choose new
routes) is polynomial in the representation length of the transit time func-
tions [26]. So users of a static traffic system can learn the user equilibrium
efficiently.

The advantage of the user equilibrium lies in the fact that it can be achieved
without traffic control (it only needs selfish users) and that it is fair to all users
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with the same origin and destination. However, it does not necessarily optimize
the total travel time. Roughgarden and Tardos [83] investigate the difference
that can occur between the user equilibrium and the system optimum, which is
defined as a flow = minimizing the total travel time ) xc 7c(zc). The ratio
¢(UE)/c(S0) of the total travel time ¢(UE) in the user equilibrium over that in
the system optimum is referred to as the price of anarchy. In general, it may
become arbitrarily large than in the system optimum, but it is never more than
the total travel time incurred by optimally routing twice as much traffic [83].
Improved bounds on the price of anarchy can be given for special classes of
transit time functions [83U86].

Another unfavorable property of the user equilibrium is a non-monotonicity
property with respect to network expansion. This is illustrated by the Braess para-
doz, where adding a new road to a network with fixed demands actually increases
the overall road usage obtained in the updated user equilibrium [I4I89/39].

So one may ask what can be achieved by centralized traffic management. Of
course, the system optimum would provide the best possible solution by defini-
tion. But it may have long routes for individual users and thus misses fairness,
which makes it unsuited as a route guidance policy (unless routes are enforced
upon users by pricing and/or central guidance). To quantify the phenomenon of
long routes in the system optimum, Roughgarden [82] introduces a measure of
unfairness. The unfairness is the maximum ratio between the transit time along
a route in the system optimum and that of a route in the user equilibrium (be-
tween the same origin-destination pair). In principle, the unfairness may become
arbitrarily large, but like the price of anarchy, it can be bounded by a param-
eter v(C) of the class C of underlying transit time functions [86]. For instance,
~v{polynomials of degree p with nonnegative coefficients} = p + 1.

In computational respect, user equilibrium and system optimum are quite
related problems in networks without capacities on the arcs. In fact, given convex
and twice differentiable transit time functions 7 (x.), the system optimum is the
user equilibrium for the transit time functions 7.(z.) = Te(ze) + e dT;ife)7 and
the system optimum is the unique user equilibrium for the transit time functions
Te(Te) = ;e Ox"‘ Te(t)dt, see [11].

So they are both instances of convex optimization with convex separable ob-
jective and linear constraints. They are usually solved with the Frank-Wolfe
algorithm [36], which is essentially a feasible direction method, and several vari-
ants thereof such as the Partan algorithm [32], which performs a more intelligent
line search. Computing the routes of the user equilibrium is usually referred to
as traffic assignment problem. It was originally introduced by Wardrop [93] in
order to model natural driver behavior, and has been studied extensively in the
literature, see [89J78]. In the absence of arc capacities, the linearized problem
decomposes into separate shortest path problems for every origin-destination
pair (commodity), where the length of an arc e is given by the marginal cost
Te(Te) = Te(Te) + Te dT;ife). For capacitated networks, one has to solve a multi-
commodity flow problem instead.
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3.2 Constrained System Optimum

Can one overcome the unfairness in the system optimum by introducing con-
straints on the paths that may be recommended as routes? This problem has
been investigated by Jahn et al. in [51] for static traffic networks with congestion.
For each commodity ¢ they consider only a subset P; C P; of admissible paths. In
the simplest case, admissibility is defined by geographical length in the following
way. Every arc e has a geographical length ¢, and path P € P; is admissible if
its geographical length £p = _pf. does not exceed the geographical length
of a shortest path between s; and ¢; by a certain, globally controlled fairness
factor L > 1 (e.g., L = 1.2). The corresponding optimum is a constrained system
optimum for the original problem and the total travel time increases with 1/L.
An example from [51] with real data is given in Figure Bl

Fig. 5. System optimum with restrictions on path lengths: One commodity routed
through the road network between the marked nodes. The left-hand side image displays
the system optimum in which flow is distributed over the whole network in order to
avoid high arc flows that would incur high arc transit times. In the right-hand side
image the same amount of flow gets routed, but this time with a restriction on the
geographical path lengths. Line thickness denotes arc capacity (yellow) and arc usage
(blue).

More precisely, Jahn et al. introduce the concept of the normal length of
a path, which can be either its traversal time in the uncongested network, its
traversal time in user equilibrium, its geographic distance, or any other appropri-
ate measure. The only condition imposed on the normal length of a path is that
it may not depend on the actual flow on the path. Equipped with this definition,
they look for a constrained system optimum (CSO) in which no path carrying
positive flow between a certain origin-destination pair is allowed to exceed the
normal length of a shortest path between the same origin-destination pair by
more than a tolerable factor L > 1. By doing so, one finds solutions that are fair
and efficient at the same time. This approach implements a compromise between
user equilibrium and system optimum, which meets a demand expressed e. g. by
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Beccaria and Bolelli [I0]: The goal should be to “find the route guidance strategy
which minimizes some global and community criteria with individual needs as
constraints”.

Computations in [5I] with the street network of Berlin and networks from
the Transportation Network Test Problems website [] indicate that the CSO
with transit times in the user equilibrium as normal lengths is the right concept
to measure fairness. The resulting total travel time cannot exceed that of the
user equilibrium, i.e., ¢(S0) < ¢(CSO) < ¢(UE), and achieves a much better
fairness than the unrestricted system optimum, while at the same time avoiding
the larger road usage and non-monotonicity of the user equilibrium. An example
is given in Figure [6 taken from [51].
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Fig. 6. Objective values and unfairness distributions for the area Neukdlln in Berlin.
Normal lengths are equal to transit times in user equilibrium. Total travel times are
distinctively smaller than in equilibrium, while the fraction of users traveling longer
than in equilibrium is substantially smaller.

Besides the unfairness with respect to the user equilibrium, Jahn et al. consider
also an intrinsic unfairness of the suggested routes, which is measured as the
largest ratio £p, /¢p, of the geographical path lengths £p, of two flow carrying
paths P;, P, for any origin-destination pair i. The intrinsic unfairness of the
system optimum may go up to 3 and more, while its control via the fairness
factor L also implies a strongly correlated fairness for other “length” measures
such as actual transit times or transit times in the uncongested network.

3.3 Algorithmic Issues

To solve Problem CSO, Jahn et al. use the Partan variant of the Frank-Wolfe al-
gorithm mentioned above. The model is path-based, where every potential path
P € UijckP; is represented by a path flow variable 2p. However, these paths
are only given implicitly by the length constraints ) .pfe < LA(s;,t;) for a
path between s; and ¢;, where A(s;, t;) is the normal path length between s; and
t;. Because there may be exponentially many paths, they are only generated as
needed. For that reason, the algorithm can be considered as a column generation
method. This becomes even more obvious when the network is capacitated. In
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that case, in order to find the best descent direction, one has to solve a lin-
ear program (a multicommodity flow problem) in path variables with column
generation.

One then maintains a linear program (the master program) with a subset
of the variables (enough to contain a basis). Checking the master program for
optimality then reduces to a constrained shortest path problem in the given net-
work: Compute a shortest path (where the length is influenced by the dual solu-
tion of the master program) such that the normal length constraint ) . pfe <
L X\(s;,t;) is preserved. Then either optimality is established and the current so-
lution in the master problem is optimal, or there are paths that are “too long”.
These paths are added to the master problem (usually in exchange for others)
and one iterates.

This is the point in the algorithm where also other conditions on the paths
could be considered. They can be dealt with in the current algorithm if the short-
est path problem resulting from the linear programming optimality conditions
can be combined with the restrictions defining the paths.

The constrained shortest path problem is NP-hard in the weak sense. There
are many different approaches to solve this problem in practice. Jahn et al.
implemented the label correcting algorithm of [2] because of its superior com-
putational efficiency. The algorithm fans out from the start node s and labels
each reached node v € V with labels of the form (d¢(v),d,(v)). For each path
from s to v that has been detected so far, d,(v) represents its transit time and
dg¢(v) its distance. During the course of the algorithm, several labels may have
to be stored for each node v, namely the Pareto-optimal labels of all paths that
have reached it. This labeling algorithm can be interpreted as a special kind of
branch-and-bound with a search strategy similar to breadth-first search. Starting
from a certain label of v, one obtains lower bounds for the remaining paths from
v to t by separately computing ordinary shortest path distances from v to ¢t with
respect to transit times 7. and lengths /., respectively. If one of these bounds is
too large, the label can be dismissed. The algorithm reduces essentially to a re-
peated application of Dijkstra’s algorithm and runs polynomial in the maximum
number of labels generated at a node.

The non-linear part of the algorithm is dealt with as in the Frank-Wolfe
algorithm. One first computes a feasible direction y — z = argmin{Ve(z)Ty |
y feasible flow} of the objective function ¢ at the current flow z and then a
stepsize A by line search. The next solution is then obtained as z := z+ A(y — ).
At first glance, this natural approach seems to be infeasible since the objective
function c(z) involves all of the many path variables zp. But the scalar product
Ve(z)Ty can equivalently be expressed in arc variable vectors, thus reducing the
number of variables to the number of arcs in the network. Also the line search
can be reduced to the number of paths that actually carry flow, which does not
get too large.

Figure[dillustrates the nesting of the different steps in the algorithm. The sec-
ond step (solving the linear program) is only necessary for capacitated networks.
It becomes clear that algorithms for shortest paths and constrained shortest



182 E. Kohler, R.H. Mohring, and M. Skutella

feasible direction method (Frank-Wolfe)
simplex algorithm
algorithm for constrained shortest paths

shortest paths, e. g. Dijkstra

Fig. 7. Steps in computing the constrained system optimum. The second step (solving
the linear program) is only necessary for capacitated networks.

paths are at the core of the algorithm and that their run time largely determines
the efficiency of the whole algorithm.

The algorithm has been tested extensively in [51]. Most notably, the time
needed to compute a constrained system optimum is typically not larger than
that for computing an unconstrained system optimum, and it is only somewhat
larger than that for getting a user equilibrium. In fact, the problem of finding a
constrained system optimum becomes computationally more costly with increas-
ing values of the tolerance factor L. The reason is that the number of allowable
paths increases. However, the constrained shortest path subproblems become
easier because the normal lengths are less binding. In this trade-off situation,
the total work and the number of iterations increase, but the work per iteration
decreases. Generally, most of the time is spent on computing constrained shortest
paths (which implies that improved algorithms for this subproblem would yield
greatly improved overall performance). Instances with a few thousand nodes,
arcs and commodities can be solved on an average PC within minutes. Bigger
instances like Berlin take longer but can also be solved without difficulty in less
than an hour.

Additional speedups are obtained by Kénig [62] with a Lagrangian relax-
ation that relaxes the coupling condition between flow rates on paths and arcs,
i.e., the condition that z. = ) p...pap. The problem can then be separated
into commodities and determining the Lagrangian dual reduces to computing
resource-constrained shortest paths and evaluation of a simple twice differen-
tiable function and its derivatives. The actual computation of the Lagrangian
dual is done with the Proximal Analytic Center Cutting Plane Method of Babon-
neau et al. [4]. Altogether, this leads to a speedup by a factor of 2 compared
with the Partan algorithm.

3.4 Acceleration of Shortest Path Computation

Figure [[ shows that repeated (constrained) shortest path calculations form the
bottleneck for computing the constrained system optimum. Similar requirements
for repeated shortest path calculations arise in algorithms for navigation systems,
where the network is again considered to be static (at least over certain periods).
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The last few years have witnessed tremendous progress in speeding up such cal-
culations by preprocessing the network data for more efficient repeated shortest
path calculations. A good overview on this progress is given by the theses of
Wilhalm [95], Schilling [85], Schultes [88] and the volume of papers of the 2006
Dimacs Challenge on Shortest Paths (in preparation) [22].

Kohler et al. [57U85] investigate a generalization of a partition-based arc la-
belling approach has that is referred to as the arc-flag approach. The basic idea
of the arc-flag approach using a simple rectangular geographic partition was sug-
gested by Lauther in [66)67] and patented in [25]. The arc-flag approach divides
the graph G = (V, A) into regions r € R and gathers information for each arc
a € A and for each region r € R (V = J,cp 7) on whether the arc a is on at
least one shortest path leading into region r. For each arc a € A this information
is stored in a flag (bit) vector f,. The vector f, contains a flag (true or false)
for each region r € R indicating whether the arc a can contribute to answering
shortest path queries for nodes in region r or not, see Figure8 Thus, the size of
each flag vector is determined by the number |R| of regions and the number of flag
vectors is bounded by the number |A| of arcs. Since the actual number of unique
flag vectors can be much smaller than the number of arcs, storing the flag vectors
at one point and adding an index (or pointer) to each arc can reduce the extra
amount of memory below the obvious |A||R| bits. The number of regions depends
on the input graph size, but can be kept to a moderate size: 200 regions already
lead to considerable speedups on instances with 24M nodes and 58M edges.

The arc-flags are used in a slightly modified Dijkstra computation to avoid
exploring unnecessary paths. This means that one checks the flag entry of the
corresponding target region (the region where the target node ¢ belongs to) each
time before the Dijkstra algorithm tries to traverse an arc. Thus, implementing
the arc-flags is one of the simplest acceleration modifications of the standard Di-
jkstra algorithm and therefore suggests itself for straightforward usage in existing
code bases.

The choice of the underlying partition is crucial for the speedup of the arc-flag
acceleration of Dijkstra’s algorithm. In [57] a multi-way arc separator is suggested

Lo
-

Fig. 8. Rectangular decomposition. Every arc e = (u, v) carries a bit vector with a bit
for every region r. The bit of region r is set to 1 iff e is on a shortest path from u to a
node in r.
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as an appropriate partition for the arc-flags, see Figure [@ for an example. This
improvement achieved much better speedups compared to the original arc-flag
version in [67]. For instance, using this one can reach acceleration factors 10
times higher than with Lauther’s version of the arc-flags (on networks with up
to 0.3M nodes, 0.5M arcs and 278 bits of additional information per arc). This
study was further refined by Mohring et al. [70].

When combining the arc-flags with a multi-way arc separator partition and a
bi-directed search, the overall performance of the method is competitive to those
of other acceleration techniques such as the highway hierarchy method of Sanders
and Schultes [84] but requires much more preprocessing time. Hilger et al. [58]
reduce the preprocessing times significantly and also improve the efficiency of
queries and the space requirements. This is achieved by a new centralized shortest
path algorithm which computes distances simultaneously from a set of starting
vertices instead of one starting vertex. Another improvement on the prepro-
cessing time is achieved by removing small attached structures for which the
arc-flags can be calculated in a much easier way. Note that this reduction is only
performed during preprocessing, queries are calculated on the unmodified graph
using the pre-calculated information.

On continental road networks like the US network (24M nodes, 54M edges)
this method only needs a few hours to complete the pre-calculation. This ap-
proach is the first to apply the arc-flag accelerated shortest path method to
networks of this size. Recently, Bauer and al. [6] have demonstrated that the
arc flag method currently constitutes the best performing purely goal-directed
acceleration technique and that the preprocessing can even be improved further.

Fig. 9. Berlin divided by a hierarchical separator approach
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If preprocessing is not possible, e.g. because the arc values change too often
(which is the case in the algorithms for the restricted user optimum), one can
still apply goal directed and bidirected search for shortest paths. Here the main
underlying idea is to distort arc weights in such a way, that Dijkstra’s algorithm
prefers to explore nodes that are closer to the target node, thus reducing the
time it takes to reach the source. Figure illustrates the areas of the graph
that are explored in the respective searches.

S
0

AN
o,
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e
A

Fig. 10. Variants of simple search speedup techniques: goal directed, bidirected, and
their combination (from left to right)

The goal directed approaches can also be applied to some extent to the con-
strained shortest path problem [57]. Here, the simple goal oriented search showed
the best speedup, as the bidirectional variant suffers from the lack of a good stop-
ping criterion.

4 Flows over Time with Flow Dependent Transit Times

In the previous sections we particularly considered flow models that either were
able to capture flow variations with respect to time (Section[Z2]), or transit time
variations with respect to the flow situation on an arc (Section [B]). Both aspects
are important features that have to be taken into account when optimizing traf-
fic systems. However, while in the previous sections we handled these features
separately, we will now investigate what can be done if we have to deal with both
of them at the same time. To be more precise, we study flow variations over time
in networks where transit times on the arcs vary with the amount of flow on that
particular arc. While both static flow theory with flow dependent transit times
and the theory of flows over time with constant transit times are well studied
areas of research, the field of flows over time with flow dependent transit times
has attracted attention only in the last couple of years. One main reason for
this seems to be the lack of well defined models for this kind of flows, which is
due to the more complicated setting. Standard approaches from flows over time
with constant transit times seem not easily be carried over to this case and we
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will explain some of the occurring problems in the following. There is, in fact, a
variety of different approaches to define an applicable model. Unfortunately, all
of them are capturing only some but not all features of flows over time with flow
dependent transit times. However, they hopefully will be helpful for the design
of useful models and algorithms in the future.

4.1 Problems of Flow Dependent Transit Times

One significant property of flows over time in networks is that, in contrast to
static flow problems, flow values on arcs may change with time. As mentioned
before, in many applications one has to deal also with the phenomenon that the
time taken to traverse an arc varies with the current flow situation on this arc. It
is a highly nontrivial problem to map these two aspects into an appropriate and
tractable mathematical network flow model and there are hardly any algorithmic
techniques known which are capable of providing reasonable solutions even for
networks of rather modest size. The crucial parameter for modeling temporal
dynamics of time-dependent flows is the presumed dependency of the actual
transit time 7. on the current (and maybe also past) flow situation on arc e.
Unfortunately, there is a tradeoff between the need of modeling this usually
highly complex correlation as realistically as possible and the requirement of
retaining tractability of the resulting mathematical program.

As for the static case, a fully realistic model of flow-dependent transit times on
arcs must take density, speed, and flow rate evolving along the arc into consider-
ation [38]. Unfortunately, even the solution of mathematical programs relying on
simplifying assumptions is in general still impracticable, i.e., beyond the means
of state-of-the-art computers, for problem instances of realistic size (as those
occurring in real-world applications such as road traffic control).

When considering the correspondence between transit time and flow on a
particular arc, the first question in a time dependent model is, of course, which
flow or flow rate (flow units traversing an arc per time unit) do we measure?
When deciding about the transit time of a given unit of flow in an arc e at a
particular point in time ¢, what flow rate value do we consider to determine this
transit time? One possibility would be, to take the inflow rate, i. e., the flow rate
at the beginning of the arc e at the moment that the particular flow unit enters e.
When looking at this approach in the setting of traffic networks, one realizes its
drawbacks. Even if the number of cars which currently enter a street is small
compared to the capacity of the street, their transit times might nevertheless
be huge due to traffic congestion caused by a large number of cars which have
entered the arc earlier. Another plausible choice would be to consider the whole
amount of flow that is on arc e at time ¢, i.e., the load of e at time ¢. Yet, this
has its disadvantages as well, since when considering all cars on a street e at
some point in time ¢, one even counts those cars that are behind the particular
car of interest.

Besides the question how to measure the flow situation on an arc, an important
figure in the search for a good model is the transit time function itself. Due to
the inherent complexity of the time- and flow-dependent setting, models in the
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literature often rely on relatively simple transit time functions, based on those,
used in static models of flow-dependent networks, e.g., the Davidson function
or the function of the BPR (see [89]). While these functions 7.(z.) are given for
a static flow value z., that is not varying over time, one can interpret 7.(x.) as
the transit time on arc e for the static flow rate z.. Of course, these functions
mean a simplification of the actual flow situation in a time- and flow-dependent
model. However, their use is justified already since they are a generalization of
the well-established models for the static case and thus often allow to compare
the quality of a computed solutions to the solutions of the static model.

When developing flow models for real-world applications, a useful model often
has to satisfy certain additional requirements, which sometimes increase the
complexity of this model enormously. One prominent such requirement that is
present especially in traffic applications is the so-called FIFO or first-in-first-out
property. This property states that no unit of flow A entering an arc e after
some flow unit B exits this arc before B; in other words, overtaking of flow units
is not permitted. While a violation of this causes no problems for traffic when
considering single cars, it is considered not permitted by traffic scientists for
large groups of cars. In a model with constant transit time this requirement is
trivially satisfied since all flow through an arc travels with the same travel time.
However, in a model with variable transit times on the arcs it is often very hard
to guarantee.

— — — — —

= X ] L | I

Fig. 11. Violations of the first-in-first-out property

4.2 Models and Algorithms

In the following we discuss some approaches that can be found in the literature.
For a more detailed account and further references we refer to [3J69U7IURI].

One of the first models for time dependent flows with flow dependent transit
times has been defined by Merchant and Nemhauser [73]. They formulate a non-
linear and non-convex program in which time is discretized. In their model, the
outflow out of an arc in each time period solely depends on the amount of flow
on that arc at the beginning of the time period. Instead of using a transit time
function, as discussed above, they use for each arc e a cost function h.; and
an exit function g., where h.; accounts for the transit time that is spend by
the flow on arc e in period ¢t. Now, if x is the amount of traffic on an arc e at
the beginning of time period ¢, a cost he () is incurred and during period ¢ an
amount of traffic g.(x) exits from arc e. In their setting Merchant and Nemhauser
were able to consider networks of general topology and multiple origins, but
only a single sink. Although this model seems to be not easily applicable to
real-world applications, it has been an important stepping stone in the study of
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time- and flow-dependent models. Still, the non-convexity of this model causes
both analytical and computational problems.

Later, Merchant and Nemhauser [74] and Carey [I7] further studied this model
and described special constraint qualifications which are necessary to guarantee
optimality of a solution in this model. Carey [I8] introduces a slight revision of
the model of Merchant and Nemhauser which transforms the non-convex problem
into a convex one.

A rather different approach to modeling flows over time with flow dependent
transit times was used by Carey and Subrahmanian [I9]. Before we look at their
model in more detail, we shortly discuss the problems occurring with the time
expanded network approach of Section

Recall that the main advantage of the time expanded network is that we
can apply known algorithms for static networks to solve the corresponding time
dependent problems. Unfortunately, this simple approach does not easily carry
over to the case of flow dependent transit times. Consider a simple network with
only two arcs. Initially, the flow value on each arc is zero and, as each arc has
a certain empty transit time (in our example the transit time of each arc is
one time unit), we can easily construct a time expanded network, as described
earlier (see Figure [[2)). Again, we can consider a path P from some source s to
a sink ¢ in the original network and find the corresponding path in the time-
expanded version that captures the transit times of the different arcs. However,
if we now send some flow on this path P through the network, then the problem
of this approach becomes evident: since the transit times of the arcs vary with
the amount of flow on them, the time expanded graph changes its adjacencies
and its structure. In fact, the arcs of the path corresponding to P in the original
network now become incident to completely different copies of the vertices in the
time-expanded network. As a consequence we cannot apply standard algorithms
for static flow problems any more since they rely heavily on the fact that the
underlying graph is not changing. Thus, the advantage of the time-expanded
approach seems to be lost.

In spite of this daunting observation, Carey and Subrahmanian [I9] were able
to define a variant of the time expanded network that captures at least some
features of flow dependent transit times. Their network again has fixed transit
times on the arcs. But for each time period, there are several copies of an arc
of the underlying ‘static’ network corresponding to different transit times. Now
changing flow values on the arcs is to result no longer in a change of adjacencies in
the graph but instead different copies of the same arc should be used for different
amounts of flow. In order to enforce these flow-dependent transit times, special
capacity constraints are introduced which give rise to a dependency between
the flow on all copies of an arc corresponding to one time step. As a consequence
of these generalized capacity constraints, the resulting static problem on the
modified time-expanded graph can no longer be solved by standard network flow
techniques but requires a general linear programming solver. This constitutes a
serious drawback with regard to the practical efficiency and applicability of this
model.
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Fig.12. A simple two-arc network together with a time-expansion for empty transit
times, and the time-expansion when one unit of flow is sent from s to ¢, showing the
problems of a time expansion for flow dependent transit times
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Fig. 13. Idea of expanded model of Carey and Subrahmanian; here for a simple two-arc
network with transit time function 7(x.), causing transit times 1, 3, and 6, depending
on the amount of flow z. entering arc e

Although the models mentioned up to this point mark some important de-
velopments in the study of flows over time with flow dependent transit times,
they have a drawback in common; they are not suitable for efficient optimization
methods. In contrast to the models for static flows and for flows over time with
constant transit times, here fast standard flow algorithms cannot be applied.
This is of course partially due to the complexity of these models. However, for
solving real problems, also on large networks one has to have fast algorithmic
tools. R

The following model was suggested by KAfhler and Skutella [6OJ6T]. It is
inspired by the earlier mentioned results of Ford and Fulkerson and of Fleischer
and Skutella (see Section [Z2)). Although the result of Ford and Fulkerson for
computing a maximum flow over time for a fixed time horizon T cannot be
generalized to the more general setting of flow-dependent transit times, it is
shown in [60J6T] that there exists at least a provably good temporally repeated
flow for the quickest flow problem, i.e., for the problem of sending a certain
amount of flow from some vertex s through the network such that it reaches the
sink ¢ as fast as possible.
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As for the case of fixed transit times, and in contrast to the before mentioned
models for flow dependent transit times, this flow can be determined very ef-
ficiently. Since the transit times are no longer fixed, the linear min-cost flow
problem considered by Ford and Fulkerson now turns into a convex cost flow
problem. Under very mild assumptions on the transit time functions 7., the re-
sulting optimal static flow can be turned into a temporally repeated flow which
needs at most twice as long as a quickest flow over time.

This result is based on the fairly general model of flow-dependent transit times
where, at each point in time, the speed on an arc depends only on the amount
of flow (or load) which is currently on that arc. This assumption captures for
example the behavior of road traffic when an arc corresponds to a rather short
street (notice that longer streets can be replaced by a series of short streets).

The next model that we present here is again based on the time-expanded
network, known from flows over time with constant transit time. As in the model
of Carey and Subrahmanian [T9], KAfihler, Langkau and Skutella [56/65] suggest
a generalized time-expanded network with multiple copies of each arc for each
time step. However, in contrast to the model in [19], additional ‘regulating’ arcs
are introduced which enable to enforce flow-dependent transit times without
using generalized capacity constraints. As a result, one can apply the whole
algorithmic toolbox developed for static network flows to this generalized time-
expanded network, also called the fan graph (see Figure [I4).

The underlying assumption for this approach (as for the related approach of
Carey and Subrahmanian [I9]) is that at any moment of time the transit time
on an arc solely depends on the current rate of inflow into that arc. We therefore
speak of flows over time with inflow-dependent transit times, emphasizing the
fact that transit times are considered as functions of the rate of inflow. Thus, in
contrast to the load-dependent model developed by KAfihler and Skutella [60061],
the flow units traveling on the same arc at the same time do not necessarily
experience the same pace, as the transit time and thus the pace of every unit of
flow is determined when entering the arc and remains fixed throughout.

As in the case of constant transit times, a drawback of this rather general
time-expanded model is the size of the constructed graph. Depending on the
considered time horizon and the size of a single time step, the graph grows

Fig. 14. Transit time function, fan-graph, and bow-graph of a single arc
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rapidly. Hence, when considering large instances of networks, this model is again
not applicable. However, as shown by KAfihler, Langkau and Skutella [65/56] as
well, there is also a time condensed version of this network, the so-called bow-
graph of the given network. The idea is here to construct a graph with constant
transit times on the arcs, such that the time expansion of this graph is again
the fan-graph. Another way of looking at this condensed graph is, to see it as an
expansion of the transit time function of the original graph, since now for each
arc we have copies for each possible transit time of this arc (instead of having a
copy for each time step in the time expanded graph). Again a set of regulation
arcs guarantees that only a restricted amount of flow can transit an arc using
a particular copy of this arc in the bow-graph. This bow-graph itself does not
capture the time varying behavior of the flow over time. However, the interesting
property here is that the bow-graph relates to the fan-graph in this model, as
the original graph relates to the time expanded graph in the constant travel
time model of Ford and Fulkerson. As shown in [65/56], this relationship can
be exploited for developing a 2-approximation algorithm for the quickest flow
problem in this model for flows over time with inflow-dependent transit times.

For the load-dependent model of KAfihler and Skutella [60J61] the quick-
est flow problem can be shown to be APX-hard even for the case of only one
source and one sink, implying that there is no polynomial-time approximation
scheme unless P=NP. The inflow-dependent model is easier to approximate. Hall,
Langkau and Skutella [65/42/43] combined the inflow-dependent model with the
idea of condensed time-expanded networks (see Section 2.2)) to design a fully
polynomial time approximation scheme for the quickest multicommodity flow
problem with inflow-dependent transit times.

Not only quickest flows but also earliest arrival flows have been studied in
the context of flow dependent transit times. Baumann and KAfihler [7U8] show
that for the case of flow-dependent transit times earliest arrival flows do not
always exist. However, an optimization version of the earliest arrival problem is
introduced. This is done as follows. Find the minimum « such that there is a
flow over time f that sends for each 6§ € [0,7") at least as much flow into the
sink ¢ as can be sent into ¢t up to time g by a maximum flow over time fmax(z)
within this time horizon, i.e., value(f, 6) > value(fmax(” ), ?). Such a flow will be
called an a-earliest arrival flow. Using any of the approximation algorithms for
the quickest flow problem both for load-dependent and inflow-dependent flows
one can design approximation algorithms for the a-earliest arrival flow problem.

Finally, we would like to mention the rate-dependent model. It was intro-
duced by Hall and Schilling [44] and tries to overcome some of the deficiencies
of the flow-dependent models outlined above. In particular one can avoid FIFO-
violations (see Sectiondl) which might occur in the inflow-dependent model and
undesired overtaking (see Section T]) that might occur in the load-dependent
model. In the rate-dependent model the relationship between the flow-rate on an
edge and the pace (which is defined to be the inverse of the velocity) is the cen-
tral notion. Roughly speaking, the novel idea of this model is not to set a fixed
pace for each possible flow rate (as done in the earlier models), but rather to
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allow a whole interval of pace—flow rate combinations. Hence, one ends up with
a less restrictive and more realistic model. Unfortunately, these advantages are
obtained on the cost of efficiency: Similarly, as for the earlier models, computing
a quickest flow is NP-hard. But, in contrast, no efficient approximation algo-
rithm, e.g. for the quickest flow in this model is known. Yet, the authors show
the practical relevance of their approach by presenting a heuristic algorithm for
the quickest flow problem and comparing its solutions with the solutions of the
inflow-dependent model.
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Abstract. In this survey we present our results on the subjects: Connec-
tors in communication networks, Fault diagnosis in large multiprocessor
networks, Unconventional error-correcting codes, Parallel error-control
codes performed in the project “Algorithmik grofler und komplexer Net-
zwerke” .

Further work partially done there is commented upon in a last section.

1 Introduction

The study of Connectors in Communication Networks started with pio-
neering works by Shannon [47], Slepian [48], and Clos [23], in connection with
practical problems in designing switching networks for telephone traffic. Later
they were also studied as useful architectures for parallel machines (see [41]).
Connectors are also related to expander graphs, a rapidly developing subject
in the last three decades, which have found extensive applications (see [30]) in
computer science, error correcting codes, cryptography etc.

An (n, N, d)—connector is an acyclic digraph with n inputs and N outputs in
which for any injective mapping of input vertices into output vertices there exist
n vertex-disjoint paths of length d joining each input to its corresponding output.
Our goal is construction of sparse (n, N,2)-connectors (depth 2 connectors)
when n < N. Such connectors are of particular interest in the design of sparse
electronic switches. Also they may be useful as building blocks in multistage
connectors.

The probabilistic argument in Baltz et al. [I6] shows the existence of (n, N, 2)—
connectors of size (number of edges) O(N), if n < N*/27¢ ¢ > 0.

Our main results stated in Section 2 are explicit constructions of
connectors. For integers ¢ > 2, n > t!, N = (n') our construction gives
(n, N, 2)-connectors of size Nnt(1+°(1) In particular, for all n and N > N(n)
this gives connectors of size 2N logn /(1 + o(1)) log log n.
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We show that in a special case the construction gives sparse fault-tolerant con-
nectors with respect to edge /node failures. We also present some existence results.

In Section 3 we study problems of Fault Diagnosis in Multiprocessor
Networks. In [44] Preparata et al. introduced a graph theoretical model for
system-level diagnosis (see a survey [30]), in which processors perform tests on
one another via links in the system. Fault-free processors correctly identify the
status of tested processors, while the faulty processors can give arbitrary test
results. The goal is to identify faulty processors based on the test results. A
system is said to be t-diagnosable if faulty units can be identified, provided the
number of faulty units present does not exceed t.

We described an efficient Diagnosis Algorithm (DA) for fault identification in
large interconnection networks. The algorithm has best known performance: it
is linear in time and can be used for sequential diagnosis strategy, as well as for
incomplete diagnosis in one step. The algorithm applied to arbitrary topology
based interconnection systems GG with N processors has sequential diagnosability
tpa(G) > [2N2] — 3, which is optimal in the worst case.

We show that the problems related to diagnosability of a system have deep
relationship to several challenging combinatorial optimization problems.

Section 4 is devoted to Unconventional Error-Correcting Codes in com-
munication systems. When using amplitude modulation for error-correcting block
codes, in several communication systems the magnitude of an error signal is small
while the range of error signals can be large. In this case it is impractical to use
known classical error-correcting codes. This is a motivation for the development
of codes correcting errors of a limited magnitude introduced by Ahlswede et al. [5].

We study g-ary codes correcting all unidirectional errors (UEC-codes) of a
given magnitude. Tight upper and lower bounds for the cardinality of those
codes are obtained and their asymptotic growth rate is determined. For arbi-
trary code length and alphabet size ¢, near optimal constructions for UEC-codes
capable of correcting all errors of a given magnitude are obtained. An infinite
class of optimal codes, for arbitrary code length, is constructed. Recently these
codes have been shown to be applicable for design of reliable Multilevel Flash
memories. Several physical effects that limit the reliability and performance of
Multilevel Flash memories induce errors that have low magnitude and are dom-
inantly unidirectional.

In Section 5 we study Parallel Error-Control Codes. In [II] Ahlswede
et al. introduced a new code concept for multiple-access channels (MAC) with
a special error control mechanism. A communication channel consists of several
sub-channels transmitting simultaneously and synchronously. The senders en-
code their messages into codewords of the same length over the same alphabet
and transmit them in parallel. When an error occurs in a line at time 7', then
with a relatively high probability, an error also occurs in its neighbor lines. A
parallel t-error-correcting code is a code capable of correcting all ¢ or less errors
of this type. Our main results here are constructions of optimal and near opti-
mal parallel codes with simple decoding schemes. Nontrivial bounds and efficient
constructions of such codes for two type of Z—channels have been obtained.
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2 Connectors in Communication Networks

An (n, N)- communication network is defined here as a directed acyclic graph
with n distinguished vertices called inputs and N other distinguished vertices
called outputs. All other vertices are called links. A route in a network is a directed
path from an input to an output. The size of a network is the number of edges,
and the depth is the length of the longest route in it. An (n, N,d)-connector,
also called a rearrangeable metwork, is a network of depth d (n < N), such
that for every injective mapping of the set of input vertices into a set of output
vertices there exist n vertex disjoint paths joining each input to its corresponding
output. Usually the size, in some approximate sense, corresponds to the cost and
the depth corresponds to the delay of a communication network. Therefore, for
the networks intended for a certain communication task it is preferable to have
small size and small depth.

Symmetric connectors, i.e. connectors with n = N, are well studied.
Shannon [47] showed that the size of an (n, n, co)—connector (unlimited depth) is
lower bounded by 2(nlogn). Later Benes [18] gave constructions of (n, n,logn)—
connectors of size O(nlogn). In applications it is important to have connectors of
a limited depth. Pippenger and Yao [42] obtained lower and upper bounds for the
size of an (n,n, d)-connector: 2(n'*t1/4) and O(n'*1/4(logn)'/?), respectively.
The best known explicit construction for odd depth 2i + 1 has size O(n!*1/(+1)
and is due to Pippenger [41]. Hwang and Richards [3I] and Feldman, Friedman,
and Pippenger [26] gave explicit constructions for depth 2 connectors of size
O(n®/3). The latter can be used for construction of connectors of depth 2i and
size O(n'+2/(3=1)) For asymmetric connectors Oruc [40] gave constructions for
depth 2(log, N + logj n) of size O(N + nlogy n).

Explicit constructions for (n, N, 2)—connectors of size (1 + o(1))N+/n for n <
VN (and N= square of a prime) are given in [31] (see also [43]).

Asymmetric connectors of depth two are of particular interest in the design of
sparse electronic switches. They are also useful as building blocks in multistage
connectors.

Baltz, Jiger, and Srivastav [16] gave construction of (1 + o(1))N/3n/4 size
connectors for all n < /N, and have shown, by a probabilistic argument, the
existence of (n, N, 2)-connectors of size O(N), if n < NY/27¢ ¢ > 0.

A challenging problem is to construct linear—sized (n, N, 2)—connectors (even
for some restricted values of n and N).

2.1 Existence Results

The existence of linear sized (n, N,2)-connectors for n < N'/27¢, with ¢ > 0
is shown in [16]. The probabilistic method gives also tight upper bound for the
size of an (n, N, 2)-connector.

Theorem 1. [Z] For alln > 2 and N > Ny(n) there exist (n, N, 2)—connectors
of size 2N (1 + o(1)) and this is asymptotically optimal.
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It is natural to ask for the size of (n, N,2)-connectors with N'/2 < n < N.
Construction of such connectors of size O(N®/*n) are given in [31], [16].

Theorem 2. [Z] For the size of an (N*, N, 2)—connector with 1/2 < a < 1 we
have lower and upper bounds: Q(N“t1/2) and O(N*+/?1og N) respectively.

The proof follows from the following simple observation. Let G; and G2 be
(n1, N,2) and (ng, N, 2)-connectors respectively and let G; x G2 be the (nq +
ng, N, 2)-network obtained by identifying the outputs of G1 and G5 by any one-
to-one mapping. It is easy to see that Gy * Go is an (n1 + na, N, 2)—connector
and the size of the resulting connector equals to the sum of sizes of G; and
G2. Suppose there exists an (N, N, 2)-connector G of size 2(N?) with 1/2 <
a < 1. We construct an (N, N, 2)—connector from G x ... x G, taking sufficiently
many copies of G and then deleting all but N input vertices of the resulting
network. The constructed connector has size 2(N'~*N?). This, together with
the lower bound 2(N?3/2) in [26] for an (N, N, 2)-connector, implies that G has
size 2(N1/2+). Similarly the existence of linear-sized (N?, N, 2)-connectors for
any 0 < § < 1/2 implies also the existence of (N®, N,2)— connectors of size
O(N't2=%) with 1/2 < a < 1. This can be used to obtain upper bounds for the
size of (N, N,2) in particular, connectors of size O(N®*1/2log N).

2.2 Construction of Asymmetric Connectors

We describe a simple combinatorial construction of sparse asymmetric con-
nectors. But first we need some preliminaries. For integers a < b we denote
[a,b] = {a,a+1,...,b} and [0, 00] := {0}UN. We denote S(k, q) := {(z1,...,2x) :
x; € [0,¢]} and for ¢ = co we use the notation S(k, c0). We define now a partial
ordering on elements of S(k, q) as follows. For z,y € S(k,q) we say that z <y
if either x; = y; or x; = 0 for all ¢ = 1,... k. Define also r(z) = the number
of nonzero coordinates of x € S(k,q) (note that r(x) is usually called the Ham-
ming weight of z). Thus S(k, q) is a partially ordered set ordered by < with the
rank function r(z) defined for each element x € S(k, q). In the literature S(k, q)
is usually called the product of stars (see e.g. [25]). By S,(k,q) we denote the
elements of rank r, that is S, (k,q) = {x € S(k,q) : r(z) = r}. Thus S(k,q) =
So(k, q)US1 (k, q)U- - - USk(k, q), where |Si(k,q)| = ()¢, i =0,1, ... k.

Given integers 1 <[ < r < k and ¢ (or ¢ = 00), the I-th shadow of x € S,.(k, q)
is defined by 9z = {y € S,—; : =z > y}. Correspondingly for X C S,(k,q),
0 X ={0x: z € X}.

Next we define a linear order on S(k,q). Define first z(¢) = {i € [k] :
x; = t}, x € S(k,q). Recall also the colexicographic order on the subsets of
[1,k]. For A,B C [1,k] we say A <. B iff max((A\ B) U (B\ A)) € B.
Now for z,y € S(k,q) we define the linear ordering <y, as follows: x <, y iff
x(t) <cor y(t), where t is the greatest number such that z(t) # y(¢).

For a subset X C S(k,q) let C(m, X) denote the set of the first m elements
of X with respect to the ordering <. In our construction we use the following
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Lemma 1. For integers 1 < 1 < r < k, q and a subset A C S,(k,o0) with
|A] < q" (if) we have

o> A0

(g (2.1)

In particular, for A C Sy (k,00) with |A| < |k/U]* we have |0;A| > |A|.
The lemma is a consequence of the following result due to Leeb.

Theorem L. [37] For integers 1 < r < k, m and a subset A C Sy (k,00) with
|A] = m holds
9,C(m, Sy (k,0)) C C(|0,A], Sr—1(k,0)). (2.2)

One of approaches for construction of connectors is the concatenation of a con-
nector with a concentrator. An (N, L, ¢)—concentrator is an (N, L)—network such
that for every set of j < c¢ inputs there exist j disjoint routes containing these
inputs. For concentrators of depth one (that is for bipartite graphs) this is equiv-
alent to the property that every j < c¢ input vertices have at least j neighbors,
that is Hall’s matching condition is satisfied for every set of j < ¢ input vertices.

Depth-one concentrators, also called crossbar concentrators, are useful devices
in designing of communication networks.

We are prepared now to describe our construction. Let the vertex set V =
ZULUOQO of a graph G = (V, E) be partitioned into input vertices Z with |Z| = n,
link vertices £ with |£] = L and output vertices O with |O] = N. Counsider a
network satisfying the following two conditions.

C1: Z and £ form a depth one connector (which clearly is a complete bipartite
graph).

C2: O and L form an (N, L, n)-concentrator.

It is easy to see that G is an (n, N, 2)—connector.

Given t > 2 and n > t!, let k be the minimum integer such that n < k.
Suppose k = tl + r where 0 < r < t. Thus th=1 < n < k. Let also, for ease of
calculations, N = ¢* (in general, N = £2(¢")) for some integer q > (];)l/l. We
construct the following network satisfying conditions C1, C2:

O :=C(N, Sk(k,q)), L := O,C(N, Sk(k,q)), L :=|L|, and n := |I| = O(t*). The
edge set F is defined in a natural way: for x € O and y € £ we have an edge
(z,y) € E iff y € 9)(z).

In view of Lemma 1, for any subset X C O with |X| < n we have |I'(X)| >

|X]. Hence O and £ form an (N, L, n)-concentrator. The size of the connector

|E| = Ln + N(?) =g (?) o(th) + ¢* (?)

We choose any ¢ > t'. Easy calculations show that we have a (O(t%),t**)-
connector with

|E| <2N (’;) — 9Nt (o))
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In particular, for [ = 1, n < k* < g we get |E| < 2N logn/(1 + o(1))loglogn.
Thus we have
Theorem 3. [Z] For all integers t > 2, n > t', and N = 2(n') the construc-

tion above gives (n, N, 2)-connectors of size Nni(+e) particular, for alln
and N > N(n) we get connectors of size 2N logn/(1+ o(1)) log logn.

An important task in designing of communication networks is reliability. There-
fore it is natural to consider connectors which are robust under edge (node)
failures. An (n, N, 2)—connector is called t—edge fault—tolerant if in spite of dele-
tion of any ¢ or less edges (edge failures) the resulting graph is an (n, N, 2)-
connector. Correspondingly, it is called t— fault—tolerant if this property holds
after deletion of any ¢ or less link vertices (node failures), which also implies
t—edge fault—tolerance.

Note that for any t—edge fault—tolerant connector, ¢ is less than its minimum
degree of input/output vertices.

Construction of fault-tolerant (n, N, 2)-connectors of size (1 + o(1))N logy n
is similar to the construction described above. Here we use the Boolean lattice
of finite subsets of [1, N], N C N, and output vertices are associated with the
k—sets of [1, N].

Theorem 4. [1] For all N and n = O(Nl/\/log2 M) we have explicit construc-
tion of (n, N, 2)-connectors of size (1 + o(1))N logyn which are (k — 1)- fault—
tolerant, where k = O(log, n) is the degree of output vertices.

2.3 Open Problems

A challenging open problem is an explicit construction of linear-sized depth two
(or at least limited depth) asymmetric connectors.

In our construction we used posets of star products. Can we improve the con-
struction using other posets? In fact, our approach above reduces to construction
of sparse concentrators of depth one. In general, we have the following combi-
natorial optimization problem which has been extensively studied in various
settings (see [30],[54], [41]). Given N, !, ¢ determine

E(N,l,c):= the minimum possible size of a depth-one (N, 1, c) —concentrator.

This, however seems to be a difficult problem.

Note that in terms of the adjacency matrix A of a bipartite graph G = (V, E)
E(N,I, c) is the minimum number of 1’s of an I x N (0,1)-matrix A such that the
boolean sum of every j columns, j = 1,...,c, has at least j ones. Equivalently,
no set of j columns, j = 1, ..., ¢, contains an (I — j + 1) x j all zero submatrix.

A weakened version of the problem is as follows: Minimize the number of 1’s
of an [ x N (0,1)-matrix A such that it does not contain an (I —n+ 1) x n all
zero submatrix.

This problem (exchanging 0 < 1) is equivalent to an old problem (see [20])
called Zarankiewicz’s problem (1951): Given integers k,m,a,b; 0 <a <k, 0 <
b < m, determine

Zap(k,m) := maximum number of 1’s in an k x m (0,1)- matrix which does
not contain an a x b all one submatrix.



Interactive Communication, Diagnosis and Error Control in Networks 203

The problem is widely open, even for the case a = b = 2. Kévari, Sos, and
Turén [36] obtained the following upper bound:  Z, 5(k,m) < (a — 1)"/°(m —
b+ DEY 4+ (b — 1)k

3 Fault Diagnosis in Large Multiprocessor Networks

With the continuing development of semiconductor technologies, large multi-
processor systems such as VLSI have been of growing concern. A multiprocessor
system may contain a huge number of processors proceeding simultaneously at
very high speed. The uninterrupted processing is an important task in designing
of reliable multiprocessors systems. An integral part of reliability is the identifi-
cation of faulty processors.

The concept of system—level diagnosis was introduced by Preparata, Metze,
and Chien [44] to perform automatic fault diagnosis in multiprocessor systems.
In their graph theoretical model, called PMC model, a system .S is composed
of independent units uq, ..., u, connected by communication links. The system
is represented as an undirected graph G = (V, E), where the vertices are units
and edges are interconnection links. In the PMC model diagnosis is based on a
suitable set of tests between units. A unit u; can test u; iff the vertices corre-
sponding to u; and w; in the graph G = (V, E) of the system S are adjacent.
The outcome of a test in which u; tests u; is denoted by a;;, where a;; = 1 if u;
finds u; to be faulty and a;; = 0 if u; finds u; to be fault-free.

The basic conditions of the PMC model are the following:

— The fault-free units give correct test outcomes.
— The answers of faulty units are unreliable.
— The number of faulty units ¢ is bounded.

The set of tests for the purpose of diagnosis is represented by a set of directed
edges where the presence of oriented edge (u;, u;) means that u; tests u;. Given
a faulty set of units F' C V the set of all test outcomes {a;;} is called syndrome.
The task is to identify the faulty units based on a syndrome produced by the
system. In [44] two different kinds of strategies were introduced for implementing
the diagnosis approach.

One-step diagnosis (or diagnosis without repair): a system is called ¢-fault di-
agnosable (or shortly ¢t-diagnosable) in one step, if all faulty units can be uniquely
identified from any syndrome, provided the number of faulty units does not
exceed t.

Sequential diagnosis (or diagnosis with repair): a system is called sequentially
t-diagnosable if it can identify at least one faulty unit from any syndrome, pro-
vided the number of faulty units does not exceed ¢. Under a sequential diagnosis
strategy a system can locate a faulty unit, repair it and then repeat the process
until all faulty units are repaired.

The degree of diagnosability, or simply diagnosability, of a system graph G is
defined (for both kinds of strategies) as the maximum ¢ such that the system is
t-diagnosable.
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The PMC model has been widely studied (see [I7] for a good survey). It
is known that the maximum degree of diagnosability of a one-step diagnosis
algorithm for any system is bounded from above by the minimum vertex degree of
the interconnection graph. However, the real commercial multiprocessor systems
are based on topologies of graphs with small average vertex degree (like grids,
hypercubes, cube-connected cycles, trees etc).

Sequential diagnosis is a much more powerful strategy than one-step t-fault
diagnosis. On the other hand the sequential diagnosis has the disadvantage of
repeated execution of diagnosis and repair phases and may be time consuming
for large systems.

That was the motivation for developing diagnosis algorithms (see [21]) which
are able to diagnose in one step the status of a large fraction of the system
units (i.e. if a "large” subset F’ of the actual fault set F' can be identified from
any syndrome, provided |F| < t). This approach is referred to as incomplete
diagnosis in one step.

In fact there are two main problems (for both strategies). Theoretical: deter-
mination of diagnosability of a given system and Algorithmic: development of
algorithms for fault identification.

Note that the problem of determining the sequential diagnosability of a system
is shown to be co-NP complete [49].

The diagnostic graph DG of a system graph G = (V, E), corresponding to a
given syndrome, consists of bidirectional arcs, between every two neighbors of
the original graph G, labelled by 0 or 1. Let {u,v} € E(G), then the presence
of oriented edges (u,v) and (v,u) with a,, = 1 and a,, = 0 implies that v is
faulty. Thus, in the worst case analysis, we assume that the outcomes of any two
neighbors coincide. Therefore, a diagnostic graph is represented as anssh xdel6
-X undirected graph where each edge is labelled by a 0 or a 1.

Given a syndrome, a subset F' of the vertex set V is called a consistent fault
set if the assumption that the vertices in F' are faulty and those in V' \ F are
fault—free is consistent with the syndrome. The following simple facts are use-
ful for obtaining upper and lower bounds for the diagnosability of a system
graph.

Proposition 1. Given a syndmme let Fy,...,Fy be a collection of consistent
fault sets with | Fy| < t for i=1,...,k. Then G is not sequentially t-diagnosable

zfﬂF-@andUF V.

i= =

Given a diagnostic graph DG, define the subgraph G consisting of edges labelled
only by 0 (0-edges). The connected components of the graph Gy are called 0-
components of DG.

Proposition 2. (i) All vertices of a 0-component in a diagnostic graph DG
have the same status: “faulty” or “fault-free”.

(ii) Suppose the size of a largest 0-component K C in Go is greater than the
fault bound t. Then all vertices of K can be identified as fault-free.
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3.1 Two Extremal Problems on Graphs

Motivated by a problem (Dijkstra’s critical section problem) arising in parallel
computation for unreliable networks, Ahlswede and Koschnick [I5] considered
the following extremal problems for graphs.

Problem 1. Given a connected graph G = (V, E), let \(G,c¢) denote the maxi-
mal number such that removal of any MG, c) or less vertices results in a graph
with a connected component of size at least c. Determine or estimate A\(G,c).

Problem 2. Removing edges instead of vertices, define analogously the function
(G, c) and determine or estimate (G, c).

Define also the function A*(G,c) (resp. p*(G,¢)) = minimal number with the
property that there exist \*(G, ¢) vertices (resp. pu*(G, ¢) edges) whose removal
results in a graph with a maximal connected component of size < ¢. Observe
that A*(G, ¢)=A(G,c+ 1)+ 1 and p*(G,c)= u(G,c+1) + 1.

In fact, these functions are measures of connectivity in a graph, which gener-
alize the known notion of edge/vertex connectivity in graphs.

It is not hard to show that both problems are NP-hard.

We note that both functions A(G, ¢) and u(G, ¢) are useful for diagnosis prob-
lems in multiprocessor systems. In fact the following derived quantity is essen-
tial. For a graph G define m(G) = max{z : M(G,z + 1) > z}. Proposition 2
implies now

Proposition 3. For every interconnection graph G, the diagnosability t(G) >
m(G).

Note, however, that in general m(G) can be much smaller than the degree of
sequential diagnosability. Consider, for example, a star graph G on N = 2k + 1
vertices. It is not hard to observe that the sequential diagnosability of this graph
t(G) = k while m(G) = 0.

Khanna and Fuchs [33], and also Caruso et al. [21], studied the function m(G)
and gave algorithms for fault identification for some regular structures. In [33] a
sequential diagnosis algorithm (referred to as PARTITION) applied to arbitrary
interconnection graph on N vertices has diagnosability £2(N3). Yamada et al.
[55] described a sequential diagnosis algorithm (referred to as HYBRID) for
an interconnection graph G on N vertices with diagnosability tgy prip(G) >
[VN—-17-1.

Next we describe an efficient diagnosis algorithm DA [4] which can be used for
sequential diagnosis as well as for incomplete diagnosis in one step. In particular,
the algorithm applied to arbitrary topology based interconnection systems has
the best performance.

3.2 Diagnosis Algorithm DA

Given a connected graph G = (V, E) and a syndrome, that is, a diagnostic graph
DG = (V, E'), where each edge of E is labelled by a 0 or 1.
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Step 1. Partition the vertices of DG into 0-components Ki,...,Ky; K :=
{Ki,..., K¢}
Step 2. Construct the contracted graph G. = (V¢, E.) as follows.

Each component K; contracts to vertex a; € V. and {ai7aj} € E. iff there
is an edge {u,v} (labelled with 1) in E with v € K; and v € Kj. To each vertex
a; of V. assign the weight wt(a;) = |K;|. Thus G. is an undirected graph
with weights on vertices. Clearly > wt(a) = |V|. The weight of a subgraph

acV,
G' C G, is defined by wit(G') = > wt(b), where V' is the vertex set of G'.
beVv’
Step 3. Find a spanning tree TG, of G..

Step 4. Partition the vertex set of TG, into subsets T1,...,T), each containing
at least two vertices, such that the induced subgraph of each subset T; forms a
star S;, i = 1,...,p. Denote by z; the center of S;, i =1,...,p and put

w; == min{wt(z;), wt(S; \ {z:})}, a; = max{wt(z;), wt(S;\{z:}) },i=1,...,p,

Wi=wy+ - F Wy, @i=a1+ -+ Q.

Step 5. Determine A = maxy<;<p{@; +W—w;}. Suppose A = a, +W—w,; r €
[1, p]. Suppose also the number of actual faults ¢ < A — 1.
Step 6. If wi(z,) = w,, then the vertex z, is labelled as “faulty”. The component
K, C K corresponding to z, is diagnosed as faulty set.

If wt(z,) = au, then z, is labelled as “non-faulty” and the remaining vertices
of S, are labelled as ”faulty”. The components corresponding to vertices S, \ {2}
are diagnosed as faulty sets.

The described algorithm allows to identify the status of at least one vertex if
the number of faulty units ¢ < min A(¢, G), where the minimum is taken over
all syndromes produced by all consistent faulty sets F' C V with |F| < t.

The status of the remaining vertices is identified iteratively applying the “di-
agnosis and repair” procedure.

Theorem 5. [{] Given interconnection graph G = (V, E),

(i) the overall running time of the diagnosis algorithm DA is O(|E|),

(ii) it requires at most d(G) (diameter of G) iterations, to identify all faults,
(iii) and given a lower bound m*(G) for m(QG), the diagnosability of the
algorithm

tpa(G) > max{m*(G),2|V|> — 3}.

Corollary 1. For an arbitrary interconnection graph G on N vertices the diag-
1
nosability of the algorithm tpa(G) > [2Nz] — 3.

In fact, the algorithm is optimal for "bad graphs”: there exist infinitely many
1
interconnection graphs G = (V, E) with sequential diagnosability [2|V]z2] — 3.
In particular there are such k—trees.
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Example. Let £k = N > be an integer and let DG be a diagnostic graph on N
vertices shown in Figure 1.

UI u
A * '
/ \ .-"f \"\
/ /N
! A / \
I/I/ -‘\ |// -\l \I '/f/’ ) /—\ \\
) N

Fig. 1.

DG: each set of vertices C; with |C;| = k—1, (i = 1,...,k) represents a union of
some 0—components (denoted by circles), where the edges incident with vertices
u1,...,ur are labelled by 1’s. We denote U = {uy,...,ut}. and define then the
faulty sets I, ..., Fy, as F; = (U\{u;})UC;, i =1,..., k. Note that | F;| = 2k—2.
All these sets are consistent fault sets (their intersection is empty and the union
is the vertex set of G). Therefore, G is not sequentially (2N 2 — 2)—diagnosable.

3.3 Bounds for A(Hy, c¢) in Hamming Graphs H,

Lower bound. Let H,, = {0,1}" denote the binary Hamming space and let
d(x,y) denote the Hamming distance between any two vectors =,y € H,,, defined
as the number of coordinates in which they differ. We associate H,, with the
Hamming graph G(H,,) where two vertices z,y € H,, are adjacent iff d(z,y) = 1.
Let us denote Ny, j4+1 = (2) 44 (kil)7

Theorem 6. (i) For n > 2k we have
. n
A" (n, N jot1) = (k)
(i)

n

@ Jif n>2k
A(naNn,kJrl)_{EZ%_’_]_’if n=2%k, k>3.

The proof is based on Harpers vertex isoperimetric theorem [29].

Upper bound. We describe a regular separation of the vertices of the Hamming
graph G(H,). For convenience of the description, we identify H,, with the set
of vectors H} := {-1,1}" C R™ using 1 — —1 and 0 — 1 exchange of the
coordinates. Thus we can speak about an identical graph G(H). Note that
the Hamming distance between any z,y € H}, can be evaluated by their inner
product (z,y), that is, d(z,y) = 3(n — (z,y)).
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The idea is to separate the elements of H; into equal sized parts by mutually
orthogonal hyperplanes of R™. It is known that for any n = 2* there exist
Hadamard matrices of order n. Recall that a (+1,—1)-matrix H of size n X n
is called a Hadamard matrix of order n, if HHT = nl,. Hadamard matrices
H, of order n = 2¥ can be constructed as k-th Kronecker power of matrix
Hy = [1 1

1-1
can be viewed as the simplex code of length 2¥ —1 (well known in Coding Theory
[39]) with a generator matrix of size k x 2% — 1 consisting of all nonzero column
vectors.

Given a set of n vectors vy, ..., v, € HE, let (v1),..., (v,) be the hyperplanes
defined by (v;) = {x € R™: (v;,z) =0}, i =1,...,n.

Given an integer 1 < r < n let us define the set of sign sequences X := {4, —}".
Let x € H} and let (01,...,0,) € X. We say that Sign(z) = (o1,...,0,) if
Sign(z,v;) = o;,1 = 1,...,r, (where for a real number a, like (z,v;), Sign a is
defined in the natural way). Let X1, ..., Yo be the elements of X in some fixed
order. Define the sets B; = {z € H} : Sign(z) = X;}; i = 1,...,2". Clearly
these sets are disjoint. Denote the set of remaining elements of H}, by S,, that
is, S = {z € (v;) " H:: 1 < i < r}. The hyperplanes (v1),..., (v,) separate
the points of R™ into classes which have different signs. Therefore we have the
following.

} . Note that the corresponding (0,1)-matrix without all-zero column

Lemma 2. S, is a verter separating set for By, ..., Bor, that is, any path be-
tween the vertices of two distinct classes B; and B; contains a vertex of S,.

Theorem 7. Given integers n = 2k and1<r< k, we have
A(n, 2777 — 1S, |/27) < |Sy]. (3.1)
Corollary 2. For positive integers n and r < |logn].
A(n,2"77) = O(r2"™ /\/n). (3.2)
Conjecture. Forn =2F and 1 <r <k
A, 277 — [8,1/27) = |5, (3.3)

Note that (in view of Theorem 6) the conjecture holds for r = 1.

3.4 Diagnosability of the n-Cube

Theorem 6 has several consequences. Suppose the number of faulty sets (,",) <
t < (7). (k < n/2), then there exists a set of vertices A C H,, with [A| > Ny, k41
that can be identified as ”fault-free” and the vertices I'A can be identified as
" faulty”. Thus the status of at least |o(A)|=|A U ' A| elements can be identified
in one step.
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Corollary 3. (i) Let t be the number of faulty vertices and let (," ) <t < (}),
k <n/2. Then the status of at least N, i vertices can be identified in one step.
In particular, for k =n/2, the status of at least Ny, /2 = on—1 4 (gill) vertices
can be identified.

(i) Given integer n > 3 we have m(Hy) > (LZ’J) and hence the degree of
sequential diagnosability of the n-cube t(H,) > (LZ’J)

An important parameter in sequential diagnosis is the number of test and repair
iterations needed to locate all the faulty units within the system (see [21], [40]).
Thus, reducing the number of iterations is an important task in implementation
of a diagnosis scheme. It was shown in [46] that this number for n-cubes is upper
bounded by @(n). As a direct consequence of Theorem 6 we get

Corollary 4. Let (,",) <t < (}), k < n/2, then the number of iterations

needed for sequential diagnosis is at most k.

Theorem 7, in turn, can be used to obtain an upper bound for the sequential
diagnosability of the n-cube. The following upper bound by Yamada et al. [55]
can be easily derived from (2.13).

Theorem 8. [55] t(H,) = O(2"logn/+/n).

3.5 Diagnosis under Pessimistic Strategy: t|s-Diagnosis

In both, one-step and sequential diagnosis strategies, it is assumed that only
those processors that where truly faulty were replaced. Therefore, the strategy
may be called precise diagnosis strategy.

Friedman [27] proposed a strategy under which up to s or less processors con-
taining all (¢ or less faulty processors) and possibly some processors of unknown
status were identified and replaced. This strategy is called pessimistic diagnosis
strategy or shortly t|s—diagnosis. A system is called t|s—diagnosable if for a given
syndrome all faulty units can be isolated within a set of at most s units, provided
the number of faulty units does not exceed t.

The motivation for the study of such strategy is to increase the “diagnos-
ability” of a given multiprocessor networks. Suppose all ¢ — 1 neighbors of a
processor are faulty. Then under precise diagnosis strategy the status of this
isolated processor cannot be determined. Under the pessimistic strategy such an
isolated processor is treated as potentially faulty and replaced. Therefore the
diagnosability under pessimistic strategy can be much higher.

Definition 1. Given integerr > 0 the degree of t|t+r—diagnosability of a system
is defined as the maximum t for which the system is t|t + r diagnosiable.

Kavianpour and Kim [32] showed that t|t— diagnosability of the n-cube is 2n — 2
for n > 4 (Note that the diagnosability of the n—cube under one-step strategy
is n.). The next theorem gives exact answer for all 0 < r < 2n — 4.
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Theorem 9. The degree of t|t + r diagnosability of the n—cube is
(Z)— (”7;72)%—1 for 0<r<n-—2; n>4, and is
(g) + (";2) — (2”7;74) +1 for n—1<r<2n-—4;n>6.

3.6 Open Problems

Close the gap between upper and lower bounds (or give better estimates) for the
sequential diagnosability of n—cube systems.
A closely related problem is to give good estimates for m(H,,) and A(H,, ¢).
Consider these problems (and the ¢|s—diagnosis problem) for other popular
topology based systems.

4 TUnconventional Error—Correcting Codes

In the binary symmetric channel it is assumed that for both symbols of the alpha-
bet the probability of an error is the same. However in many digital systems such
as fiber optical communications and optical disks the ratio between probability
of errors of type 1 — 0 and 0 — 1 can be large. Practically one can assume that
only one type of errors, called asymmetric, can occur in those systems. This bi-
nary channel is referred to as Z—channel. Similarly, asymmetric errors are defined
for a g-ary alphabet Q = {0, ...,g—1}. For every input symbol i the receiver gets

a symbol only from {4,...,¢ — 1}. Thus for any transmitted vector (z1,...,zy)
the received vector is of the form (x; + e1,...,2, + €,) where ¢; € @ and
xit+e; <q—1,i=1,...,n. For more information on asymmetric/unidirectional

error correcting codes and their applications see [19], [35], [52].

When using amplitude modulation (in multilevel transmission) for error cor-
recting block codes, in several communication systems the magnitude of an error
signal (i.e. the correlation between an input and the output signal) is small while
the range of error signals (i.e. the number of errors occurred in a block) can be
large (even close to the block length). In this case it is impractical to use known
classical error correcting codes. This is a motivation for the development of codes
correcting /detecting asymmetric errors of a limited magnitude. These codes were
first introduced and studied in Ahlswede et al. [5],[8].

Recently these codes have been shown to be applicable for design of reli-
able Multilevel Flash memories [22]. Several physical effects that limit the re-
liability and performance of Multilevel Flash memories induce errors that have
low magnitude and are dominantly asymmetric. Flash Memory is a NonVolatile
Memory (NVM) technology that is both electrically programmable and elec-
trically erasable. This property, together with high storage densities and high
speed programming, has made Flash Memory the dominant NVM technology
and a prominent enabler for many portable applications and technologies. It is a
technology that is primarily used in memory cards and USB flash drives, which
are used for general storage and transfer of data between computers and other
digital products.
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We consider a special type of asymmetric errors in a g-ary channel, where the
magnitude of each component of e satisfies 0 < e; < /¢ for i =1,...,n. We refer
to £ as level. Correspondingly we say that a unidirectional error of level ¢ has
occurred, if the output is either x + e or x — e (in the latter case, it is of course
required that x; > e; for all 7).

If the error vector e has Hamming weight ¢, then we say that t errors of level
¢ have occurred. Thus the general coding problem can be formulated as follows.

Problem. Given n, ¢, t, q construct g-ary codes of length n, capable of correcting
t errors of level ¢, and having maximum possible cardinality.

4.1 ¢-AEC and ¢-AUC Codes

We study g-ary codes correcting all asymmetric errors of given level £ (that
is t = n), abbreviated as (-AEC codes, and codes correcting all unidirectional
errors of level ¢, abbreviated as -UEC codes. We introduce first two distances
in order to characterize the error correcting capabilities of (-AEC/¢-UEC codes.

Definition 2. For x = (z1,x2,...,2,) € Q"™ andy = (y1,Y2,---,Yn) € Q",

Amax(X,y) = max{|z; —yi| : i =1,2,...,n}

du(x,y) = dmax(X,y) if x>y ory >x,
A 2dmax(X,y) if x and 'y are incomparable,

where x >y means that x; > y; for all i.

Proposition 4. A code C C Q™ is an L-AEC code iff dpmar(x,y) > £+ 1 for all
distinct x,y in C.

Proposition 5. A code C C Q" is an (-UEC code if and only if d,,(x,y) > 20+1
for all distinct x, y in C.

For given ¢, let Aq(n, ), and A,(n,¢), denote the maximum number of words
in a g-ary £-AEC code, or ¢-UEC code respectively, of length n.

Theorem 10. For all integers n and each £ € Q, the code

C= {(xl,xg,...,xn) €EQR":2;, =0 mod (£+1) fori:l,?,...,n}
is an £-AEC code with |C| = h_‘il—‘n

Note that a received vector can be decoded by component-wise rounding down-
wards to the nearest multiple of /41.
As any ¢-UEC code is an {-AEC code, Theorem [0 implies that

Au(n, 0)g < Aa(n,0)g = hi IT’ (4.1)
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We give two constructions for g-ary ¢-UEC codes valid for all pairs (g, £). We
denote by Q41 all integers in @ = [0, ¢ — 1] that are multiples of £+ 1, that is

Q1 ={me{0,1,...,q—1} :m=0(mod £+1)} ={a(l+1):0<a<b—1},
(4.2)

where b = |Quy1| = hf_l

It is clear that dyeq(x,y) > €+ 1 for any two distinct words x,y in QF, ;.

Construction 1. “Taking a subset of Q7 ,”
For each j let

n
L4

C(j) ={(z1,22,...,2n) € Q41 : =
P {+1

J}-
Any two distinct words from C(j) clearly are incomparable and so C(j) is an
(-UEC code. It is clear that

ICH) = {(y1,y2,...,yn) €{0,1,...,6—1}": Zyi =}
i=1

This construction leads to the following

Theorem 11. For each integer q and £ € Q, there is a constant ¢ > 0 such that
for each n,

1 q
> n
Au(n, ) 2 C\/n[H 1]

Construction 2. “Adding tails to words from Q7 ,”

Proposition 6. Let X C Q™ be an {-AEC code. For x € X, let S(x) denote
the sum of its entries, and let s1, s2 be such that for eachx € X, s1 < S(z) < sa.
Let ¢ : [s1,82] — Q™ be such that for all a,b € [s1,s2] with a > b, there is an
i€{1,2,...,m} such that ($(a)); < (¢(b))i. Then C = {(x,¢(S(x)) :x € X} C
Q™™ 4s an £-UEC code.

Theorem 12. For each q and ¢, there exists a positive constant K such that for
each n,
L

Ay(n,0)q > Kbmn™ 2 18 b where b = [z +1

In [5T] Varshamov and Tennengolts gave the first construction of nonlinear codes
correcting asymmetric errors. Given n € N and an integer a, the Varshamov-
Tennengolts code (VT code ) C(n,a) is defined by

C(n,a) = {a" € {0,1}": Zixi =a mod (n+1)}. (4.3)

i=1
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Code C(n,a) is capable of correcting all single asymmetric errors. Moreover it
was shown that |C'(n,0)| > |C(n,a)| and

27’L

>
Cn0l = 7.

(4.4)
thus exceeding the Hamming upper bound for the size of a binary single sym-
metric error correcting code.

We study VT-type ¢-UEC codes. Note, however, that unlike the VT-codes, the
codes we introduce here are defined by means of some linear equation (rather
than a congruence) over the real field. Namely given @ = [0,¢ — 1] C R and
aQy -y Gp—1,0 € Z let

n—1

X ={(xo,...,2n-1) €Q™: Z a;z; = a}. (4.5)

=0

Note that X defines an (-UEC code iff for each distinct x,y € X holds x —y ¢
[—¢,¢]" and x —y ¢ [0,2¢]". Thus, a sufficient condition for the set of vectors
X C Q™ to be an (-UEC code is that the hyperplane H defined by

n—1
H= {(axo,...,xn_l) e R"™: Zaixi :O}

=0

does not contain vectors from [—¢, ¢]™ U [0, 2¢]™, except for the zero vector.
An (-UEC code of VT type may have the advantage of a simple Encoding
and Decoding procedure. In particular, let C be a code given by (3.5) where for

i=0,1,...,n—1,a; = ({+1)". Suppose for the received vectory = (yo,...,Yn—1)
we have

n—1

Z(( + 1)y =d

i=0
with @’ > a. Then the transmitted vector (zo,...,Zn—1) = (Yo — €05+ -+ Yn—1 —
én—1), where the error vector (eg,...,e,—1) is just the (£ 4 1)-ary representa-
tion of the number a’ — a. Similarly, if a’ < a, then (xg,...,Zn-1) = (Yo —
€0y .-y Yn—1 — €n—1), where (eg,e1,...,e,_1) is the (¢ + 1)-ary representation of

a—a.

For given ¢, q and n, we define LA, (n,{), = the maximum size of an {-UEC
code, over the alphabet [0, ¢ — 1], defined by a linear equation (L3]). Correspond-
ingly we use LA, (n,¢), for -AEC codes.

Theorem 13. (i) For alln,q and £, LAg(n,€)q = LA, (n,£),.
(i) For all integers q,n and £ satisfying ¢ > ¢+ 1 we have

14 g \" 4 1
< < :
q—1 <£+1) < LAu(nfe =T, ]
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4.2 Construction of Optimal Codes

We call a VT-type ¢-UEC code VT-type optimal (or shortly optimal) if it attains
the upper bound in Theorem 13. Given integers £ € [1,q — 1], n, r we define

n—1
Co(r) = {(azo, 1) €QM Y (U4 1)'m; =S, + r} : (4.6)
=0
n—1 n
where S, 1= Z(£+1)i: (€+12 _1, and o := nglj. (4.7)
=0

It can be seen that C,(r) is an £-UEC code for all n and r.
We use the notation (z), to denote the integer in [0,y — 1] that is equivalent
to x modulo y.

Theorem 14. Let uy,us,... and v1,ve,... be sequences of integers such that:
(@) 0<uyy+a<uvi+a<qg-—1,
and for each n > 2
(i) T oLy n + 0= (g = )] > i,
(4i7) inl(vn +a)| <vp_1, and
(iv) £+ 1 divides q, or for each T € [un,vy], (@ +T)er1 < {(@et+1-
Then for each n > 1 and r € [un,v,] we have |Cn(r)] = [, 21"

Theorem 15. Let ¢ and q be such that £ + 1 divides q. Let uy = —a, v1 = «,
and forn > 2, u, = ( + Dup—1 + @ and v, = (€ + 1)v,—1 — a. In other words,
forn > 1Lv, = —u, = (0 —1)(¢ +1)""* +1). Then for each n > 1 and
T € [Un, Uy], we have

n—1
q
el = Lm0, = (1)
Theorem 16. Let ¢ = (b—1)(¢+ 1) +d, where the integers b,d and ¢ are such
that 1 <b—1<d <. Then for each n we can construct an £-UEC code Cy,(r)
with

n—1
n— q
I O I

4.3 Open Problems

Give constructions for asymmetric/unidirectional codes, capable of correcting
/detecting t errors of a given magnitude, with efficient coding and decoding
schemes.

For practical application of those codes [22] (e.g. in multi-level flash memo-
ries), it is important to have efficient constructions of systematic codes (that is
codes having systematic encoders), that are advantageous in high-speed memory
architecture.

Give constructions of AEC/UEC-codes of a limited magnitude, correcting
bursts of errors.
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5 Parallel Error—Control Codes

In [I1] Ahlswede, Balkenhol, and Cai introduced a new code concept for multiple-
access channels (MAC) with a special error control mechanism. A communica-
tion channel consists of several sub—channels transmitting simultaneously and
synchronously. The senders encode their messages into codewords of the same
length over the same alphabet and transmit them in parallel. When an error
occurs in a line at time T with a relatively high probability, an error also oc-
curs in its neighbor lines. A parallel t-error correcting code is a code capable
of correcting all ¢ or less errors of this type. A parallel code is called indepen-
dent, if the encoders proceed independently, that is, the code in this case is the
Cartesian product of the codes used by the senders. As an example consider a
parallel port of a computer device, where the message from the computer to the
device is transmitted in parallel over a set of lines. A magnetic influence from
outside produces errors during the transmission. However, the time instances
when errors occur in the different lines are related. Thus we have a model for a
coding problem for a MAC.

The model of parallel error correcting codes described above can be useful for
the design of network error correcting codes in real networks. For instance, if we
model a large link as several parallel links, an error of a link may cause the error
for all associated links.

For blocklength n, messages are encoded by g¢-ary r x n matrices. In the
channel considered in [I1] the errors are of the additive type. To each row-vector
in a code matrix M the same error vector e is added, that is, the r x n matrix
FE, called error matrix, with identical row vectors e is added.

In [9] we introduce a new model of a one-way channel, which is again based on
parallel subchannels and again has the same error vectors, however, the errors
are produced by the binary Z-channels (Boolean sums) now. We therefore call
it Parallel Error Z-channel (PEZ-channel).

Recall that the binary Z-channel, has the property that only 0 — 1 (or 1 — 0)
type of errors can occur during the transmission. This type of errors are called
asymmetric. Here we consider errors of type 0 — 1.

In case errors are not correlated, but are produced letterwise again by Z-
channels, we speak about the Parallel Z-channel (PZ-channel). We study it
under the constraint: all letterwise errors occur in at most ¢ columns.

A code C, called (r x n)-code, is a set of r x n (0, 1)-matrices. We say that ¢
parallel asymmetric errors have occurred in a sent matrix M, called code matrix,if
in some t columns of M all zero entries turn into ones. The received word M’
can be written as M’ = M @ E, where the error matriz E is an r X n matrix
with each column consisting of all ones or all zeros and @ means the Boolean
sum of (0, 1)-matrices. The weight w(F) is the number of nonzero columns in E.

We say that an (r x n)-code C is capable of correcting ¢ (parallel asym-
metric) errors if any transmitted code matrix can be uniquely reconstructed at
the receiving end in the presence of ¢ or less errors. In other words, for every
two codematrices M7, Mo and error matrices E7, Fo of weight not greater than
t we have
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My ® E1 # My @ Es. (5.1)
We also say that C is capable of detecting t errors if
M, & E # M (5.2)

holds for all E with w(E) < ¢. Such a code is called t—parallel asymmetric error
correcting/detecting code (shortly (r x n,t) PEZ-code).

Similarly we define error correcting/detecting codes for the PZ-channel. The
0 — 1 errors can occur now in at most ¢ columns. That is, an error F now is an
r X n matrix of weight w(E) < ¢ (the weight of E is defined as above). Codes
capable of correcting/detecting such type of errors are called here (r x n,t) PZ-
codes. More precisely, a t error correcting (resp. detecting) (r x n) PZ-code is
a code that satisfies the condition (5.1) (resp. condition (5.2)).

5.1 Error Correcting/Detecting Codes for PEZ-Channel

For an r x n (0, 1)-matrix M the columns of M can be viewed as elements of the
alphabet @ = {0,1,...,q—1} (¢ = 2") using an arbitrary one-to-one mapping ¢ :
{0,1}" — @. Thus any matrix M can be represented as an n-tuple (ay,...,a,) €
Q™. A natural way is to consider each column as the binary expansion of the
corresponding number from . Our PEZ-channel can be illustrated now as a
g-ary channel (with ¢ = 2") called here g-ary Z-channel (shortly Z,-channel)
shown in Figure 2. In case ¢ = 2 this is simply the Z-channel.

g-1 g-1
1 1
0 0

Fig. 2. g-ary Z-channel

Thus, the PEZ-channel is a special case of the Z;-channel when ¢ = 2".
Therefore, in general it makes sense to study this channel for arbitrary g. The
notion of ¢-error correcting/detecting codes is extended to any Z,-channel in a
natural way. Such codes are called here Z,-code capable of correcting/detecting
t errors.

Optimal error-detecting codes. Recall the notion of S(n,q — 1) introduced
in Section 2 and let W; := [S;(n,q — 1)| = (7)(¢ —1)"~%,i=0,1,...,n.

Theorem 17. Given integers n,a > 1, and 1 <t < n we have
(i) For arbitrary a € [0,t] the code C, defined by

Co={z€Si(n,g—1):i=a mod (t+1)} (5.3)

is a Zy-code capable of detecting t errors.



Interactive Communication, Diagnosis and Error Control in Networks 217

(ii) The code Cqr with |Cox
detecting code.

= max{|C,| : a € [0,t]} is an optimal t error

Note that
n

q

: 4
Tt (5:4)

‘Ca*| = max Wa+i(t+1)
a€0,t] £
>0

In particular, for Wy, := max{W; : 0 < i < n} the theorem says that Si(n,q—1)
is an optimal Z,-code capable of detecting all errors.

Next we consider Error—correcting Z,-codes.

Clearly any code capable of correcting ¢ symmetric errors is a t error correcting
Zg-code. It is also not hard to see that a t error correcting Z;-code is capable of
detecting ¢ or less symmetric errors. Therefore, an upper bound for a code with
the minimum distance dg = t+1 is a trivial upper bound for a t error correcting
Z4-code.

Let us, in particular, consider the case when n < g+ 1 and let C be a Z,-code
correcting ¢ errors. The minimum Hamming distance of this code dg(C) > ¢+ 1
and the Singleton bound |C| < ¢"* (see [39]) is a trivial upper bound for C.
Note also that in case of prime power ¢ we can use MDS codes (codes attaining
the Singleton bound, see [39], Ch.11), with the minimum distance dg = 2t + 1
and size ¢" "2, as t error correcting Z,-codes. However one can do better.

Consider in particular single-error correcting Z;-codes. Then an MDS code
with the minimum distance dg = 3 has cardinality ¢" 2. On the other hand the
following parity check code has a greater size. Let us denote Q* = [0, ¢ — 2].

Proposition 7. Given q the code C C Q" defined by

C:{(a:17...7xn)€Q*":imiEa mod ¢ — 1} (5.5)

i=1

is a single error correcting Zy-code of cardinality |C| = (¢ — 1)" L.
One can extend the construction to ¢-error correcting Z,-codes. It is sufficient to
construct codes of length n and minimum distance dg(C) =t + 1 over alphabet

Q" =10,q-2]

Remark. Such codes can be viewed as codes correcting erasures with the erasure
symbol g — 1. The erasure channel, in which each alphabet symbol is lost with a
fixed probability (that is, turned into an erasure symbol “x "), was introduced
by P. Elias [24]. Erasure correcting codes (Fountain codes, LT codes etc.) are
widely used for reliable networks (see e.g. [53]), and recently in Network Coding
problems.

Formally, a t error correcting Z4- code can be viewed as a code, capable
of correcting ¢ erasures, in which the erasure symbol can also be used for the
transmission.

Thus, erasure correcting codes can be used as Z;-codes. Note however that
the size of a t—error correcting Z;-code can be much larger than the size of a
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corresponding optimal erasure code over an alphabet of size ¢ — 1. To show that,
we describe a more general construction of t—error correcting Z,-codes.

Construction: Let C be a binary code of length capable of correcting ¢t asym-
metric errors. Let also D = {D,,}; m = 1,...,n be a set of codes of length m
capable of detecting ¢ symmetric errors (i.e. a code with minimum Hamming
distance t + 1) over the alphabet @*. Note that some of D,, could be trivial
codes containing only one codeword (by convention the minimum distance in a
trivial code is 00). Given a codeword v € C of Hamming weight wtg(v™) = r

let {41,...,4,} be nonzero coordinates of v"™ and let {j1,...,4n—r} = [1,n] \
{i1,...,ir} where j; < ... < jn—r. Define then D(v"™) = {(z1,...,2,) € Q™ :
Ty, =...=x;, =q¢—1land (zj,,...,x5,_,.) € Dp_r}.

We define now the code C = C oD where

CoD:= |J D). (5.6)

vneC

Proposition 8. Given integers 1 <t <n and ¢ > 2 the codeC =CoD isa t
error correcting Zq- code of length n over alphabet Q = [0,q — 1].

Notice that given n and g, the size of an optimal Z,-code C o D capable of
correcting t errors is greater than the size of an optimal code C’ of length n,
over an alphabet (say Q*) of size ¢ — 1, capable of correcting ¢ erasures. Indeed,
let C (the code in our construction) contain the all zero vector 0. Then clearly
C'cCoD.

Next we apply the described approach for construction of single error correct-
ing Zg-codes for arbitrary n and g. We use Varshamov-Tennengolts codes (VT
codes) for construction of g—ary single—error correcting Z,-codes.

Given integers n > 1 and ¢ > 2 (Q =[0,¢ — 1], @* =1[0,q —2]) let C(n,a)
be a VT code.

Form=1,...,n and o € Q* we define now D = {D1(«),..., Dp(a)} with

Dp(a) :={2™ e Q™ : le =a modg-—1}. (5.7)
i=1

Each code D,,(«) has size |D,, ()] = (g —1)™~! and minimum Hamming dis-
tance 2 (m € [1,n] , « € [0,q — 2]). In view of Proposition 7 the code

C(n,a,a) := C(n,a) oD

is a single-error correcting Z,-code.

Let Ao(n,a), Ai(n,a),. .., Ap(n,a) be the weight distribution of C(n, a), that
is A;(n,a) := # {codewords of Hamming weight i}.

Then it can be easily seen that |C(n,a,a)| = Z;L:_Ol Ai(n,a) - (¢ — 1)1 4
Ap(n,a). Since |C(n, a, )| = |C(n,a,0)| we denote C(n,a) =C(n,a,0). Thus we
have the following
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Theorem 18. For integers 0 < a < n and q > 3 the code C(n,a) is a q—ary
single—error correcting Z,-code with

Cna) =" Ai(n,a)- (g = )" + Au(n.a). (5.8)

Example. n=8, ¢=4 (r=2),a=0.
Let A; denote the number of codewords of weight ¢ in the VT code C(8,0). We
haveA():Ag:L 1412147207 A2=A6=4, 143:145:67 A4:8

Our construction gives us a single—error correcting (2 x 8,1) Z;-code C(8,0)
with |C(8,0)] = Ag - 37+ A - 3%+ A3 - 31+ Ay - 33+ A5 - 32 + Ag - 3+ Ag =
374+4-35+6-3"+8-34+6-32+4-3+1=23928.

Note that the size of a single symmetric error correcting code of length 8 (over
an alphabet of size 4) is upper bounded (Hamming bound) by [216/(3-8+1)] =
2621.

Next we give an upper bound for a single—error correcting Z,—code.

Theorem 19. Let C(n), be a single—error correcting Zg-code of length n. Then

(@) -1y
\C(n)q|<kz:;) R (5.9)

5.2 Codes for PZ-Channels

Let M(r x n) be the set of all r x n (0, 1)-matrices. A subset C C M(r xn) is a
t-error correcting/detecting PZ-code if C is capable of correcting/detecting all
asymmetric errors in ¢ or less columns. We call such codes for short (r x n,t)-
codes.

Note that any t-error correcting/detecting PZ-code C C M(r x n) is also
a t—error correcting/detecting PEZ code. We discuss first the error detection
problem.

For A € M(r x n) the Hamming weight wg(A) is the number of nonzero
entries in A.

Theorem 20. Given integers 1 <t <n, 1 <r
A:={AeM(rxn): wtg(A) = LT;J mod (tr +1)} (5.10)

18 a t-error detecting PZ-code.

Note that the code A defined by (5.10) is optimal for » = 1, however, this is
not the case in general.

Theorem 21. Given integers 1 < r and 1 <t < n, let A(r x n,t) be an optimal
t-error detecting PZ code. Then

2T7’L ™

< |A(r x n,t)| < S (5.11)

tr+1
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The lower bound in (5.11) follows from the code construction in Theorem 20.
We consider now the error correction problem for the simplest case ¢t = 1.
Every matrix M C M(r x n), with columns b1, ..., by, is associated with the

sequence (by,...,b,) where b; (i = 1,...,n) is the binary representation of b;.

For a subset S C Q™, Q :=[0,2" — 1] we denote by S(r x n) C M the set of

matrices corresponding to the elements of S.

We say that there exists a k—factorization of Z}, ( Z}, := Z,, \ {0}) if there
exists a subset A C Z7, such that each element of Z}, can be uniquely represented

as a product i -a wherei € {1,...,k} and a € A.

Theorem 22. Given integers n,r > 2 let m :=n(2" — 1)+ 1 and let there exist
a (2" — 1)—factorization of Z, by a subset A = {ay,...,an}. For a € Zy, let
B(r x n) C Q™ be defined by

B(r xn)={(z1,...,2,) € Q" :iaimi =a mod m}. (5.12)
i=1

Then B(r x n) is a single-error correcting PZ-code with

2T"I'L

Brxmlz o 1y 410

(5.13)
Example. Let n = 12, r = 2, and hence n(2" — 1) + 1 = 37. One can check that
there exists a 3—factorization of Z%; by the set A = {2,9,12,15,16,17, 20, 21, 22,
25,28,35}. That is Z3; = AU2AU3A where A := {ia mod 37:a € A}, i =2,3.
Therefore, the code B(2 x 12) defined by (5.12) is a single-error correcting PZ-
code with cardinality |B(2 x 12)| > 412 /37 exceeding the Hamming bound for a
quaternary single symmetric error correcting code of length 12.

We describe now a construction of single-error correcting PZ-codes with a
very simple decoding algorithm.
Code construction. For integers 1 < r < n, let £(r x n) denote the set of all
r x n (0,1)-matrices with even row weights. Thus |£(r x n)| = 2(»~1". For an
r xn (0,1)-matrix M let h;(M) denote the Hamming weight of its i-th column.
Let also p be the smallest prime such that p > n+ 1. We define the code C(r x n)
as follows.

C(rxn):{MCE(rxn):ii~hi(M)Ea mod p}. (5.14)
i=1

Theorem 23. (i) C(r x n) is capable of correcting all asymmetric errors in a
single column.
(i) There exists 0 < a < p — 1 such that |C(r x n)| > 2(»=17 /p.

Decoding algorithm

For a received word M’ € M(r x n)
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Step 1. Determine the column vector

(61, er)T =M - (1,...,1)T mod 2.

Step 2. Compute t¢:=wg(e1,...,&).

If t =0 then M’ is a code matrix, otherwise
Step 3. Compute b:=>""  i-h;(M’) mod p.
Step 4. Compute k := b;a mod p .

Step 5. Evaluate the error matrix £ € M(r x n),

with the k-th column (e1,...,¢,)7 and with zero entries elsewhere.
Setep 6. Determine the transmitted code matrix M = M’ — E.

5.3 Open Problems

A challenging combinatorial optimization problem is construction of optimal or
near optimal {—error detecting codes for PZ—channels (even for ¢t = 1).
Constructions of “good” t—error correcting codes (for both channels) with
efficient decoding algorithms is another problem for further research.
We considered only errors occurring in a restricted set of columns. Consider
codes for correction/detection clusters of errors.

6 Further Work and Reports

Our work not reported here concerns the subjects: Network coding, Identifica-
tion entropy, Weighted constrained error-correction and will be briefly discussed
below to motivate the reader to read our contributions, which can be found in
the books “General Theory of Information Transfer and Combinatorics” (Eds.
R. Ahlswede et al.), Lecture Notes in Computer Science, Vol. 4123, Springer
Verlag, 2006 and “Lectures on Advances in Combinatorics” (R. Ahlswede and
V. Blinovsky), Universitext, Springer Verlag, 2008, the Special Issue “General
Theory of Information Transfer and Combinatorics” (Eds. R. Ahlswede et al.) of
Discrete Applied Mathematics, Vol. 156, No. 9, 2008, and in the 2006 Shannon
Lecture “ Towards a General Theory of Information Transfer” (R. Ahlswede),
Shannon Lecture at ISIT in Seattle 13th July 2006, IEEE Inform. Theory Society
Newsletter, Vol. 57, No. 3, 6-28, 2007.

6.1 Network Coding

Network coding was introduced by Ahlswede, Cai, Li, and Yeung [13] to improve
network throuput and performance. It has emerged as a new paradigm that has
influenced Information and Coding Theory, Networking, Wireless Communica-
tions, Computer Science, Graph Theory etc. (see Network Coding Homepage
http://www.ifp.uiuc.edu/ koetter/NWC/) The basic idea of Network Coding
is to allow the intermediate nodes to process the received information before
forwarding them.

Ahlswede et al.[I3] showed that by Network Coding one can achieve the mul-
ticast capacity in information networks with a single source. Li et al. [38] showed
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that Linear Coding suffices to achieve Koetter and Medard [34] gave an algebraic
characterization of the linear coding schemes that achieve the capacity. Jaggi,
Sanders et al. [28] gave a polynomial time algorithm to construct linear codes for
single source multicast. The existence of such algorithms is remarkable since the
maximum rate without coding can be much smaller and finding the maximum
rate routing solution is NP-hard.

Network coding is believed to be highly applicable to communication through
real networks, the primary example being the Internet (the most widely known
application is the Avalanche program by Microsoft for file distribution proto-
cols). In addition to throughput gain, many other benefits such as minimization
of delay, minimization of energy per bit, robustness, adaptability etc. of Network
Coding have been discovered during the last years.

Research in Network Coding is growing fast (more than 250 papers appeared
since 2002). Microsoft, IBM and other companies have research teams who are
investigating this new field. A few American universities (Princeton, MIT, Cal-
tech and Berkeley) have also established research groups in Network Coding.
The holy grail in Network Coding is to plan and organize (in an automated
fashion) network flow (that is to allow to utilize network coding) in a feasible
manner.

In Riis and Ahlswede [50] new links between Network Coding and Combina-
torics are established. It is shown that the task of designing efficient strategies
for information network flow (Network Coding) is closely linked to designing
error correcting codes. This link is surprising since it appears even in networks
where transmission mistakes never happen! Recall that traditionally error cor-
rection is mainly used to reconstruct messages that have been scrambled due to
unknown (random) errors. We use error correcting codes when channels are as-
sumed to be error-free. Thus error correcting codes can be used to solve network
flow problems even in a setting where errors are assumed to be insignificant or
irrelevant.

6.2 Identification Entropy

Classical transmission concerns the question “How many messages can we trans-
mit over a noisy channel?” One tries to give an answer to the question “What is
the actual message from M = {1,..., M}?” On the other hand in Identification
it is asked “How many possible messages can the receiver of a noisy channel
identify?” One tries to give an answer to the question “Is the actual message
i?7”. Here i can be any member of the set of possible messages N = {1,2,..., N}.

On the Source Coding side Ahlswede and Cai [12] introduced the concept of
identification entropy, namely the function

Hyo(P) = qzl (1— ZPj).

ueU

We proved that L¢(P,P) = ) P, L¢(P,u) > Hy o(P) and thus also that
ueU

L(P) = minmax Le(P,u) > H 4(P)
ue
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and related upper bounds, which demonstrate the operational significance of
identification entropy in Noiseless Source Coding similar as Boltzmann/Shannon
entropy does in Noiseless Data Compression.

This theory initiated other research areas like Common Randomness, Au-
thentication in Cryptology, and Alarm Systems. It also led to the discovery of
new methods which became fruitful also for the classical theory of transmission,
for instance in studies of robustness like arbitrarily varying channels, optimal
coding procedures in case o f complete feedback, novel approximation problems
for output statistics and generation of common randomness, the key issue in
Cryptology.

6.3 Weighted Constrained Error-Correction

The Rényi-Berlekamp-Ulam game is a model for determining the minimum num-
ber of queries to find an unknown member in a finite set when up to a finite
number of the answers may be erroneous. Questions with ¢ many possible an-
swers are allowed. Errors in the answer are constrained by a bipartite graph with
edges weighted by 0,1,2,... (the “channel”).

SENDER | ~CHAXNEL——RECEIVER

The channel I" is an arbitrary, though fixed, assignment stipulating the cost
of the different possible errors, i.e., of each answer j # ¢ when the correct answer
is ¢ by I'(4,7). It is also assumed that a maximum cost e (sum of the cost of all
wrong answers) can be afforded by the responder. We provided a tight asymptotic
estimate [T4] for the number of questions needed to solve this problem.
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Abstract. This survey article revisits resource management problems
arising in large networks. More specifically, we focus on two fundamen-
tal memory management problems. In the first part of this paper we
study buffer management in network routers and switches. We present
various online strategies and report on their competitiveness and experi-
mentally observed performance. The second part of the survey addresses
web caching where a limited reordering of requests is allowed. We present
both online and offline strategies.

1 Introduction

With the advent of the Internet algorithmic problems in large networks have re-
ceived considerable research interest. The studies address optimization problems
arising in hardware components of networks as well as computational issues re-
lated to network protocols. Within the research project “Resource management
in large networks” we have investigated a variety of problems such as memory
management [TJ4J521], hotlink assignment [19] game theoretic issues of network
design [2I3] and routing [16]. In this survey we focus on two fundamental memory
management problems. These include buffer management problems in network
switches and caching problems in web servers or browsers.

The general goal is to design and analyze algorithms having a provably good
performance. Many optimization problems are NP-hard and hence the efficient
computation of optimal solutions, most likely, is impossible. For this reason one
resorts to approximations. Suppose that we consider a minimization problem.
A polynomial time algorithm A achieves an approzimation ratio of c if there
exists a constant b such that A(I) < c¢- OPT(I)+ b holds for all inputs I. Here
A(I) and OPT(I) denote the objective function values of A and of an optimal
solution OPT on I. The constant b must be independent of the input I. In
the literature, our definition of an approximation guarantee is also referred to as
asymptotic approzimation ratio. A stricter definition requires A(I) < ¢-OPT(I),
for all inputs I. In this paper we adopt the more relaxed variant, allowing an
additional b in the cost analysis.

Furthermore, many computational problems are inherently online, i.e. the
input arrives incrementally over time. Whenever a new input portion arrives,
an algorithm must react and compute partial output not knowing future input.
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In this context, for a given minimization problem, an online algorithm A is c¢-
competitive [22] if there exists a constant b such that, for all input sequences
I, we have A(I) < c¢- A(I) + b. Again, the constant b must be independent
of the input.

In this survey article we first present the most important results we have
achieved for buffer management problems in network switches. We will discuss
theoretical as well as experimental results. Then we will review our contributions
for web caching.

2 Packet Buffering

The performance of high-speed networks critically depends on switches that
route data packets arriving at the input ports to the appropriate output ports
so that the packets can reach their correct destination in the network. To reduce
packet loss when the traffic is bursty, ports are equipped with buffers where
packets can be stored temporarily. However these buffers are of limited capacity
so that effective buffer management strategies are important to maximize the
throughput of a switch. While packet buffering strategies have been investigated
in the applied computer science and, in particular, networking communities for
many years, only a seminal paper by Kesselman et al. [20] from 2001 has initiated
profound algorithmic studies.

Consider the basic architecture of a Combined Input/Output Queued (CIOQ)
switch with m input and m output ports. Figure [I] depicts a sample structure
where m = 3. In such a structure, each input port 7, 1 < i < m, maintains for
each output port j, 1 < j < m, a separate queue @;; storing those packets that
arrive at input ¢ and are meant for output j. Additionally, each output port 7,
1 < j < m, maintains a queue QQ that stores packets that actually have to be
transmitted via that port. In each time step new packets arrive at the input
ports and are enqueued at the corresponding buffers @;;. Then in a series of,
say, s rounds packets residing in the queues @;; are forwarded to the desired
buffers Q;. This is done using a switch fabrique. The parameter s is called the
switch speed. The forwarding step involves some constraints. In each round, for
each input ¢, only one packet from among those located at the heads of @,
1 < j < m, may be forwarded to the desired output queue. Furthermore, in each
round, for each j, only one packet from the heads of Q;;, 1 < i < m, may be
appended at Q;. Hence, intuitively, in each round each input port may forward
only one packet from its m buffers. Moreover, each output port may receive only
one packet from the corresponding m input queues. These restrictions moti-
vate the following multi-buffer problem that we have studied extensively in our
project.

Formally, we are given m buffers, each of which can simultaneously store up
to B data packets. The buffers are organized as queues. In any time step, in a
packet arrival phase, new packets may arrive at the buffers and can be appended
to the queues if space permits. Suppose that buffer ¢ currently stores b; packets
and that a; new packets arrive there. If b; + a; < B, then all new packets can be
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Fig. 1. A CIOQ switch with three input and three output ports

accepted; otherwise a;+b;— B packets must be dropped. Furthermore, in any time
step, in a transmission phase, an algorithm can select one non-empty buffer and
transmit the packet at the head of the queue to the output. We assume w.l.o.g.
that the packet arrival phase precedes the transmission phase. The goal is to
maximize the throughput, which is the total number of successfully transmitted
packets. Obviously, the m buffers correspond to the queues @;;, for any fixed
input 1 <4 < m or for any fixed output 1 < j < m. We remark that we assume
that all packets have the same value, i.e. they are equally important. This is
a reasonable assumption as most current networks, in particular IP networks,
treat packets from different data streams equally at intermediate switches.

In the following we first present various algorithms for the above multi-buffer
problem. We are mainly interested in online strategies and report on their com-
petitive performance. Then we present an experimental study of the proposed
algorithms.

2.1 Algorithms and Competitive Performance

A simple observation shows that any work conserving algorithm A, which just
serves any non-empty queue, is 2-competitive: Partition ¢ into subsequences oy
such that A’s buffers are empty at the end of each o,. W.l.0o.g. we postpone the
beginning of 0,41 until OPT has emptied its buffers, too. Let T be the length
of oy, i.e. the number of time steps until A’s buffers are empty. If OPT buffers
b; packets in queue i at the end of oy, then at least b; packets must have arrived
there in oy. Algorithm A has transmitted 7' packets, where 7' > "™ b;, while
OPT delivers at most T'+ >, b; packets.

Prior to our work, Azar and Richter [7] presented a general technique that
transforms a c-competitive algorithm for a single buffer problem into a 2c¢-
competitive algorithm for a multi-buffer problem. In the unit-value setting, this
yields another 2-competitive strategy. However, the technique involves expensive
simulations and does not seem to be applicable in practice.
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In our contribution [5] we study Greedy algorithms, which represent the most
simple and natural buffering strategies. In the following let the load of a queue
be the number of packets currently stored in it.

Algorithm Greedy. In each time step serve a queue currently having
the maximum load.

From a practical point of view Greedy is very interesting because it is fast and
uses little extra memory. More precisely, the algorithm just has to determine the
most loaded queue and, regarding memory, only has to store its index. Serving
the longest queue is a very reasonable strategy to avoid packet loss if future
packet arrival patterns are unknown.

In [5] we first settle the exact performance of all Greedy strategies. Implemen-
tations of Greedy can differ in the way how ties are broken when several queues
store a maximum number of packets. It turns out that this does not affect the
competitive performance. As Greedy, obviously, is a work conserving algorithm,
the following theorem is immediate.

Theorem 1. [5] Greedy is 2-competitive, no matter how ties are broken.

Unfortunately, Greedy is not better than 2-competitive as the lower bound of
2 — 1/B stated in the next theorem can be arbitrarily close to 2.

Theorem 2. [5] For any B, the competitive ratio of Greedy is not smaller than
2 — 1/B, no matter how ties are broken.

Thus, Greedy is exactly 2-competitive, for arbitrary buffer sizes B. Based on the
fact that Greedy’s competitive performance is not better than that of arbitrary
work conserving strategies, an interesting problem is to design improved policies.
The first deterministic online algorithm beating the bound of 2 was our Semi
Greedy strategy [B]. The algorithm deviates from standard Greedy when all the
queues are lightly populated, i.e. they store at most B/2 packets, and the current
risk of packet loss is low. In this situation the algorithm preferably serves queues
that have never experienced packet loss in the past.

Algorithm Semi Greedy. In each time step execute the first of the fol-
lowing three rules that applies to the current buffer configuration. (1) If
there is a queue buffering more than |B/2| packets, serve the queue
currently having the maximum load. (2) If there is a queue the hith-
erto maximum load of which is less than B, then among these queues
serve the one currently having the maximum load. (3) Serve the queue
currently having the maximum load. In each of the three rules, ties
are broken by choosing the queue with the smallest index. Furthermore,
whenever all queues become empty, the hitherto maximum load is reset
to 0 for all queues.

Theorem 3. [5] Semi Greedy achieves a competitive ratio of 17/9.

The ratio of 17/9 is approximately 1.89.
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Subsequent to our work Azar and Litichevskey [0] devised a deterministic
Waterlevel algorithm that achieves a competitive ratio of _¢, (1+ LH"};” ). Here
H,, = > 1/i denotes the m-th Harmonic number. Waterlevel is quite involved
and we only present a high-level description here. The main idea of Waterlevel is
to compute an online matching, mapping time steps to data packets. If time step
t is mapped to packet p, then p is served during that time. The initial matching
is fractional in that a time step may be mapped to varying portions of several
packets. Here the goal is to serve available packets as evenly as possible. In a
cascade of algorithms, the fractional service schedule is then converted into a
feasible integral schedule. Details can be found in [6].

The competitive ratio of Waterlevel is optimal as B — oo because in [5] we
have also established the following lower bound on the performance of determin-
istic strategies.

Theorem 4. [5] The competitive ratio of any deterministic online algorithm is
at least ef(e — 1).

The ratio of e/(e — 1) is approximately 1.58.

We give a final deterministic online algorithm, called HSFOD, that is only 2-
competitive but exhibits an excellent performance in practice. We developed this
strategy during an experimental study [4], presented in the next Section 2] in
which we have tested all of the above deterministic online algorithms as well as
the randomized strategies described in the following paragraphs. HSFOD mimics
an optimal offline algorithm, named SFOD, which we had developed in the initial
paper [5]. More specifically, SFOD at any time transmits a packet from a non-
empty queue that would overflow earliest in the future if no queues were served.
This strategy, working offline as future packet arrivals must be known, achieves
an optimal throughput on any input sequence. HSFOD (Heuristic SFOD) esti-
mates future packet arrival rates by keeping track of past arrival patterns. Based
on these arrival rates, the algorithm mimics SFOD.

Algorithm HSFOD. The algorithm maintains packet arrival rates at
the m input ports. These rates are updated after each packet arrival
phase. For 1 < i < m, let r;(t) be the rate at port ¢ at time ¢. Then
ri(t) =a-r;(t—1)+ (1 — ) - a;(t), where a;(t) is the number of packets
that have just arrived at port ¢, and « € (0, 1) is some fixed constant. We
set 7;(0) = 0 initially. The overflow time for each port i is calculated as
tV(t) = (B —bi(t))/ri(t), where b;(t) is the number of packets currently
stored in buffer i. Note that r;(t) and ¢V (¢) are allowed to take fractional
values. At any time the algorithm serves the buffer that has the smallest
overflow time; ties may be broken arbitrarily.

HSFOD is exactly 2-competitive [4] but, as mentioned above, has an excellent
performance in practice. The algorithm depends on a parameter 0 < a < 1 that
weights past and current packet arrivals. Experimental evaluations show that
HSFOD achieves the best practical performance for values of a in the range
0.995 < a < 0.997.
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We next turn to randomized online algorithms. Again, prior to our work Azar
and Richter [7] had presented a Random Schedule algorithm that is
(¢, )-competitive and hence, in terms of competitiveness, never worse than de-
terministic strategies. Here we evaluate randomized algorithms against oblivious
adversaries [11]. We have developed a randomized algorithm Random Permuta-
tion with a better performance. The basic approach of Random Permutation is
to reduce the packet switching problem with m buffers of size B to one with mB
buffers of size 1. To this end, a packet buffer g; of size B is associated with a
set Q; = {qi,0,---,q,5-1} of B buffers of size 1. A packet arrival sequence o for
the problem with size B buffers is transformed into a sequence G for unit-size
buffers by applying a round robin strategy. More specifically, the j-th packet
ever arriving at ¢; is mapped to ¢; j mod B in @;. Random Permutation at any
time runs a simulation of the following algorithm SimRP for m’ = mB buffers of
size 1. Basically, SimRP chooses a fixed, random permutation on the m’ buffers
and then, at any time, always serves the first non-empty buffer it encounters.

Algorithm SimRP(m'). The algorithm is specified for m’ buffers of
size 1. Initially, choose a permutation 7 uniformly at random from the
permutations on {1,...,m’}. In each step transmit the packet from the
non-empty queue whose index occurs first in 7.

The algorithm for buffers of arbitrary size then works as follows.

Algorithm Random Permutation. Given a packet arrival sequence
o that arrives online, run a simulation of SimRP(mB) on 6. At any
time, if SimRP(mB) serves a buffer from @);, transmit a packet from g;.
If the buffers of SimRP(mB) are all empty, transmit a packet from an
arbitrary non-empty queue if there is one.

We proved that the algorithm achieves a nearly optimal competitive ratio.

Theorem 5. [2I] Random Permutation is 1.5-competitive.

Theorem 6. [5] The competitive ratio of any randomized online algorithm is
not smaller than 1.4659, for any buffer size B.

Further improvements are possible using resource augmentation or for architec-
tures with small port numbers m. As for resource augmentation we have investi-
gated two settings where an online algorithm (1) is granted additional buffer or
(2) may serve at higher transmission rates. First suppose that an online strategy
has an additional buffer B’ = ¢B per queue, where ¢ > 1. We proved in this case
that every work conserving algorithm is (gﬁ)—competitive and that this bound
is tight for the family of Greedy algorithms [5]. Next assume that an online al-
gorithm may transmit k& > 1 packets per time step, whereas an optimal strategy
transfers one packet, as usual. In this scenario every work conserving online algo-
rithm is (14 ; )-competitive [5]. As for small small port numbers, we showed that
if m = 2, Greedy achieves a competitive ratio of 9/7 ~ 1.28 while the competi-
tiveness of deterministic strategies is not smaller than 16/12 ~ 1.2308, see [21].
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2.2 Experimental Study

In this section we report on the main results of an extensive experimental
study [4] we have performed for the multi-buffer problem under consideration.
In our study we have implemented all the algorithms mentioned in the previous
section, i.e. Greedy, Semi Greedy, Waterlevel, HSFOD, Random Schedule and
Random Permutation. Additionally, to determine competitive performance we
have also implemented the optimal offline algorithm SFOD. Recall that HSFOD
depends on a parameter a. We set « to 0.997 in the experiments as it yields the
best results.

The main purpose of our experiments is to determine the experimentally
observed competitiveness of the available online algorithms and to establish a
relative performance ranking among the strategies. As the name suggests, the
experimentally observed competitiveness is the ratio of the throughput of an
online algorithm to that of an optimal solution as it shows in experimental tests.
Additionally, we evaluated the running times and memory requirements of the
algorithms as some of the strategies are quite involved and need auxiliary data
structures. As for the running time of a strategy, we evaluated the average time
it takes the algorithm to determine which queue to serve (total running time
summed over all time steps/#time steps). With respect to extra space require-
ments, we have evaluated, for any of the algorithms, the maximum amount of
memory needed by auxiliary data structures employed by that algorithm. Finally
in our tests, we have evaluated the actual throughput in terms of the number of
data packets transferred.

Setup. In order to get realistic and meaningful results, we have tested the
online packet buffering algorithms on real-world traces from the Internet Traffic
Archive [I8], a moderated trace repository maintained by ACM SIGCOMM.
We have performed extensive tests with seven traces. A first set of four traces
monitors wide-area traffic between Digital Equipment Corporation (DEC) and
the rest of the world. A second set of three traces monitors wide-area traffic
between the Lawrence Berkeley Laboratory (LBL) and the rest of the world.
Only the TCP traffic was considered. The traces were gathered over a time
horizon of one to two hours and consist of 1.3 to 3.8 million data packets each.
In the various traces the information relevant to us is, for any data packet, the
arrival time and the sending host address.

In our experiments we have studied varying port numbers m as well as varying
buffers sizes B. In order to be able to investigate varying values of m, we have
to map sending host addresses to port numbers in the range {0,...,m —1}. We
chose a mapping that maps each sending host address to a port number chosen
uniformly at random from {0, ...,m — 1}. We would like to point out that such
a mapping does not lead to balanced traffic at the ports as some hosts generate
a large number of packets. In our traces, under the random mapping, we ob-
serve highly non-uniform packet arrival patterns where 10 to 15% of the ports
receive ten times as many packets as each of the other ports. This is consistent
with the fact that web traffic with respect to packets’ source (and destination)
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addresses is distributed non-uniformly, exhibiting essentially a power-law struc-
ture [12J23]. Typically, 10% of the hosts account for 90% of the traffic.

Another important parameter in the experimental tests is the speed of the
switch, i.e. how fast the switch can transfer packets. Here we consider speed
values relative to the data volume of a given trace. For a trace data set D,
let fp = (#packets in D)/(length of time horizon of D) be the average packet
arrival rate in D. Speed s indicates that the switch forwards data packets with
frequency sfp. Thus, intuitively, a speed-1 switch can forward the data exactly
as fast as it arrives on the average. If the speed is low, the packet transmission
rate is lower than the average arrival rate and, inevitably, buffers tend to be
highly populated. On the other hand, if the speed is high, the transmission rate
is higher than the arrival rate and buffers tend to be lightly populated.

Results. A first, very positive finding of our experiments is that the results
are consistent for all the traces. In this survey we only present the plots for a
trace named DEC-PKT-1 [I8]. The phenomena reported in the following have
occurred for all the data sets. In this survey we report on the competitiveness,
running time and memory requirements of the algorithms as parameters m, B
and s vary. It turns out that a variation of the speed s gives the most interesting
results and we focus on them first.

Figure [ depicts the experimentally observed competitiveness for varying s.
In this survey we consider a basic setting with m = 30 and B = 100. These
parameters are chosen relative to the size of DEC-PKT-1, which consists of 2.1
million packets. More precisely, we wish to simulate the algorithms for sufficiently
large m and time steps with considerable packet traffic. This basic setting of m
and B is not critical as the observed phenomena occur for other parameter
settings (smaller/larger m and smaller/larger B) as well.

A first, interesting observation is that the performance of the three determin-
istic online algorithms Greedy, Semi Greedy and Waterlevel is almost identical
in the experiments. Their curves are indistinguishable in Figure 2l For instance,
the difference in the number of transferred packets is less than 1000 when the
total throughput of each of the three strategies is about 2 million packets. All
the three strategies have an experimental competitiveness that is always below
1.002, i.e. they are never 0.2% worse than an optimal solution. HSFOD ex-
hibits an even better competitiveness of less than 1.001 for all values of s. In
other words, HSFOD closes half of the gap between the other deterministic algo-
rithms and the optimal offline strategy. In contrast, the randomized algorithms
perform considerably worse than the deterministic algorithms, despite their bet-
ter theoretical performance. Thus the theoretical and experimentally observed
competitive ratios are unrelated.

Another important result of our study is that the experimentally observed
competitiveness of all the algorithms ranges between 1.0 and 1.035 and hence is
considerably lower than the theoretical bounds. This is not surprising because
competitive analysis is a strong worst-case performance measure. It is astonish-
ing, though, that the gap is so high. All the algorithms have the highest ratios
for values of s around 1. Thus, the worst case occurs when the average packet
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arrival rate is equal to the rate with which the switch can forward packets and
packet scheduling decisions matter. For small and large values of s, the experi-
mental competitiveness tends to 1. This is due to the fact that buffers tend to
be either heavily populated (small s) or lightly populated (large s) and all the
algorithms transfer essentially an optimum number of packets.
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Figure [3 shows the running times of the algorithms, i.e. the average time
in seconds it takes an algorithm to perform one time step (update auxiliary
data structures to account for incoming packets and determine the queue to
be served). We evaluate the running times for varying s because the buffer oc-
cupancy depends on s and the latter occupancy can affect the running time.
Uniformly over all algorithms we observe decreasing running times for increas-
ing values of s. The reason is that, for large s, buffers tend to be empty and
the algorithms need less time to handle one time step. Greedy and Semi Greedy
are the fastest algorithms, Semi-Greedy being only slightly slower than Greedy.
HSFOD, Random Schedule, Random Permutation and Waterlevel have consid-
erably higher running times. Waterlevel is the slowest strategy with running
times that are more than twice as high as that of Greedy. A shown in Figure [3
the algorithms need 20 to 40 milliseconds to perform one time step. These times
would be lower in a switch hardware implementation; our runtime tests just
represent a comparative study of the algorithms.

As for the extra memory requirements of the algorithms, the numbers are
stable for varying s. The important finding here is that the amounts of extra
space differ vastly among the strategies. As to be expected, HSFOD, Greedy and
Semi Greedy have small requirements. HSFOD uses no more than 500 bytes,
while Greedy and Semi Greedy, using priority queues, allocate 1000 to 1300
bytes. Waterlevel has space requirements that are twice as high. Huge amounts
of extra space (80.000 to 100.000 bytes) are required by Random Schedule and
Random Permutation because these algorithms need space for auxiliary queues
and mB unit-size buffers.

We briefly summarize the results for varying buffer size B and for a varying
number m of ports. Here the experiments were done for the critical speed s = 1.
As B varies, the experimentally observed competitive ratios of the algorithms
are stable. The running times are stable, too. The only exception is Random
Schedule exhibiting slightly increasing running times as B increases. This is
due to the fact that the algorithm has to maintain auxiliary queues whose size
depends on B. As for the required space, all the deterministic strategies have
fixed demands as the size of the auxiliary data structures depends only on m.
Random Schedule and Random Permutation experience a linear increase as the
auxiliary data structures depend on mB.

As for varying port number m, all the algorithms show a (very) slight increase
in experimental competitiveness. The increase is more pronounced in the case
of the randomized algorithms. The general increase in competitiveness is based
on the fact that for a larger number of ports, online algorithms have a higher
chance of serving the “wrong” port. Analyzing running time we observe a weak-
ness of HSFOD:; its running time increases linearly with m. The same holds for
Waterlevel, although the gradient is smaller here. For all the other strategies the
running times are stable.

In summary, the main conclusion of our experimental study is that greedy-like
strategies and HSFOD, despite their higher theoretical competitiveness, are the
methods of choice in a practical environment.
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3 Web Caching

Web caching is a fundamental resource management problem that arises when
users, working on computers, surf the web and download documents from other
network sites. Downloaded documents can be stored in local caches so that they
do not have to be retransmitted when users wish to access these documents
again. Caches can be maintained by web clients or servers. Storing frequently
accessed documents in local caches can substantially reduce user response times
as well as the network congestion. Web caching differs from standard paging
and caching in operating systems in that documents here have varying sizes
and incur varying costs when being downloaded. The loading cost depends, for
instance, on the size of the document and on the current congestion in the
network. The goal is to maintain the local caches in such a way that a sequence of
document accesses generated in the network can be served with low total loading
cost. It turns out that this distributed problem can be decomposed into local
ones, one for each cache in the network: Note that the cache configurations are
essentially independent of each other. Each cache may store an arbitrary subset
of the documents available in the network. Thus the problem of minimizing the
loading cost globally in the network is equivalent to minimizing the loading cost
incurred locally at each cache. Therefore, the following problem abstraction has
been studied extensively.

We are given a two-level memory system consisting of a small fast memory
and a large slow memory. The fast memory represents a local cache we have
to maintain, which may reside in a web server or browser. The slow memory
represents the remaining network, i.e. the universe of all documents accessible in
the network. We assume that the fast memory has a capacity of K, counted in
bits. For any document d, let size(d) be the size and cost(d) be the cost of d. The
size is again measured in bits. A sequence of requests for documents arrives at the
fast memory. At any time one request can be served. If the referenced document
is in cache, the request can be served with 0 cost. If the requested document is not
in cache, it must be retrieved over the network at a cost of cost(d). Immediately
after this download operation the document may be brought at no extra cost
into cache. We emphasize here that such a loading operation is optional. In web
applications referenced documents are not necessarily brought into cache. This
technique is referred to as bypassing. The goal is to serve a sequence of requests
so that the total loading cost is as small as possible. Various cost models have
been proposed in the literature.

1. The Bit Model: For each document d, we have cost(d) = size(d). (The delay
in bringing the document into fast memory depends only upon its size.)

2. The Fault Model: For each document d, we have cost(d) = 1 while the sizes
can be arbitrary.

3. The General Model: For each document d, both the cost and size can be
arbitrary.

In the following, let & = K/Dpn be the ratio of the cache size K to the size
Dpin of the smallest document ever requested.
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For the Bit and the Fault Model, Irani [I7] gave randomized online algorithms
that are O(log2 k)-competitive. She also gave polynomial time offline strategies
that achieve approximation ratios of O(log k). We remark that the offline prob-
lem is NP-hard in the Bit and hence in the General Model. This follows from
a simple reduction from the Partition Problem. Interestingly, the complexity is
unknown for the Fault Model. For the General Model Young [24] presented a
deterministic online algorithm called Landlord that is k-competitive. He assumes
that bypassing is not allowed, i.e. a requested document must be brought into
cache in order to serve a request. Recently, Bansal et al. [8] devised a randomized
O(log2 k)-competitive online algorithm for the General Model. They also gave
randomized strategies achieving an improved competitiveness of O(log k) in the
Bit and Fault Models.

The above web caching problem assumes that requests must be served in
the order of arrival. However, this assumption is often too restrictive. Current
versions of HTTP support pipelining, where multiple requests may arrive si-
multaneously at a web server or a proxy. Moreover, if a proxy receives web
requests from different data streams, these references do not have to be served
in the strict order of arrival. In such settings request reordering is a promising
approach to improve cache hit rates. Therefore, Feder et al. [I3/14] recently ini-
tiated the study of web caching assuming that a limited reordering of requests is
allowed. Formally in web caching with request reordering, requests do not have
to be served in the order of arrival. Of course, it is not desirable to delay the
service of a request for too long. Let 7 be a positive integer. Request o(j) may
be served before o(7) if j —¢ < r. We also refer to this setting as the r-reordering
problem.

The r-reordering problem has also been studied for the Uniform Model which
is motivated by paging problems arising in operating systems.

1. Uniform Model: All documents have the same size and incur a cost of 1
when not available in cache, i.e. size(d) = s and cost(d) = 1, for some
positive integer s and all documents d.

In a first paper, Feder et al. [I3] studied the case that at any time the cache
can store only one document, i.e. the cache size is 1. For all cost models, they
gave constant competitive online algorithms. Furthermore they developed an
offline algorithm based on dynamic programming that achieves a polynomial
running time if 7 is logarithmic in the length of the request sequence or if the
number of distinct documents requested is constant. In an extended version [14]
of their paper, Feder et al. also presented online algorithms for arbitrary cache
sizes. Suppose that a cache can simultaneously store ¥’ = |k] documents. For
the Uniform Model, Feder et al. [I4] gave deterministic (k" 4+ 2)-competitive
algorithms. For the Bit and Fault Models, they showed (k' + 3)-competitive
strategies. All of these results assume that bypassing is not allowed.

In the following two sections we review our new contributions [I] on web
caching with request reordering. We first study online algorithms and then ad-
dress offline approximations.
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Algorithm Modified Landlord (MLL)
Let W be a window of r consecutive requests, the first of which may be unserved.
1. For all d’ € cache such that W contains unserved requests to d’,
serve those requests;
if first request in W is unserved then
Let d be the document referenced by this first request;
Serve all requests to d in W
Set credit(d) < cost(d) and S « {d} U{d’' | d' € cache};
while ), size(d') > K do
Let A = ming g credit(d')/size(d’);
For each d' € S, decrease credit(d') by Asize(d');
Delete from S and the cache any document d’ with credit(d') = 0;
if credit(d) > 0 then bring d into cache;
Shift W one position to the right;

e i B ol

—_ =

Fig. 4. The Modified Landlord algorithm

3.1 An Optimal Online Algorithm

We have presented a deterministic online algorithm for the r-reordering problem
that achieves an optimal competitive ratio in the General Model. The algorithm
is a modification of Young’s Landlord algorithm [24]. Any document d has a
credit that takes values between 0 and cost(d). Initially, all documents have
a credit of 0. Given a request sequence o, the algorithm Modified Landlord,
depicted in Figure [ is executed. The algorithm maintains a sliding window
W that always contains r consecutive requests of o. Requests to the left of W
are served and the first request in W may constitute an unserved request. In a
first step Modified Landlord serves all requests in W that are made to documents
residing in cache. These service operations do not incur cost. If the first request in
W, say to a document d, is indeed unserved, the algorithm serves the references
to d in W at a cost and then determines whether or not to bring d into cache.
To this end the algorithm sets the credit of d to cost(d) and considers the set
S formed by document d and the documents in cache. While the total size of S
exceeds the cache capacity the algorithm reduces credit values according to the
standard Landlord algorithm, i.e. by considering smallest relative credit values.
Documents with a credit of 0 are discarded from S. After these operations, W
is shifted by one position to the right.

Recall that k& = K/Dyyin, where Dy, is the size of the smallest document
that can be referenced.

Theorem 7. [I] The algorithm MLL is (k + 1)-competitive.

The competitiveness of k + 1 is best possible for deterministic online algorithms
that allow bypassing, see [I5I§].

3.2 Offline Approximation Algorithms

We have developed polynomial time offline algorithms that achieve constant
factor approximation ratios. Our algorithms are based on a general technique
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that transforms the r-reordering problem into one of computing batched service
schedules. We first present this technique and then demonstrate that it can be
used to develop approximation algorithms for the various cost models.

As in the online setting we imagine that an algorithm, processing a request
sequence, maintains a sliding window W that always contains r consecutive
requests. Requests to the left of W are served and request reordering is feasible
within the window. We say that an algorithm A serves a request sequence in
batches if, for any i = 0,1,..., [m/r] — 1, A serves all requests o(ir + 1), o(ir +
2),...,o(min{ir + r,m}) when o(ir + 1) is the leftmost request in the sliding
window W. Requests o(ir + 1),...,o(min{ir + r,m}) are also referred to as
batch i. Thus, when o(ir + 1) becomes the leftmost request in W, all requests in
batch i are still unserved. The batch is served while the position of W remains
unchanged. Then W is shifted to o((¢ + 1)r + 1) if ¢ < [m/r] — 1. For any
batch 4, let B(%) be the set of documents referenced in that batch. The following
lemma implies that one only loses a factor of 2 in terms of performance when
considering batched service schedules.

Lemma 1. [1] Let A be an algorithm that serves a request sequence o at cost
C in the standard r-reordering model. Then there exists an algorithm A’ that
serves o in batches and incurs a cost of at most 2C.

The Uniform Model. Recall that in this basic setting all documents have
the same size and incur a cost of 1 when being served or loaded into cache. We
have devised a batched version of Belady’s [I0] optimum offline paging algorithm
MIN, taking into account that requested documents do not necessarily have to
be brought into cache. On a cache replacement, the algorithm evicts a document
whose next unserved request occurs in the highest indexed batch possible. We
use the following notation. Consider an algorithm that serves a request sequence
in batches. At any given time during the processing and for any document d, let
b(d) be the index of the batch where the next unserved request to d occurs. If d
is not requested again, let b(d) = [m/r].

Algorithm BMIN. Serve a request sequence in batches. When the processing
of a batch starts, first serve all requests to documents that are currently in cache.
While there is still a document d with unserved requests in the batch, execute
the following steps. Serve all requests to d and determine b = maxgeg b(d'),
where S is the set of documents that are currently in cache. If b(d) < b, load d
into cache and evict any document d’ with b(d") = b.

Theorem 8. [1] For any request sequence o, BMIN incurs the minimum cost
among algorithms processing request sequences in batches.

Using Lemma [Tl we obtain the following result.

Corollary 1. [I] BMIN achieves an approzimation ratio of 2.

The Bit Model. In the Bit Model cost(d) = size(d), for any document d.
Again we design an approximation algorithm that processes a request sequence
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in batches. The algorithm proceeds in two steps. First it constructs a fractional
solution, where documents are allowed to be fractionally in cache. We say that a
document d is fractionally in cache if 0 < ¢(d) < size(d), where ¢(d) denotes the
number of bits of d present in cache. In this case the cost of serving requests to
d or loading the remainder of d into cache is equal to cost(d) — ¢(d). In a second
step the algorithm rounds the fractional solution to a feasible integral solution.
The strategy for designing fractional solutions is a bitwise implementation of
BMIN. For any document d and any batch i, let b(d, ) be the smallest index j,
j > i, such that batch j contains requests to d. If d is not requested again after
batch i, then b(d, i) = [m/r].

Algorithm BBMIN. Serve the request sequence in batches. For any batch 4,
first serve the requests to documents that are fully or fractionally in cache; con-
sider those documents d in non-increasing order of b(d, i) values. Then serve the
requests to documents not present in cache. For any requested document d that
is not fully in cache, execute the following steps after the service operation. De-
termine b = maxg g b(d', 1), where S is the set of documents that are fully or
fractionally in cache. While b(d, i) < b and ¢(d) < size(d), perform two instruc-
tions: (1) Evict 8 = min{size(d) — ¢(d), c(d’)} bits from any document d’ with
b(d',i) = b. (2) Load [ missing bits of d and recompute b = maxgcg b(d', ).

Next we present our rounding algorithm, generating an integral solution from
the fractional solution produced by BBMIN. We extend the notation. For any
document d and any batch 4, let ¢(d,i) be the number of bits of d present
in cache when the processing of batch ¢ ends. We first modify the solution of
BBMIN such that the extent to which a document is in cache does not change
between two consecutive batches in which the document is requested. Suppose
that d is referenced in batch ¢. Document d’s presence in cache may decrease
during the processing of batches j =i+ 1,...,b(d,i) — 1. The cost of the next
reference to d is equal to the number of bits of d not present in cache when batch
b(d,i) — 1 ends, which is equal to size(d) — c(d, b(d,i) — 1). Therefore, for any
document d and batch ¢ such that d € B(i), we set ¢(d,j) = ¢(d,b(d,i) — 1),
for j =14,...,b(d,i) — 2. This does not change the cost of the solution and only
frees up space in cache. The solution by BBMIN has an important property that
is crucial for the actual rounding procedure: Consider two batches ¢ and j with
i < j as well as two documents d € B(i) and d' € B(j). If b(d', j) < b(d,4) and
e(d,l) >0forl =14,...,b(d,i)—1, then ¢(d’',l) = size(d'), forl = j,...,b(d’, j)—1.
This is because BBMIN prefers d over d’ when evicting bits as d’s next request
is farther in the future.

The rounding procedure produces a solution that may need some extra space
in cache. More precisely, the solution may need up to K + §Dyax memory in
cache, where Dy .x is the size of the largest document ever requested and ¢
is an arbitrary constant satisfying 0 < ¢ < 1. Later, in order to achieve the
desired approximation guarantee, we will set § = 1/(1 + €). We remark that
in practical applications the extra space requirement is small; typically Dpax
comprises not more than 1-2% of the cache size. Fix a ¢ with 0 < § < 1. For
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batches ¢ = 0,...,[m/r] — 1 the procedure considers the documents d € B(7)
with (1 — d)size(d) < ¢(d,i) < size(d). Document d is rounded up if, after the
rounding, the rounded-up documents occupy extra memory of no more than
0Dax. Otherwise the document is rounded down to (1 — J)size(d). Finally, all
values ¢(d,i) with 0 < ¢(d,i) < (1 — 0)size(d) are rounded down to 0. The
pseudo-code is given in Figure [ below.

A thorough analysis of the above scheme, using § = 1/(1 + €), yields the
following result.

Theorem 9. [1I] For any e > 0, we can construct a solution that incurs a cost of
at most (14€)BBMIN(0) and uses an additional memory of at most Dyax /(14€).

Again, using Lemma [I] we obtain:

Corollary 2. [I] For any request sequence o and any € > 0, we can construct
a solution that incurs a cost of at most 2 + € times that of an optimal solution.
The extra space required is bounded by Dpax/(1 + €/2).

The Fault Model. We investigate the Fault Model where cost(d) = 1, for
all documents d, and design an approximation algorithm that processes a given
request sequence in batches. As in the previous section, for any document d and
any batch i, let b(d,?) be the smallest index j > ¢ such that batch j contains
requests to d and let ¢(d, i) be the number of bits of documents d present in
cache when the processing of batch ¢ ends. The number of bits of d that are
in cache initially is denoted by ¢(d, —1). Unfortunately, we know of no simple
combinatorial algorithm for constructing a good fractional solution operating in
batches. Therefore, we formulate the caching problem as a linear program.

W .lo.g. we may restrict ourselves to solutions in which the extent to which a
document d is in cache does not change between two consecutive batches refer-
encing d. Thus if d € B(i), then ¢(d, j) = ¢(d, b(d,i)—1), for j = 4,...,b(d,i)—2.
The cost for serving requests to d € B(i) is equal to the fraction to which d is
not in cache at the end of the previous batch, which is 1 —¢(d, i —1)/size(d). The

Algorithm Rounding

1. Ezxtra < 0;

2. for i« 0to [m/r] —1do

3 for all d € B(i) with (1 — §)size(d) < ¢(d, 1) < size(d) do

4 if Extra + size(d) — ¢(d, i) < § Dmax then

5. Eztra — Eztra + size(d) — ¢(d, 1);

6. c(d, i) «— size(d), for j =14,...,b(d, i) —1;

7 else

8 Extra «— Extra — (c(d, i) — (1 — §)size(d));

9 c(d,i) — (1 —d)size(d), for j=1,...,b(d,i) — 1;
10. for all ¢(d,4) with 0 < ¢(d,7) < (1 — 0)size(d) do
11. c(d, i) « 0;

Fig. 5. The Rounding algorithm
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only additional constraint we have to impose is that the total size of documents
in cache may not exceed K. Thus the linear program is as follows. Let D be the
set of documents ever requested.

[m/r]-1
Minimize Y Y (1 —c(d,i—1)/size(d))
i=0  deB(i)

subject to
c(d,j) = c(d,b(d,i) — 1)) Vd, i, 5 such that
d € B(i) and
1<j<bldi)—1
> eldi) <K Vi
deD
c(d,i) € {0, size(d)} Vi, d

We replace the constraint c(d,i) € {0, size(d)} by 0 < ¢(d,i) < size(d) so
that the linear programming relaxation can be solved in polynomial time. Let
OPTP,(0) be the cost incurred by the LP relaxation on input o. Clearly, this
is a lower bound on the minimum cost of any integral solution processing o in
batches.

We have to round the optimal fractional solution to obtain a feasible integral
solution. To this end we fix an € > 0 and partition the documents into classes
such that, within each class, the size of the documents differ by a factor of at most
1+ €. Formally, we partition the documents into |log; Te Dinax] + 1 classes such
that class Cy, 0 < k < [log; , . Dmax] contains documents d with Dax(1+€)7F >
size(d) > Diax (14 €)~ 1), We assume that each document consists of at least
1 bit. In the following we will round the optimal LP relaxation solution and
essentially apply the Rounding algorithm given in Figure [ separately to each
class. In order to be able to do so, we first modify the optimal LP relaxation
solution such that, for any class, documents requested earlier in the future reside
to a larger extent in cache. Formally, we require that, for each class Cy, the
following property holds. Let d,d’ € Cy be two documents with d € B(i), d’ €
B(j) and i < j. If b(d',j) < b(d,%) and ¢(d,l) > 0 for I =4,...,b(i,d) — 1 then
c(d',l) = size(d'), for Il = j,...,b(d’,7) — 1. This property corresponds to that
in the Bit Model, which was essential to apply the Rounding algorithm. The
property can be established relatively easily by updating cache extents properly
whenever there is a conflict for two documents 7 and j; details can be found
in [1]. Let OPT* be the solution obtained after all these modifications.

Given OPT”, we apply the Rounding algorithm described in Figure [ sepa-
rately for each class Cy. We use parameter § = 1 and replace Dp,ax by DF
where DE__is the size of the largest document in C. An analysis of the entire
scheme leads to the following result.

Theorem 10. [1] For any request sequence o and for any e > 0, we can construct
a solution that processes o in batches and incurs a cost of at most (1 —|—e)OPT€P (o).
The additional memory used by the solution is at most Dpax(1 + 1/€).
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Corollary 3. [I] For any request sequence o and any € > 0 we can construct a
solution that incurs a cost of at most 2 + € times the optimum cost and uses an
extra space of no more than (1 + 2/€)Dyax.

The General Model. In the General Model the service/loading cost cost(d)
can be an arbitrary value, for any document d. Our solution for the General
Model is based on an approximation algorithm by Bar-Noy et al. [9]. They
considered the following loss minimization problem. Let Z be a set of intervals
I = [t1, 2], the scheduling of which requires a resource of bounded availability.
Let width(t) be the amount of resource available at time ¢. Each interval I € 7
has a width w(I) as well as a penalty p(I). The width reflects the amount of
resource required at any time ¢t € I if I is scheduled. The penalty represents
the cost if I is not scheduled. The goal is to find a set S € 7 of intervals
being scheduled such that ), gw(I) < width(t), for any time ¢, and the total
penalty ZjeI\Sp(I) is as small as possible. Bar-Noy et al. showed that the
standard web caching problem, where request reordering is not allowed and
documents must be in cache at the time of the reference, can be formulated as
a loss minimization problem. We showed [I] that the problem of constructing a
schedule that processes a given request sequence in batches and allows bypassing
can also be formulated in the above framework.

Theorem 11. [1] For any o, we can construct a solution that processes o in
batches and incurs a cost of at most 4 times that of an optimal solution that
serves o in batches. No extra space is required.

Corollary 4. [I] For any o, we can construct a solution that incurs a cost of
at most 8 times that of an optimal solution. No extra space is required.

4 Conclusions

This survey has reviewed algorithmic results for two basic memory management
problems in large network. While, for both of the problems, a comprehensive
set of results has been developed, several interesting open questions remain.
For the multi-buffer management problem in network switches, the presented
algorithms do not take into account fairness constraints providing a certain
Quality-of-Service to each data stream. Moreover, packet deadlines are ignored.
In practice, if a packet does not reach its destination by a certain point in time,
it is considered lost. It would be interesting to integrate both aspects into the
investigations. Moreover, for the algorithms investigated, there is a huge gap be-
tween the theoretical and experimentally observed performance. A challenging
problem is to characterize packet sequences arising in practice and to develop
refined analyses of the available strategies such as Greedy. As for web caching
with request reordering, it would be interesting to extend the online algorithm to
a scenario without bypassing. This extension turns out to be relatively straight-
forward for our offline strategies. Nonetheless, for the offline setting, it would be
good to develop algorithms with even improved approximation guarantees.
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Abstract. In a multicast communication network, each sender commu-
nicates with multiple nodes which are in request of identical data. We
summarize our studies of the minimum multicast congestion problem,
which generalizes the well-known N P-hard multicommodity flow prob-
lem. Moreover, we describe efficient architectures for a network allowing
n senders to connect to N receivers (n < N).

1 Introduction

In the first phase of the program, we studied the Minimum Multicast Conges-
tion Problem. Here, a communication network is modeled as an undirected graph
G = (V, E), where each node represents a computer that is able to receive, copy
and send packets of data. Multicast traffic means that several nodes have a si-
multaneous demand to receive a copy of a single packet. These nodes together
with the packet’s source specify a multicast request S C V. Meeting the request
means to establish a connection represented by a Steiner tree with terminal set
S, i.e., a subtree of G that contains S and has no leaf in V' \ S. Given G and a
set of multicast requests it is natural to ask about Steiner trees such that the
maximum edge congestion, i.e., the maximum number of trees sharing an edge
is as small as possible. Solving this minimization problem is N P-hard, since it
contains as a special case the well-known N P-hard standard routing problem
of finding (unsplittable) paths with minimum congestion. The MAX-SN P-hard
minimum Steiner tree problem is also closely related.

The second phase was concerned with the design of communication networks
using few connections between n inputs and N outputs, and still allowing all the
inputs to send information to arbitrary distinct outputs simultaneously. In the
usual graph model, this network design problem can be stated as follows.

Given n,N € N (n < N), construct a digraph G = (V, E), where V =
I UL UO is partitioned into input vertices, intermediate vertices and output
vertices such that

J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 247 2009.
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- ‘I‘:n’ ‘O‘ =N,

— for every injective mapping f : I — O there are vertex disjoint paths con-
necting 7 to f(i) for all i € I,

— |E| is small, or even minimum.

We call a digraph as above an (n, N)-connector (well-known in literature also as
rearrangeable network, permutation network, and (N, n)-permuter). An (n, N, k)-
connector is an (n, N')-connector, where each path from I to O is of length k.
The results of the second phase have been obtained in joint work with Gerold
Jager, and — in part — with Amnon Ta-Shma.
In the following we will survey our results and give brief sketches of some of
the proofs. Comprehensive versions can be found in [TJ23].

2  Minimum Multicast Congestion Problem
2.1 Previous Work

Vempala and Vocking [4] gave a randomized algorithm for approximating the
minimum multicast congestion problem within a factor of O(logn) by applying
randomized rounding to an integer linear program relaxation. The considered
LP contains an exponential number of constraints corresponding to the expo-
nential number of possible Steiner trees. Vempala and Vocking handled this
difficulty by considering a multicommodity flow relaxation for which they could
devise a polynomial separation oracle. By rounding the fractional paths in an
O(logn)-stage process they proved an O(logn) approximation. Carr and Vem-
pala [5] gave an algorithm for approximating the minimum multicast congestion
within a constant factor plus O(logn). They showed that an r-approximate so-
lution to an L P-relaxation can be written as a convex combination of Steiner
trees. Randomized rounding yields a solution not exceeding a congestion of
max{2exp(1l) - rOPT, 2(e + 2)logn} with probability at least 1 — n~¢, where
r is the approximation factor of the network Steiner problem. Both algorithms
use the ellipsoid method with separation oracle and thus are of mere theoret-
ical value. A closely related line of research is concerned with combinatorial
approximation algorithms for multicommodity flow and — more general — frac-
tional packing and covering problems. Matula and Shahrokhi [6] were the first
to develop a combinatorial strongly polynomial approximation algorithm for
the uniform concurrent flow problem. Their method was generalized and im-
proved by Goldberg [7], Leighton et al. [8], Klein et. al. [9], Plotkin et al. [I0],
and Radzik [T1]. A fast version that is particularly simple to analyze is due to
Garg and Koénemann [12]. Independently, similar results were given by Grigori-
adis and Khachiyan [13]. Jansen and Zhang [14] extended the latter approach. In
particular, they presented a randomized algorithm for approximating the mini-
mum multicast congestion within (14-¢)(rOPT+exp(1) Inm) in time O(m(ln m+
e 2Ine)(kB + mlnln(m/e)), where B is the running time of a minimum
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Steiner tree approximation. The online version of the problem was considered
by Aspnes et al. [15].

2.2 Our Results

We present three algorithms which solve the fractional multicast congestion
problem up to a relative error of r(1 4 ). The fastest of these takes time
O(kBze=2InkInm) (where 8 bounds the time for computing an r-approximate
minimum Steiner tree). By means of randomized rounding we obtain a (1 +
€)(rOPT+exp(1) In m)-approximation to the integral multicast congestion prob-
lem. With the tools of Srivastav and Stangier [I6] the rounding procedure can
be derandomized. The three algorithms are based on the approaches of Plotkin,
Shmoys and Tardos [10], Radzik [II], and Garg and Koénemann [12] to
path-packing and general packing problems. In experiments it turned out that
straightforward implementations of the above (theoretically fast) combinatorial
algorithms are quite slow. However, simple modifications lead to a very fast al-
gorithm with much better approximation results than hinted at by the worst
case bounds.

2.3 Notations

Let G = (V, E) denote the given undirected graph on n nodes and m edges.
We consider k multicast requests, S1,...,S5k C V. The set of all Steiner trees
with terminal nodes given by S; is denoted by 7;. As to the (possibly fractional)
congestion, we distinguish between ¢;(T), the congestion caused by tree T for

request S;,
ci(e) :== Z ¢ (T),

TeT;

e€E(T)
the congestion of edge e € E due to request S;, c(e) := Zle ci(e), the total
congestion of edge e € E, and ¢pax := maxecp c(e), the maximum edge conges-
tion. We will define a nonnegative length function [ on the edges and abbreviate
the sum of edge lengths of a subgraph U of G by {(U) := }_.cp(y) l(e). The
time for computing an r-approximate optimum Steiner tree will be denoted by
(. Throughout, » > 1.55 and ¢ € (0,1] will be constant parameters describ-
ing the guaranteed ratio of our minimum Steiner tree approximation [I7] and
determining the target approximation of the fractional optimization problem,
respectively. MST;(S;) and MST;(S;) are used to denote a minimum Steiner
tree and an approximate minimum Steiner tree for S; with respect to [ (I is usu-
ally omitted); we assume [(MST(S;)) < r - I(MST(S;)). The optimal fractional
congestion is denoted by OPT.

2.4 LP Formulation

The minimum multicast congestion problem can be formulated as an integer
linear program. We study a natural LP relaxation and its dual:
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(LP) minz

s. t.

Yorer ci(T) > 1 foralli e {1,...,k}

cle) = Zle Yorer, Gi(T) < zforallee E

e€E(T)

¢i(T) >0 forall¢ and all T € 7;
(LP*) max Y7, Y,

s. t.

Z?EE (6) S 1

Yeenm lle) 2 Y for all  and all T € 7T;

le) >0 forallee E

Y, >0 forallie {1,...,k}

We are going to use this formulation as the basis for combinatorial algorithms.
Since these algorithms are proven to run in polynomial time, we will get solutions
containing only polynomially many non-zero variables, despite the fact that the
LP formulation has exponential size.

Lemma 1. Let (Y7,...,Y ,l* : E — Rso) be a feasible solution to (LP*).
(Y7, ..., Y5 " : E— Rxo) is an optimal dual solution if and only if

k k X |
;n*:;MMsm)):max{zi_lz%fﬂsz)) BB _}éo}.

(MST(S

Corollary 1. OPT > Sl I(G)

for alll: E— Rxo.

By complementary slackness, feasible solutions to (LP) and (LP*) are optimal
if and only if

lle)(cle)—z)=0forallee F (1)
a(T)U(T)-Y;)=0forallie{l,....,k} and all T € 7; (2)
n(Zci(T)—1>=0fora11ie{1,...,k}. (3)
TET;
To guarantee optimality, it is sufficient to replace (1), (2), and (3) by

l(e)(c(e) — cmax) =0 for all e € E, (1)
a(T)U(T) = I(MST(S;)) =0for all i € {1,...,k}, and all T € T, (27)
> () =1 (3)

TEeT;

Summing (1’) over all edges and (2") over alli € {1,...,k} and all T € 7; yields
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D cle)i(e) = U(G)emax (1)
eckE
k

ST UMST(S) = 3 3 eMIUT) = 3 eleife). ')
i=1TeT;

i=1 1= ecE

In the derivation of (2”) we used (3') and the fact that

k k
DN a@uTy=>1e)) Y a(T

i=1TeT,; ecE i=1 TeT;
e€E(T)

which equals »_ . l(e)c(e) by definition of c(e). Any approximately optimal
solution to (LP) that is found in polynomial time determines for each multicast
request S; a (polynomial) set of trees with fractional congestion. The task of
selecting one of these trees for each S; such that the maximum congestion is
minimized constitutes a vector selection problem. Raghavan [I8] bounds the
quality of a solution by analyzing a randomized rounding procedure. For our
problem his analysis gives the following result.

Theorem 1. There exists an O(kBe™2InkInm)-time randomized algorithm for
computing a solution to the minimum multicast congestion problem with conges-
tion bounded by

{( e)rOPT+ (1 +¢)(exp(1) — 1)VrOPT-Inm if rOPT>Inm

(14¢e)rOPT+ 1ti)le?ﬁ%2;?m otherwise.

2.5 Approximating the Fractional Optimum

Plotkin, Shmoys and Tardos specify conditions that are sufficient to guarantee
relaxed optimality. Adapted to the multicast problem, these conditions are the
following relaxations of (1”) and (2”).

(1 —&)emaxl(G) < Z c(e)l(e) (R1)

ecl

k
(1—=2)> cle Z (MST(S:)) + eCmaxl(G). (R2)

eckE

Their idea is to choose ! such that (R1) is automatically satisfied, and to grad-
ually satisfy (R2) by repeated calls to the following routine:

given a feasible solution (¢;(T), ¢maz) to (LP) and an error parameter e, we de-
fine a length function ! on the edges by l(e) := exp(« - ¢(e)), where a depends
on the maximum congestion ¢4, the number of edges m and the parameter €.
Now, for each multicast request, an approximation T; of the Steiner minimum
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tree is computed with respect to [. Our current solution is then modified by
shifting congestion towards the computed Steiner trees, i.e., by setting

{20

Thus we punish the repeated choice of existing tree edges and gradually construct
a fractional solution that approximates the optimum up to (1 + 6¢) times the
presently best factor for the Steiner tree approximation. It can be shown that

—1
(R1) is satisfied for a > 2™3™= ) and that the choice of o := oF. guarantees

Cmax€
that [(G) decreases by a factor of least (1 — 5525,?‘” ). Since the initial value of
I(G) is at most m - exp(« - Cmag) We get the following result.

Theorem 2. Fore < é and assuming OPT > 1, the fractional minimum mul-
ticast congestion problem can be approximated within r(1 + 6¢)OPT in time
O(k%*c=2-In(m/e)B). Using the Steiner tree approzimation by Mehlhorn [19], we
obtain a 2(1 + 6¢)-approzimation in time O(k*c—2m).

We observed that the efficiency of the algorithm heavily depends on the way,
the improvement of the congestion is implemented. By Theorem 2] it would be
sufficient to fix an € > 0 once and run the above described procedure. Practical
experiments show that much better solutions are obtained, if we iterate the
procedure starting with € := 1/6, and decreasing € in subsequent iterations by
a factor of 1/2. This process is called e-scaling.

Adapting the algorithm of Radzik [I1I] to our problem, yields a theoretical
speedup by a factor of k. The key idea is to update the length function after
each single approximate Steiner tree computation, if the length of the new tree is
sufficiently small. Radzik uses relaxed optimality conditions different from (R1)
and (R2). One can show that for A > OPT and ¢ < 1/3, we can guarantee
Cmaz < 7(1+¢)OPT if

Cmax < (1+¢/3)\ and (R1)

k

D UMST(S))) > (1 —/2)M(G). (R2)

i=1
The length function of Radzik is very similar to the one of Plotkin et al.
Definition 1. Given some fixred A > OPT we define

o= 31+ 5)/\1;1(m5*1) and l(e) = exp(a - c(e)) for alle € E.

we can prove the following result.

Theorem 3. Fore < 214, the fractional minimum multicast congestion problem

can be approzimated within r(1 + &) OPT in time
O (7% klnnlnk(m + B)) = O(kme~?)

for the Steiner tree approximation by Mehlhorn.
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The algorithm of Garg and Kénemann [12] differs from the previous algorithms
in the fact that there is no transfer of congestion old Steiner trees to new Steiner
trees in successive iterations. Instead, the functions describing the congestion are
built up from scratch. A feasible solution is obtained by scaling the computed
quantities in the very end. Since the algorithm is quite simple, we give a detailed
description.

IMPROVECONGESTION
foree E

lle): =0

while » . pl(e) < ¢

fori:=1to k
T := MST(S;), ci(T) := ¢;(T) + 1
foreeT
l(e):==1(e)- (14 ¢)

scale &;(T) := ¢;(T)/#iterations
The following lemmas are needed for the analysis.

Lemma 2. Suppose that l(e) is initialized to some constant 6 for all e € E. Let

q be the number of iterations of the while-loop IMPROVECONGESTION needs to
: ~(q) ‘In(£/9) In(£/4)

terminate. Then Entax < (qi‘lflnu%) and q < [O}gT ) 1§(1+E)—‘

To achieve an r(1 + ¢)OPT-approximation, we must fix the free parameters §, £

and u appropriately.

1+e€

Lemma 3. Let ¢ < 316. For u < 20PT and £ := ¢ - (1—73@) ° the algorithm

terminates with Cmax < r(1 + 6¢) OPT.
Altogether we have the following result.

Theorem 4. An r(1+6¢) OPT-approzimate solution to the fractional minimum
multicast problem can be obtained in time O(Be2k-InkInm) = O(¢~2km) using
the Steiner tree approximation by Mehlhorn.

The proof is based on repeatedly calling IMPROVECONGESTION in the following
u-scaling process. Throughout the process we maintain the condition u < 20PT
to make sure that the algorithm terminates with the claimed guarantee. So all we
have to worry about is the number of iterations. The first call is performed with

U = g By Lemma Bl if u < OPT, the algorithm terminates within “;‘((ﬂ?)—‘
k

5 and restart the algorithm with

u = 'Z. Again, IMPROVECONGESTION either terminates in “:((f@))

or we may conclude that OPT < Z and restart the algorithm with u := ’8“. Re-

iterations. Otherwise, we know that OPT <

—‘ iterations

peating this at most O(In k) times yields the claim, since 11:((1’54‘?) = O0(e721Inm)
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and because one iteration takes O(k(m + ())-time. Unfortunately, the above
u-scaling process is not practically efficient, since the number of iterations in
each scaling phase is considerably large (note that we need ¢ < 316 to guarantee
the approximation quality, so even for moderate values of m, say m := 500,
we may have to await over 8000 iterations before we can decide whether or not
OPT < wu). However, without u-scaling the running time increases by a fac-
tor of k/Ink. Again, we may (practically) improve the running time by using
Cmax < (146¢) Zf:l I(MST(S;))/I(G) instead of [(G) > € as the termination cri-
terion. It is an open question whether or not e-scaling can be advantageously ap-
plied. (Our experiments strongly indicate that e-scaling substantially decreases
the running time, but an analysis is still missing.) The following implementation
takes care of the fact that due to limited precision it may be necessary to rescale
the edge lengths.

APPROXIMATECONGESTION
mazdual:= 0, minprimal:= k, cmax := 0, iteration:= 0, LG:=m
foree FE

cle):==0,l(e) =1
do LM :=0
fori:=1tok
T; := MST(S,), ¢(T}) == e(T;) + 1
for e € E(T3)

LG := LG —(e)

le):=1(e)- (14 5), cle) :==cle) +1

Cmax ‘= Max{cmax, c(e)}

LG :=LG+1(e), LM := LM +(e)
iteration:=iteration+1, dual:= Iig
mianprimal := min{minprimal, =< 1
mazdual := max{mazdual, dual}
if LG > 100000

._ La
LG = 150000
foreec E ©
(e
1(€) == 190000
while minprimal > (1 + 6¢)mazdual
Cmax ‘= étec:c‘;?on7
for T € T;
. o(T)
c(T) := b

2.6 Approximating the Integral Optimum

Klein et al. [9] describe an approximation algorithm for the unit capacity con-
current flow problem that can be modified to approximate an integral solution
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to our problem without the necessity to round. The algorithm is similar to the
approach of Plotkin, Shmoys and Tardos. However, instead of updating all trees
in one iteration of the while loop, only one “bad” tree per iteration is modified.

Definition 2. A tree T € T; is r-bad for S; if

max * l G
(1 —&NUT) > rl(MST(S;)) + € - ¢ i ( )
This allows us to choose ¢ by a factor of k larger than in the algorithms described

previously, and it can be shown that consequently o never needs to be reduced
below 1, if OPT = 2(logn).

Theorem 5. An integral solution to the minimum multicast congestion problem
with congestion OPT-O(y/OPT -logn) can be found in time O(k*(m+ () logk).

A deterministic approximation satisfying the bounds of Theorem[Ilcan be proved
with the tools of Srivastav and Stangier [16]. The proof given in [16] has to
be slightly modified, as we have to replace the Angluin-Valiant inequality by
Raghavan’s stronger bound on the deviation of the sum of Bernoulli trials from
its expected value [18]. The crucial difference is that in computing the pessimistic
estimators we require an approximate solution to the equality

I exp(d) oPT
m o\ (1+0)1+9) ’

OPT
i.e. we want to determine & such that (ui’ggf}ﬂg) € [, L] or equivalently

0 < f(9) :=In(2m)+OPT(0—(14+6)In(1+40)) < In2. Note that f is a monotone
function of ¢ with f(0) = In2 +lnm > In2 and f(6 4+ In2m) < In(2m) +
(6 + In(2m) — (7 + In(2m)) - 2) < —8. Hence, an approximate solution can be
found in time O(InInm) by binary search. In practical experiments the following
algorithm was superior to all theoretically efficient approximation algorithms.

The algorithm uses different length functions for determining a start set of
Steiner trees and for updating trees. The first length function is similar to the
one in Aspnes [I5] et al.’s online algorithm, but uses a base of n instead of
a base € (1,1.5]. In fact, we found that the quality of the solutions increases
substantially as the base grows. To improve near optimal solutions it turned out
to be of advantage to replace the exponent c(€)/cmax in the length function by
c(e) — ¢max, thereby increasing the impact of highly congested edges. On the
other hand, the exponential base must be neither too small nor too large to
“correctly” take into account edges with lower congestion. Here, the size of the
current best tree (experimentally) proved to be a good choice.
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PRACTICALCONGESTION
A:i=1,c¢le):=0forallee E
fori:=1to k

forec &

I(e) :== nN -1
T; :== MST(S;)
for e € E(T;)

c(e) :=cle) + 1, A = max{\, c(e)}

tteration :=1
while (iteration < 100)

fori:=1tok
A= [B(T)]
foree E

I(e) = A ema
for e € E(T3)
lle):=1(e)/A
T/ := MST(S;)
for e € E(T3)
lle):=1(e)- A
if I(T;) > U(T}) then T; := T
update c¢(e)
iteration := iteration + 1

2.7 Open Problems

We tested our new algorithm against Aspnes et al.’s online algorithm and a ver-
sion of APPROXIMATECONGESTION3, which is (together with APPROXIMATE-
CONGESTION2) theoretically fastes and found that our heuristic algorithm
PRCATICALCONGESTION showed a superior performance. A proof confirming
the experimental results remains a challenging open problem.

3 Construction of Sparse Asymmetric Connectors

3.1 Previous Work

Let e(n, N, k) denote the minimum number of edges sufficient for building an
(n, N)-connector of depth k, i.e., a connector between n inputs and N out-
puts where each input-output path has length k. The size of e(n, N, k) in the

L Our test instances were grid graphs with rectangular holes. Such grid graphs typically
arise in the design of VLSI logic chips where the holes represent big arrays on the
chip. They are considered as hard instances for path- as well as for tree-packing
problems. Multicast requests of size 50 to 1000 were chosen by a random generator.
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symmetric case N = n is well-studied. Pippenger and Yao [20] proved that
e(n,n, k) = 2(n'T1/*) and showed by a probabilistic argument that e(n,n, k) =
O(n*+/*(logn)'/*). The best explicit construction of sparse symmetric con-
nectors with odd depth is also due to Pippenger [2I] who showed how to build
(n,n, 2j+1)-connectors with O(n'*t1/U+1)) edges. Hwang and Richards [22] gave
a construction of an (n,n, 2)-connector with O(n®/?) edges that can be extended
by Pippenger’s method to yield (n,n,2j)-connectors with O(n!+2/(37-1)) edges
(j > 2). Less results are known for asymmetric connectors. Orug [23] gave con-
structions of (n, N, £2(log, N +log, n))-connectors and (n, N, 2(log, N +log3 n))-
connectors with O((N+n) logy n) and O(N +nlog, n) edges, respectively, relying
on recursive Clos networks [24] and concentrators as building blocks. Richards
and Hwang [25] were the first to construct asymmetric connectors of depth 2.
Their method requires N[y/n+5/4 — 1/2] + n[\/n+5/4 — 1/2]V/N edges if
n < VN, and O(N3*n) edges if n > v/ N provided that N is the square of a

prime.

3.2 Our Results

We are interested in (n, N)-connectors with constant depth &k and n < N. Note
that for k = 1 the only solution is the complete bipartite graph K, n (so-called
crossbar). In practical applications (design of electronic switches) one typically
has n < v/N. After introducing a general structure for connectors, we determine
the size of an optimal (n, N)-connector of depth 2 for n < N'/27¢ as O(N) . As
our main result we give explicit constructions for (n, N,2)-connectors with at
most N[+/3n/4] + n[v3Nn] edges. This improves over the complexity of the
switching network of Richards and Hwang by a factor of \/ 3/4. The constructions
are based on a nice generalization of the Erdés-Heilbronn theorem on the size of
restricted sums in the group Z, by Lev [26]. Finally we mention results obtained
jointly with Amnon Ta-Shma on the construction of near optimal connectors by
means of expander techniques.

3.3 Sparse (n, N, 2)-Connectors

We will show that the following general structure is optimal for depth-2 connec-
tors with n < v/N:

— input vertices and intermediate vertices form a complete bipartite digraph,
— each output is connected to d intermediate vertices for some constant d.

This structure requires n-|L| + N - d edges. Let us call a digraph with the above
structure a standard switch. For a standard switch, the problem of finding ver-
tex disjoint paths is reduced to that of determining a perfect matching between
intermediate and output vertices. Moreover, Hall’s [27] marriage theorem (assur-
ing that a bipartite graph G = (4, B, E') contains a matching of A if and only if
each subset S of A has at least |S| neighbors in B) provides a handy connector
condition. For § C V' let I'(S) denote the set of neighbors of S.
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Proposition 1 (connector condition). 4 standard switch is an (n, N,2) con-
nector if |I'(S)| > |S| for all S C O with |S| < n.

Proof. Let f : I — O be injective. Since the connector condition is satisfied
we can apply Hall’s theorem to prove that f(I) can be perfectly matched into
L via n disjoint edges eq,...,e,, where e; = (v;, f(7)) for some intermediate
vertex v; € L, i = 1,...,n. [ and L form a complete bipartite graph, thus
{(i,vi, f(3)) | i € I} is the desired set of vertex disjoint paths. O

Richards and Hwang used the standard switch structure for their construction
in the case n < v/N. The following theorem is implicit in their paper.

Theorem 6 (Richards, Hwang, 1985). Let n, N € N with n < /N and let
p be the smallest prime > \/N. The construction of Richards and Hwang yields

a connector with at most N - [\/n—k i — ;i‘ +p {\/n%— Z — ;i‘ n edges.

3.4 An Optimal (n, N, 2)-Connector

Theorem 7. Letn < N2¢ for some 0 < & < 1/2. An optimal (n, N)-connector
of depth 2 has O(N) edges.

Proof. The proof of the lower bound is trivial, since each of the N output
vertices must have degree > 1. For the proof of the upper bound we assume v N
to be integral w.l.o.g. Consider a standard switch where |L| = v/N. For each
output vertex pick d intermediate vertices as neighbors uniformly at random.
Let us determine d such that the construction is successful. If Hall’s condition
is not satisfied, there is a subset S € O of size at most n whose neighborhood
is smaller than |S|. Consequently, there must be no edges connecting S to the
|L| —|I'(S)| remaining intermediate vertices. The probability of these bad events
is bounded by

S () =S ()

We have to ensure that the latter term is smaller than 1, which is true for
d
2, n _ 1
N (\/N) = 5 and thus for

log(2N? 2log N + log2 2 log 2
el 2logNiblog2 2 g2 )
logv/N —logn = 5-logN —(; —¢)logN ¢ ¢clogN
So, there is a connector with N - d++v/N - N27¢ = O(N) edges. O

3.5 Explicit Constructions

The following basic method assigns each output two neighbors in some small
subset of L and subsequently copies this neighborhood several times until the
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connector condition is satisfied. In case of odd d a further neighbor is added to
the last copy.

2-Copy Method

1. Let O:={0,...,N -1}, ¢ := [\/N_‘ , d:= {é’i/_f] —|—1J.

2. Let L:={0,...,qd — 1} (still, we think of L and O as disjoint sets).

3. Forz € O let * = 21 + qxa (21,22 € {0,...,q — 1}) be the g-ary decompo-
sition of x.

4. Let I'n(x) := {x1, 22 + ¢} and choose the neighbors of z as

Lg-1)
I(z):= |J (o) +i-29).
=0

If d is odd, add (z1 + z2) (mod ¢) + (d — 1)q as a further neighbor.

Theorem 8. The 2-copy method yields a connector with at most N[v/n| +

[VNT[\/n]n edges.

The proof is based on verifying Hall’s condition for the neighborhoods con-
structed by the copy method. If N is not the square of a prime, and n - |L| is the
dominating term for the number of edges, then the 2-copy method can readily
improve over the construction of Richards and Hwang. A general improvement
can be obtained by exploiting the following observation: the lower bound of
2./|S| for |I(S)] is attained if and only if | f1(S)| = [f2(S)| = 1/|S|. However,
in this case, |f1(S)+ f2(S)| > 21/|S| — 1 by the famous Theorem of Cauchy and
Davenport.

Theorem 9 (Cauchy 1813, Davenport 1935). Let p be a prime; let A be a
set of k different residue classes (mod p) and let B be a set of | different residue
classes (mod p). Then the number z of residue classes (mod p) expressible as
a+b (a €A, be B) satisfies

z > min{p, k+1—1}.

Hence, [f1(S)| + |f2(S)] + [f1(S) + f2(S)| should always be strictly larger than
5 [2\/\S|—‘, which was our bound for |I'(S)| in case d is odd. Therefore it is

promising to modify the 2-copy method into a 3-copy method by replacing step
4 with

4 Let I'p(x) := {z1,22 + ¢, (z1 + 22) (mod q) + 2¢} and choose the neighbors

of x as
Lg-1]

I(z):= |J (o) +i-3q).
i=0
If d =1 mod 3, add z1 + (d — 1)q as a further neighbor. If d = 2 mod 3, add
the neighbors z1 + (d — 2)q and x2 + (d — 1)g.
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It can be shown that for the 3-copy method it is enough to take d as [\/ inw +

¢, ¢ > 2 at the expense of a slightly larger ¢ := min{¢’ € P | ¢ > v/N}. The
proof is based on the following theorem of Lev [26] which is a generalization
of the long-standing open Erdés-Heilbronn conjecture (resolved affirmatively by
da Silva and Hamidoune in 1994).

Theorem 10 (Lev, 2000). Let p be a prime, let A,B C Z/pZ with a =
|Al,b:= |B|, and let R C Ax B. Assume for definiteness a < b, and let r := |R].
Then

o a+b—2yr—1, ifa+b<p+/rand /r<a,
|A+B‘Z p_a+lr,_p7 Zfa"_bzp"_\/ra
b_'27 ﬁ\ﬂ"Z(L

R
where A+ B:={a+b|la€ Abec B,(a,b) ¢ R}.

Verifying the claimed improvement requires some tedious case distinctions. The
following summation method is simpler than the 3-copy method and also requires
only N [3n] + 2n[\/3n/4][VN] edges.

Let N > 3n.

1. Let O={0,...,N — 1}, q:= [\/N—‘,p::min{p’EEWp’zq}.

2n—2
+ IJ , n<7T
2. Let d:=q V"]
r2v/3n] —|—1J7 n>8
3. For each « € O let x = z1 4+ qx2 be the g-ary decomposition of x. Define
mappings f; : O — {0,...,p — 1}, x — (z1 + iz3) (mod p) for all i €
{0,...,d—1}.

4. Choose the neighborhood of z € O as I'(x) := U?;Ol fi(z)+i-p (CL).

, L:={0,...,pd —1}.

Theorem 11. The summation method yields a connector with at most

N NM +2n [\/311/4] WN] n

edges.

Proof. If n < 7, the summation method is similar to the 2-copy method. So we
may actually apply the 2-copy method in this case and thus have to consider only
the case n > 8 in our proof. For n > 8 we have d > 3, so the connector condition
holds for all S C {0,...,N — 1} with |S| < 3. Choose S C {0,...,N — 1}
with |S| =: s > 4. Let D3 abbreviate the set of all three element subsets of
{0,...,d — 1}. We are going to show that for each J € Ds,

SIA(8)] = [2v3s]. 4)

JjeJ
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From (@) we conclude that

(S >\—§m = (@) PIDLIC)H
> (521) [2v3s] = ¢ [2v3d]
n—1 s—1
> o] {2%33] > 2vaa] [2\/35}
=s5—1,

and hence |I"(S)| > s. Thus, the summation method yields a connector. Since

L?)an;nw ngnwm 1_\/ \/ H
e

we have d < [\/ f’ln—‘ which gives us the claimed bound on the number of edges

(the second term in the estimate uses Bertrand’s theorem which states that there
is always a prime between z and 2z for all x € N).

It remains to prove (). For this, let J = {j1,J2,753} C {0,...,d — 1}, and
set A1 1= j3 — Jo2, A2 := j3 — j1, A3 1= j2 — j1. We have

‘)‘th(‘s)‘ = ‘f]z(s)‘ for i € {17273} (5)
and
A2 fj,(S) ={(js — j1)(@1 + jax2) (mod p) | z € S}
= {z1(M1 + A3) + 22(j1 M1 +j3A3) (mod p) | z € S}
= {M(z1 + j122) + A3(21 + jsz2) (mod p) | 2 € S} (6)

= )\1f]‘1(5) E ASfjs(S)v
where R = f;,(S) x f;,(9) \ {(fj(2), fjs(x)) | € S}. Similarly, f;,(S) and

fi:(S) can be expressed as (multiples of) some R'-restricted sum of (multi-
J3

ples of) f;,(9), fi5(S) and f;,(S), fj,(S), respectively. Due to (@) and (@) we
can use Theorem [[0] to estimate . ; [f;(S)]. Let us abbreviate a := |f;, (5)],
b:=|f;,(S)|, and r := |R| = ab— s. Assuming that a < b we have to distinguish
three cases:

Case l: a+b<p+/r,and vV/r <a
Let ¢ :=|f;,(S)]. By Theorem [10]

S IfiS)=a+b+e>2(a+b)—2y/r—1=2(a+b)—2vVab—s— 1.
jeJ
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Since we seek for a worst case lower bound, we may assume that a + b+ ¢ =
2(a +b) — 2v/ab— s — 1. The function x +— a +b+c=2(a+b—+ab—s) —1

attains a unique minimum for a = b = \/és (on Rsg). Since fj,(S) may be
regarded as (the multiple of) the restricted sum of f;, (S) and fj,(S), we also

have a unique minimum of z — a + b+ ¢ = 2(a + ¢ — vac — s) — a for some

a<lata=c= \/és, and thus >, ;[ f;(5)| = [3\/;15_‘ = [2v/3s].

The remaining two cases a + b > p 4+ /r and /r > a can be dealt with in
a similar fashion. a

3.6 The Case n > v'N
For the case n > v/N we give a construction with at most (2 + o(1)) Nin edges.
For comparison, Richards and Hwang [25] gave a similar construction that can
be shown to use at most (3 + o(1))Nin edges.
Our construction is as follows. Again we assume v/ N to be integral.
1. Construct a (N, /N, 2)-connector.
2. Let m = [ i _‘

3. Copy all in\glvlt vertices Iy := I and intermediate vertices L1 :(= L m
times, so that we have input vertices I, Is,..., I, and intermediate ver-
tices Ly, Lo, -+, Ly,.

4. Connect the output vertices O with Ls, -+, L,, in the same way as O is
connected with L.

5. Connect L; with I; for j = 2,--- ,m in the same way as L is connected
with .[1.

Theorem 12. Forn > /N, the 2-copy method constructs connectors requiring
at most (2 + o(1)) Nin edges.

3.7 Sparse Asymmetric Connectors via Expander Techniques

In a joint work with Gerold Jager and Amnon Ta-Shma, we gave an explicit
construction of a sparse asymmetric connector with only N- poly(log N) +O(n?)
edges by means of expander graphs.

Definition 3. Let ¢ > 1 be a constant. A bipartite graph G = (V1,Va; E) is an
(n, ¢)-expander, if for every S C O of cardinality at mostn we have |I'(S)| > ¢ - |S].
We were able to prove:

Theorem 13. Let ¢ > 2 be a constant. For every n < N there exists an explicit
construnction of a bipartite graph G = (O, L : E) with |O| = N and |L| = 2¢
that is an (n,2°2)-expander of degree poly(log N).

This result was obtained by adapting the optimal disperser construction in [28]
to the expander case. This involved replacing the extractor ingredient with so-

called universal extractors from a previous construction of [29]. As an almost
immediate corollary we got the following result.
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Theorem 14. For every n < N there exists an explicit (n, N, 2)-connector with
N- poly (log N) = O(n?) edges. For n < /N this ammounts to a connector with
N- poly (log N) edges.

Ta-Shma discovered, that one can build the unbalanced expanders we used more
easily, by taking O(log N) copies of optimal ezplicit dispersers introduced in [2§].

Definition 4 (Ta-Shma, Umans, Zuckerman, 2001). A bipartite graph G =
(Vi, Va; E) with |Vi| = 27, |Va| = 2™, and left degree 2 is a (2%, ¢)-disperser if
every subset A C 'V of cardinality at least 2F has at least (1 — ¢) - 2™ distinct
neighbors in W. A disperser is explicit if the i-th neighbor of vertexv € Vi can be
computed in poly(n,d) time.

Ta-Shma, Umans, and Zuckerman proved in [28] that for every n, k, and con-
stant ¢ there is a degree poly(n) explicit (2%, ¢)-disperser G = (Vi, Va; E) with
[Vi| = 2" and |Va| = 2(2 poly(n)/n3). With these dispersers, the construc-
tion of the desired connectors is similar to a non-blocking network construction
of Widgerson and Zuckerman [30]. The idea is to construct the connector as a
graph G = (V, E), V = TULUO, where G|, is a complete bipartite graph and
G)..o is the disjoint union of O(log(/N)) graphs G, such that the i-th graph G;
is a (2¢t1. poly(log N),1/2)-disperser connecting the the output nodes to 2¢+!
intermediate nodes.

3.8 Open Problems

1. The 2-copy method is based on the fact that any injective mapping from
O to N? induces a decomposition of S C O into two sets A, B such that
one is large if the other is small, assuring |A| + |B| > [%/\Sﬂ By taking
d mappings where each pair injectively maps O into N? the bound general-
izes to Z?:l |Ai| > [‘2{ . [2\/\S|H One can easily give examples for which
this bound is tight. The 3-copy method takes advantage of introducing the
restricted sum C := A ziz— B, as a third set, which is large if both A and B
are small, yielding |A4| + |B| + |C] > [\/3|S\—‘ A generalization to d sets is
provided by the summation method: here, each set may be regarded as (a
multiple of) the restricted sum of (multiples of) any two other sets, and thus
Zle |A;| > H {2\/3\S|—H Clearly, the next step would be to consider a
“base” of four sets A, B, C, D, where D has a large lower bound if A, B, and
C' are simultaneously small, i.e. |A] = |B| = |C| = \/g\S| However, it is not
clear how to construct these sets. Another promising way of improving the
3-copy method is the following: before taking the restricted sum, we map A

R
and B onto some specially structured sets A’, B’ where A’ + B’ is larger
than guaranteed by Theorem 4. An extremal example would be mapping

R
A and B onto Sidon sets A’, B’, so that |A" + B’| = |S]. Of course, using
Sidon sets increases the number of intermediate vertices to N, making the
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construction useless. Still, a proper weakening of Sidon sets might give a
significant improvement.

. Furthermore, it would be interesting to have efficient constructions for the

multicast case where each of the n inputs is allowed to connect to r > 2
specified outputs.

Finally, a challenging open problem is concerned with derandomizing the
probabilistic proof of Theorem [7
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Abstract. This work is motivated by the observation that traffic in
large networks like the Internet is not controlled by a central authority
but rather by a large number of selfish agents interacting in a distributed
manner. Game theory predicts that selfish behaviour in such a system
leads to a Nash equilibrium, but it does not, in general, explain, how
such an equilibrium can be reached. We focus on this dynamic aspect.

In the first part of this survey, we develop a dynamic model of selfish,
adaptive behaviour in routing networks. We show how and under which
conditions such behaviour can give rise to a stable state and analyse
the convergence time. Based on these results we design a distributed
algorithm to compute approximate equlibria.

In the second part, we build upon the theory developed so far in order
to design an online traffic engineering protocol which proceeds by adapt-
ing route weights on the time scale of seconds. We show that our protocol
converges quickly and significantly improves network performance.

1 Introduction

The central aspect of the project “Management of Variable Data Strams in
Networks” is the fact that traffic in large networks like the Internet does not
follow a global plan prescribed by a central authority, but is the result of the
interaction between numerous participants with different and possibly conflicting
objectives. Our work is mainly concerned with static and dynamical analysis of
network traffic based on game theoretical models, on the one hand, and on
empirical studies of real Internet traffic, on the other hand.

Due to the selfishness and strategic behaviour of agents in Internet-like net-
works, game theory plays an increasingly important role in the analysis. The
dominant solution concept is the notion of Nash equilibria which are states of a
system in which no agent can gain by deviating unilaterally. Classical game the-
ory requires various assumptions to motivate this concept, including complete
knowledge and full rationality of the agents. Arguably, none of these assumptions
are satisfied for the Internet. Here, we present an evolutionary approach which
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describes equilibria in Wardrop routing games as the outcome of an adaptive
dynamic process by which agents revise their routing decisions at intervals.

One obstacle in describing such processes is the fact that agents may make
concurrent rerouting decisions resulting in oscillating behaviour. This is a phe-
nomenon well known in theory and practice. For a large class of rerouting dy-
namics we show how this behaviour can be avoided by introducing a suitable
damping factor. In addition, we present a particular rerouting policy for which
we can prove fast convergence. This policy behaves like a fully polynomial ap-
proximation scheme (FPAS) with respect to approximate equilibria.

The convergence results obtained so far can be applied in two ways. First,
we derive from our policy a distributed algorithm for computing approximate
equilibria. Second, we can build upon these results to design dynamic traffic
engineering protocols. We present such a protocol and study its convergence
properties in a realistic simulation model which is more detailed than the the-
oretic model, e.g., with respect to interactions of changes in user demands and
TCP congestion control together with load-adaptive routing.

1.1 The Wardrop Model

In 1952, Wardrop [47] (for a good introduction see also [42]) proposed a model of
selfish traffic in networks. An instance of the Wardrop routing game I is given
by a finite directed multi-graph G = (V, E), a family of differentiable, non-
decreasing, non-negative, Lipschitz-continuous latency functions (be)ecr, Le :
R>o — R>, and a family of k commodities, each specified by a source node
s; € V, atarget node t; € V, and a flow demand r; € R, to be routed from s; to
t;. The total flow demand is denoted by r = 3=, ;) ri. For i € [k], let P; denote
the set of acyclic paths in G that start at s; and end at ¢;, and let P = Uie[k] P;.
An instance is single-commodity if k = 1 and multi-commodity if k > 1.

A flow vector (fp)pep is feasible for an instance I' if it is non-negative and
satisfies the flow demands, i.e., Y pcp fp = 1 for all i € [k]. Let Fr denote
the polyhedron specified by these constraints. The path flow vector f uniquely
determines edge flows fo = > -, fp for all edges e € E. A flow vector f induces
latencies on the edges. The latency of edge e € E is £.(f) = £c(f.). Latency is
additive along a path, i.e., for any path P € P, £p(f) = > . cp Le(f). For each
commodity i € [k] this implies an average latency of Li(f) = >_pcp, J;P Ap(f).
The average latency of the entire flow is then L(f) = > pcp fTP -p(f). In the
following, we normalise » = 1. Whenever we omit the argument f to some of the
above quantities, we always refer to the current flow which will be clear from
context.

A classical objective in this scenario is to find a feasible flow f that minimises
the overall latency L(f). Taking the game theoretic approach we are not seeking
for an optimal, but rather for a stable flow. To that end, we consider the flow to
be composed of infinitesimal contributions controlled by an infinite number of
agents. Then, a flow is stable if none of these agents can improve their sustained
latency by exchanging their path with another one. Such a flow vector can be
characterised as follows [27]:
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Definition 1 (Wardrop equilibrium). A flow vector f is at a Wardrop equi-
librium if for all commodities i € [k] and all Py, Py € P; with fp, > 0 it holds
that £p, (f) < p,(f). The set of Wardrop equilibria is denoted by FNE.

It is well known that Wardrop equilibria minimise a potential function due to
Beckmann, McGuire, and Winsten [6]. Let

fe
#(5) =3 [ telwydu W

eckE

A flow is at a Wardrop equilibrium with respect to (¢¢)ecg if and only if it
minimises @ over all feasible flows. We denote the minimum potential by &* =
minse 7, @(f). The crucial property of this potential is that if a flow of dz is
moved from path P to path @, the potential changes by ({g — ¢p) dx.

1.2 Related Work

Game Theory. A natural question concerning the Wardrop model asks for the
degradation of performance due to the selfishness of the agents. To that end, one
considers the price of anarchy p(I") defined as the ratio between the total latency
of a worst Wardrop equilibrium and the minimal total latency. For affine latency
functions, Roughgarden and Tardos [42/40] show that p = 4/3. For polynomial
latency functions with degree d, p = ©(d/ logd).

In [41] the objective of minimising the maximum latency rather than the
average is considered. Cominetti et al. [I4] analyse games where users control a
non-negligible amount of traffic which may be split among several paths. For a
finite number of users with unsplittable flow, bounds on the price of anarchy are
presented in [2/12]. In [2§] the authors consider games in which groups of users
may collaborate.

Several approaches have been proposed to decrease the price of anarchy. In [13]
and [23] a scenario is considered in which taxes are imposed on the users such that
Nash equilibria coincide with Wardrop equilibria, and bounds on the magnitude
of such taxes are presented. Another possibility to decrease the price of anarchy is
to control a fraction of the individuals centrally. The tradeoff between the amount
of centrally controlled individuals and the price of anarchy is studied in [39].

Rosenthal [37] uses a discrete version of the potential function @ to show ex-
istence of pure Nash equilibria in discrete congestion games. Fabrikant et al. [I7]
consider the complexity of computing Nash equilibria in a discrete model. They
show that computing Nash equilibria is PLS-complete in general whereas there
exists a polynomial time algorithm for single-commodity network congestion
games. The first is reproved in [I], which also gives a nice characterisation of con-
gestion games in which the sequential best response dynamics converges quickly.

One way to compute Wardrop equilibria is by convex optimisation. Various
heuristics like the distributed algorithm presented by Bertsekas and Tsitsiklis [8]
for the non-linear multi-commodity flow problem proceed by shifting certain
amounts of flow from one path to another. Since, like in our case, these algo-
rithm face the problem of overshooting, the amount of flow shifted depends in
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a linear fashion on the reciprocal of the second derivative of the latency func-
tions. Recently, Awerbuch et al. [3] presented an efficient distributed algorithm
for multi-commodity flow problems restricted linear latency functions.

The approach of no-regret routing models a dynamic population from the
perspective of on-line learning. The regret is defined as the difference between
an agent’s average latency over time and the latency of the best path in hind-
sight (see, e.g., [4I9]). The goal is to minimise the regret over time. The bounds
obtained here also depend in a pseudopolynomial fashion on network parameters.

Going to discrete models, analyses become more involved since probabilistic
effects have to be considered. Consequently, results obtained for discrete mod-
els are more restrictive in other aspects, e. g., by limiting the strategy space to
parallel links. Even-Dar and Mansour [16] study distributed and concurrent re-
routing policies in such a model. They consider parallel links with speeds. Upper
bounds are presented for the case of agents with identical weights. Their algo-
rithms use static sampling rules that explicitly take into account the speeds of
the individual links. Berenbrink et al. [7] present an efficient distributed protocol
for balancing identical jobs on identical machines.

Traffic Engineering. Many works have been published on traffic engineer-
ing, i.e., the process of optimising the routing in a network, and related ar-
eas [24/482546] such as traffic matrix estimation [38/49/45/50]. Most of the
TE methods frequently used within the network operator community are off-
line methods: Network traffic intensities are measured over some period of time
(usually a few hours); then these measurements are collected at a central point,
where a new routing (e. g., readjusted OSPF weights; [25/26/5] and many others)
is calculated. This new routing is then applied to the network, and the network
remains in the new state—unless a link or a router fails, or the TE is re-run.

Such TE schemes achieve good performance gains. By running TE mecha-
nisms multiple times per week or even per day, Internet providers can react to
long-term changes in traffic demands. Due to a number of reasons, this process
cannot be run more frequently, since this would affect the stability of the routing
and cause a number of problems [29]. However, offline methods that are run once
every few hours cannot react to sudden and unpredictable traffic changes in real
time. Such changes can, e.g., be caused by BGP reroutes, flash crowds, mali-
cious behaviour, and to some extent by diurnal traffic variations. Furthermore,
while current TE can deal with network failures by pre-computing alternative
routings, it usually does so only for a limited set of failures. It thus may fail to
anticipate certain failures, which can lead to bad performance even when the
network actually provides enough capacity.

In the past, various methods for online traffic engineering have been proposed.
The earliest approaches to such load-adaptive routing were used in the Arpanet,
but showed heavy oscillations due to interactions between the decisions made by
the various routers [30]. Due to these bad experiences, routing in the Internet was
designed not to react to traffic conditions, but only to topology changes. Instead,
the mechanisms to protect the network from overload were moved from the
routing protocol into the end hosts, mainly TCP congestion control. These issues
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in mind, network operators are sceptical about employing load-adaptive routing
protocols. Instead, they confine themselves to traditional offline TE techniques,
combined with vast overprovisioning of their network backbone infrastructure.

Their reluctance to employ load-adaptive routing is amplified by the fact that
most load-adaptive schemes that have been proposed in theory require them to
entirely replace their current routing architecture with a new load-adaptive one.
To remedy this aspect, approaches that allow automatic online traffic engineering
on top of an existing traditional routing infrastructure have been proposed; for
an overview, we refer the reader to our work [29]. One of these approaches is our
REPLEX algorithm presented in Section [l

2 Evolutionary Selfish Flow

We envision the flow f to be controlled by an infinite population of agents, so fp
is both the flow on path P and the fraction of agents utilising path P. We start
by describing a simple improvement process for the agents and evaluating it in
the fluid limit, i. e., letting the number of agents go to infinity. This process will
result in a system of differential equations specifying the behaviour of the flow,
or population, f over time. We assume that agents become active at certain
Poisson rates. Consider an agent in commodity i € [k] that is activated and
currently uses path P € P;. It performs two steps:

1. Sampling: Sample another agent uniformly at random. This agent uses path
Q € P; with probability fo/7;.

2. Migration: Migrate from path P to path Q if {p(f) > lg(f) with probability
proportional to the latency improvement £p(f) — lo(f).

Given these probabilities and summing up inflow and outflow over all paths we
obtain in the fluid limit the following dynamic system:

fp=XN(f)fp-(Li(f) —tp(f) foriek], PeP;  f(0)=fo. (2)

Here, the constant factor A; accounts for the constant of proportionality in step 2
and the Poisson rate at which the agents are activated.

We believe that this is a reasonable model of communication and selfish be-
haviour for several reasons. The steps involved in the process are simple, based
on local information, and are stateless. Furthermore this behaviour is compat-
ible with selfish incentives of the agents. It does neither depend on accurate
knowledge of the network and the latency functions nor on the assumptions of
unbounded rationality and reasoning capabilities. Note, however, that our pop-
ulation model still assumes perfect information in that actions made by other
agents become visible to the other agents immediately. Subsequently we will see
how we can abandon this assumption as well.

In order to show convergence towards Wardrop equilibria, let us consider the
behaviour of the potential & over time. The time derivative is &(f) = Y ecE fe-
Le(fe). Substituting the replicator dynamics (2] into this it is easy to see that
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b(f) =Y X(f)-mi- (Li(f)2— > f’f <fp<f>>2> : (3)

: T
1€[k] PePp;

By Jensen’s inequality, each term of this sum is non-positive and negative if f
is not a Wardrop equilibrium. Using Lyapunov’s direct method, this yields:

Theorem 1 ([21]). For i € [k], let A\i(+) be a continuous, positive function. Let

&(fo,t) be a solution to the replicator dynamics ([2) for some initial population
with fp(0) > 0 for all P € P. Then, £(fo,t)t—oo — FNE.

3 Stale Information

The convergence result presented in the preceding section shows that, in the
long run, a population of selfish agents is able to attain a Wardrop equilibrium
in a distributed way. However, our dynamic population model treats the aspect
of concurrency in an idealistic fashion. It is implicitly assumed that any effect
that the migration of population shares has on latency can be observed without
a delay. In this sense, we have still assumed perfect information. A reasonable
model of concurrency, however, should take into account the possibility that
information may be stale: In practise, e.g., a rerouted flow may unfold its full
volume only after a re-initialisation phase, and “observing” the latency of a
path may actually comprise measurements taken over a certain period of time.
In such a scenario, naive policies like the best response dynamics may lead
to overshooting and oscillation effects. These effects are well-known in practise
and may seriously harm performance [3TI32/36l43]. In fact, oscillation effects are
a major obstacle in designing real-time dynamic traffic engineering protocols.
Similar negative results have been obtained in theory [L0I34].

The strength of these oscillation effects chiefly depends on three quantities:
the maximum age of the information, the sensitivity of the latency functions to
small changes of the flow, and the speed at which the rerouting policy shifts
flow. Whereas the first two parameters are determined by the system, the third
is controlled by the rerouting policy, e. g., in case of the replicator dynamics, by
the scalar function A;(f) in Equation (2).

In [22], we ask the question of how agents should behave in order to guarantee
convergence to Wardrop equilibria despite the fact that information may be stale.
As a model of stale information we consider the bulletin board model introduced
by Mitzenmacher [34] in the context of dynamic load balancing. In this model,
all information relevant to the routing process is posted on a bulletin board
and updated at regular intervals of length 7. The information on the bulletin
board is accessible to all agents. Again, agents may reroute their traffic at points
in time that are the arrival dates of a Poisson process. We will see that in
the bulletin board model, naive rerouting policies like the best response policy
oscillate and fail to converge and identify a class of policies for which convergence
is guaranteed.
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3.1 Smooth Rerouting Policies and Stale Information

Smooth Rerouting Policies. We consider a very broad class of adaptive rout-
ing policies that can be described in the following way. Each agent becomes active
at points in time generated at fixed Poisson rates for each agent independently
and performs the following two steps. Consider an agent of commodity i € [k]
currently using path P € P;.

1. Sampling: The agent samples a path @) € P; according to some probability
distribution. Let o pg(f) denote the probability that an agent currently using
path P samples path Q.

2. Migration: The agent switches to the sampled path @ with probability
u(lp,Lq).

We illustrate the class of policies in this framework by giving some examples for
possible sampling and migration rules.

Typically, opg(f) will be independent of the originating path P. The sim-
plest sampling rule is the uniform sampling rule which assigns uniform prob-
abilities to all paths, i.e., opg(f) = 1/|P;| for all i € [k] and P,@ € P;. For
the replicator dynamics, we have applied a proportional sampling rule where
opq(f) = fo/ri. Note that a population cannot converge towards a Wardrop
equilibrium if o pg (f) may be zero for some path @ that is used in every Wardrop
equilibrium. Hence, we also require opg(f) > 0 for all P,@Q € P and every f
that can be reached from an initial state fy. Note that the proportional sampling
rule satisfies this condition if fy € int(Fr).

Let us now give two examples for the migration rule p. A natural, but, as
we will see, deceptive, migration rule is the better response policy defined by
plp,Lg) =1if by < €p and u(lp,lg) = 0 otherwise. Another natural migration
rule is to switch from P to @) with a probability proportional to the latency
difference: p(¢p,4g) = max{0, Z’Zﬂ:ﬁ‘?} where {payx is the maximum latency of a
path. This corresponds to the migration rule of the replicator dynamics. We call
this migration rule linear migration policy. We assume that pu(¢p,£g) > 0 if and
only if /g > p and p is non-decreasing in £p and non-increasing in £q.

As discussed above we need to assume that the migration rule is not too
greedy. We formalise this requirement in the following way:

Definition 2 (a-smoothness). We say that a migration-rule pi : R>o xRx>¢ —
[0,1] is a-smooth for some a > 0 if for all £p > Lg > 0 the migration probability
satisfies u(lp,lo) < a-(lp —Lq).

We can now describe the evolution of the population shares over time in terms
of the fluid limit. Given the sampling and migration rule and normalising the
Poisson activation rate of the agents to be 1, we can compute the rate ppg(f)
at which agents migrate from path P to path Q: ppo(f) = fp - opo(f) -
w(lp(f),Lo(f)). Summing up over all paths @) we obtain a system of ordinary
differential equations describing the growth rates (or derivatives with respect to
time) of the population share utilising path P:

fr(t) = (par(F(D) —pro(f(t)  f(0)=fo . (4)

QEP;



Management of Variable Data Streams in Networks 273

Stale Information. The model of stale information we use in this section was
originally introduced by Mitzenmacher [34]. In this model, agents do not observe
latency and flow values in the network directly, but rather consult a bulletin
board on which this information is posted. The bulletin board is updated only
infrequently, at intervals of length T'. Using the information on the bulletin board
for the evaluation of the sampling and migration rule, our expression for f (t)
now depends not only on f(t) but also on f(#) where £ marks the beginning of
the respective update period. Fix an update period length T and let ¢ = |t/T|-T
denote the beginning of a phase containing ¢. Then, the migration rate becomes

pro(f(t) = fr-opq(f(D) - u(lp(f(1)), Lo (f(1)))

and our dynamic system becomes

frt)= " (par(f(t) = pro(f(1))  f(0)=fo . ®)

QEP;

Stale vs. Recent Information. Assuming up-to-date information, convergence
towards Wardrop equilibria can easily be shown using the Beckmann-McGuire-
Winsten potential [6] @ as defined in Equation (IJ). Under stale information, how-
ever, convergence is not guaranteed. Let us consider the best response dynamics
in which every agent whenever activated migrates to a path with lowest latency.
There exists a simple instance with two parallel links and latency functions with
maximum slope s such that the best response policy periodically generates a
flow in which more than half of the agents sustain a latency of £2(T s) whereas
the minimum latency is 0.

3.2 Convergence under Stale Information

We have seen that under up-to-date information the potential decreases. More
precisely, if agents migrate from path P to path ) at rate ppg, they cause
an infinitesimal potential gain of ppg - (¢g — £p) which is negative for selfish
policies. Consider a phase in the bulletin board model starting with a population
f € Fr and ending with a population f € Fr. Let Afpg denote the fraction
of agents migrating from path P to path @ within this phase. Since throughout
the phase the latency values on the bulletin board are fixed to the values they
had at the beginning of the phase, agents “see” a virtual potential gain of Vpg =
Afpg - (bg —Lp).

Unfortunately, summing up over all pairs of paths, this does not yield the true
potential gain since the latency values do actually change during the phase. The
error terms U, = f]{ (0e(u) — Le(f.)) du account for this difference. It is easy to
check that the virtual potential gain terms and the error terms sum up to the
true potential gain.

For the class of policies under consideration, every virtual potential gain term
Vpq is non-positive and at least one is negative. We can show that if the rerou-
ting policy is smooth enough, the real potential gain is still at least half of the
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virtual potential gain and is thus, in particular, negative. The condition on the
smoothness depends linearly on the maximum slope, the update period length
T, and the maximum path length D. We can prove this fact using the following
observation: In order for an error term to be large, a large volume of agents
must migrate towards the respective edge. This volume is only large, however,
if these agents also see a large latency gain. Hence, a large virtual potential gain
is made. Based on this fact, convergence can be shown:

Theorem 2. Suppose that the migration rule p(-,-) is a-smooth, the slope of the
latency functions is bounded from above by s, and the bulletin board is updated at
intervals of length T < 1/(4 D «s). Then, the solution {(fo,t) of the dynamical
system given by Equation ([3) in the bulletin board model converges towards the
set of Wardrop equilibria, i. e., £(fo,t)t—o00 — FNE.

Our protocol requires that the agents are not too greedy. Let us remark that for
an individual player it may still be advantageous to deviate from the protocol.
In this sense, our protocol still relies on the cooperation of the agents.

3.3 Fast Convergence

The analysis in the preceding section is not yet satisfactory with respect to the
speed of convergence. By requiring a-smoothness, we have effectively slowed
down the dynamics by a factor that is proportional to the maximum slope of
the latency functions. Unfortunately, this quantity is unbounded for some nat-
ural classes of latency functions, e.g., for polynomials of fixed degree, as well
as for any class that is closed under scaling. Even for any fixed instance the
maximum slope may be large. The goal of this section is to derive bounds on
the time of convergence that are polynomial in the representation length of I,
e.g., if latency functions are represented as polynomials in coefficient represen-
tation. Thus, the bounds are much stronger than the ones that can be obtained
for policies presented in the preceding section. To that end, we analyse a very
specific rerouting policy, rather than the large class of smooth adaption policies
considered in Section

Again, we study policies consisting of a sampling step and a migration step.
Our policy applies a proportional sampling rule in order to exploit the exponen-
tial growth rate of good strategies and, with small probability, applies uniform
sampling in order to explore the strategy space. This time, we use the maximum
elasticityl d of the latency functions as a damping factor, rather than the slope.
The elasticity is a parameter which behaves much nicer than the maximum slope.
E.g., for positive polynomials of degree d, the elasticity is at most d.

Our exploration-replication policy uses a mixture of proportional and uniform
sampling, where the ratio is controlled by the parameter 8. In every round, an
agent is activated with constant probability A/d where A is a suitable constant.
It then performs the following two steps. Consider an agent in commodity i € [k]
currently utilising path P € P;.

x4 (x)
£(x)

! The elasticity of a function £ at  is d

is d.

. For example, the elasticity of £(z) = a-x
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1. Sampling: With probability (1 — ) perform step 1(a) and with probability
B perform step 1(b).
(a) Proportional sampling: Sample a path @ € P; with probability fo/r;.
(b) Uniform sampling: Sample a path Q € P; with probability 1/|P;|.
2. Migration: If g < ¢p, migrate to path @) with probability ZPK;ZQ.
Note that the migration probability is now proportional to the relative improve-
ment and is hence much more aggressive than the standard linear migration rule.
Although not satisfying the smoothness condition from the preceding section, we
can still show that our dynamics converges towards the set of Wardrop equilibria
as in Theorem [2 if the amount of exploration 3 is chosen small enough.

To analyse the time of convergence we consider two kinds of approximate
equilibria. For our first result, we may even set 3 = 0. We consider a bicriterial
definition of approximate equilibria which allows for a deviation from L; that is
relative to L. More precisely, we require all but an e-fraction of the agents to
deviate by no more than 6L in both directions from the average latency of their
commodity. Such a flow is called a (d,€)-equilibrium . In the single-commodity
case, this can be interpreted as an allocation where almost all agents are almost
satisfied. In [20] it is shown that the time to reach an approximate equilibrium
in this relative sense is bounded from above by

(sas(""))

where d is the elasticity of the latency functions. Remarkably, this bound is
almost independent of the size of the network. This bound also holds when
B =0, i.e., uniform sampling is deactivated.

Let us briefly sketch the proof of this theorem for the single commodity case.
Consider a population that is not yet at a (d,¢)-equilibrium. Then, there exists
an e-fraction of agents that that can improve by § L by migrating from their path
to an average latency path. If such a path is sampled, the migration probability
is 9. Since ©(1/d) agents are activated per round, this results in a potential gain
of (e6?/d) L > (e4?/d) @. Hence, we have that ¢(t + 1) < (1 — 2 (e6%/d)) D(t).
Using ¢* as a lower bound for &(t), this yields the desired result.

Bicriterial approximate equilibria in this sense are transient: A minority of
agents utilising low latency paths may grow to a volume of more than € - r at a
later time, and it may take an arbitrarily long time until this event happens if
the initial flow on these paths is arbitrarily small.

For single-commodity instances, this can be resolved by considering approxi-
mate equilibria in terms of the potential @ and activating uniform sampling, i.e.,
setting B > 0. Thus, we obtain a non-zero lower bound on the flow of any path
with below average latency after a single round already, which can be boosted
by the proportional sampling rule afterwards. Note that 1/8 must be chosen
pseudopolynomially large. Still, due to the proportional sampling rule, our time
bounds are polynomial. More precisely, the time to reach a flow with potential
at most (1 + ¢) * is bounded from above by
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. /
poly d-D - polylog [ |E| - binax -log (fo)
€ Emin o
where £]

Tnax 1S an upper bound on the maximum slope of the latency functions and
Lnin is the minimum edge latency. This bound is polynomial in the representation
length of the instance I if, e. g., the latency functions are positive polynomials of
arbitrary degree in coefficient representation. Thus, the exploration-replication
policy behaves like a fully polynomial time approximation scheme.

The two take home message of this section are that first, proportional sampling
can significantly improve convergence time and second, the critical parameter
that limits the convergence speed is the elasticity of the latency functions.

4 Computing Approximate Equilibria

Based on the above results for infinite populations we can design a distributed
algorithm to compute approximate Wardrop equilibria. Unfortunately, the ex-
ploration-replication policy does not immediately yield an algorithm since it can
handle an exponential number of paths only due to the fact that the number of
agents is infinite. In [I9] we present an algorithm that solves this problem using
a randomised approach. For every commodity we use an agent that strives to
balance the latency of its commodity. Hence, the overall computed flow will be
at a Wardrop equilibrium.

To compute flow updates in polynomial time, our algorithm uses an edge
flow vector (fc)ccr rather than an exponentially long path flow vector. From
the edge flows, we infer a natural implicit path decomposition, denoted f. The
amount of flow fp assigned to the set of paths containing edge e = (v, w) is
proportional to the share the edge e has in the flow through v. If we assume that
the underlying graph is a directed acyclic graph (DAG), we can apply this rule
in any topological ordering of the nodes and obtain fp = r; - H(v,w)EP fw,wy/ fo-

This implicit flow decomposition f is sampled to obtain another, randomized,
decomposition (fp)pep using only few paths. To that end we sample a path P
where the probability to sample a path is proportional to its flow in f . Now,
P is assigned a certain flow volume fp. For the time being, assume that we
assign the entire bottleneck flow to P. (The bottleneck flow is the minimum edge
flow along the path.) Then, if P has latency above L;, we remove a portion of
x=0(fp-(lp—L;)/(dLlp)) of its flow and distribute it proportionally among
all admissible paths. As long as we are not at a d-e-equilibrium, the probability
of sampling a path for which a large latency gain is possible is not too small.
In addition, we can lower bound the probability that the bottleneck flow of the
sampled path is not too small.

To increase the potential gain further and to concentrate it around its expec-
tation, we repeat this process T' = mlogm times per round, each time consuming
at most a ©(1/logm) fraction of the bottleneck flow. Then, the probability that
an edge becomes empty within one round becomes very small. Pseudocode is
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Algorithm 1. RANDOMISEDBALANCING(d) (executed by all commodities in
parallel; (fe)eer denotes the edge flow vector of commodity )
: for T'= mlogm times do .
sample a path P where Pr P = J;’Z

1
2
3:  let b denote the bottleneck flow of P; let fp = min{ 1 b }
4

7m logm?’ 7 logm
if {p > L; then

5 reduce the flow on all edges e € P by Afp = fp - Zfd_zii

6 if for any e € P, fo < 0 then

7 undo last action, abort loop, and continue in line [IT]

8: end if

9 end if

10: end for

11: increase the flow on all edges e € E proportionally by ff . ZPePi Afp

given in Algorithm [Il Combining the techniques from the previous sections with
the arguments sketched above, we can prove the following theorem:

Theorem 3 ([19]). Assume that f.(0) > 0 for all e € E. Then, the sequence of
flow vectors computed by Algorithm RANDOMISEDBALANCING converges towards
the set of Wardrop equilibria. Furthermore, the expected number of rounds in
which the flow is not at a (9,€)-equilibrium is bounded by

0 atox ("e)) .

if d is an upper bound on the elasticity of the latency functions. The computation
time of each round is bounded by O (nlogn - mlogm).

5 Wardrop Routing in an IP Network

The Wardrop model draws on a rather theoretical setup: It is suitable when the
number of agents is infinite, the agents have full control over their traffic and easy
access to the current latency of the paths. However, none of these requirements
is true in real-world networks such as the Internet. In the following we address
these issues and show that a variant of our Wardrop policy can yield a practical
algorithm that can be deployed in practice.

The first major problem is that agents normally do not have control over the
path their packets take in real-world communication networks —usually, the end
points of a communication stream are located at the periphery of the network,
and are typically connected to the network by only a single link. Rather, it is the
routers that are responsible for choosing the path along which the data packets
are sent. Moreover, in most cases not even the routers can choose a path as a
whole: normally, a router can only determine the next-hop node on the way to
the destination routing is used. In normal IP routing this decision is solely based
on the destination of a packet while other header attributes (e. g., the source) are
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neglected. This has the effect that not all possible paths through the network
actually can be used. Hence the mapping of Wardrop agents to a network is
non-obvious.

We solve this problem as follows: In order to control the traffic balance, every
router r maintains a set of dynamically changeable weights w(r,t,v;) for every
target ¢ and possible next-hop neighbour v;. We can interpret w(r,t,v;) as the
exact fraction of traffic routed from r to ¢t via v; (i.e., r — v; ~ t). By adjusting
their weights w(+), the (finite) number of routers along all possible paths from
source s to sink t jointly perform the calculations for the (infinite) number of
agents residing at s from the Wardrop model. In other words, the decisions of one
agent from the theoretical model are implemented by a chain of multiple routers,
whereas one router performs the (partial) decisions of (infinitely) many agents.
By adhering to the Wardrop model and the exploration-replication strategy, we
have the theoretical guarantee for quick convergence.

From the perspective of a router r, in order to make the routing decision, r
only needs traffic information about the set of paths between r and ¢. Also note
that r cannot control which one of the possible paths a packet will take once it has
been forwarded to one of the v;’s. Thus, r cannot exploit exhaustive information
about all possible paths. On the other hand, r requires to know more information
on the network conditions than it can obtain from local measurements; otherwise
bottleneck links further downstream would not be visible to r. Our solution is
thus to use only aggregated information about the possible paths from next-hop
router v; to destination ¢: Each router monitors the congestion condition on its
outgoing interfaces, and regularly exchanges information on network-wide traffic
conditions with its neighbours using a distance-vector like protocol.

Another issue we need to address in a real network is how we actually perform
the traffic split that the weights prescribe. The naive way of distributing traffic
according to some weights w(r,v;,t) would be to use either some round-robin
fashion or simple randomisation, where each weight is interpreted as a proba-
bility for routing packets along the corresponding path section. However, this
probabilistic routing approach has the drawback that packets headed towards
the same destination may take different paths. If this happens among packets
pertaining to the same TCP connection, they can overtake each other, which
seriously harms TCP performance [33]. Since most traffic in the Internet is TCP
traffic [I5], this is inacceptable.

Therefore we “roll the dice” not per-packet but rather per-flow by applying
the well-known technique [I1] of using a hash function: For each packet, we
calculate a hash value based on its source and destination address, and use
this pseudorandom value for our weight-based probabilistic decision. Naturally,
packets pertaining to the same TCP stream feature the same header data and
thus always hash to the same values; hence they are always treated in an identic
fashion.

So far we have assumed that every router r is able to measure ¢ for all out-
going edges {r,v;}. With an acceptable computational effort we can measure
the following values during each time interval: the number of packets sent and
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dropped (due to link overload), the number of bytes sent and dropped, and the
average queue length. From this information we can compute a number of inter-
esting metrics, depending on our optimisation objective [29J18], e. g., link load or
cumulative queueing delays. In particular, we can calculate the packet loss prob-
ability, short loss rate. We compute this probability p as the number of dropped
packets per interface, divided by the number of packets that were meant to be
sent out via that interface. The measurements of the different routers along a
path taken together, we can calculate the overall packet loss probability along
the entire path, and use this figure as an indicator for the path’s service quality.

Another challenge is the very bursty [35] nature of Internet traffic. Therefore,
traffic measurements made within a short time interval are not very reliable. To
this end, instead of using the measured values directly, we use an exponential
moving average (EMA).

5.1 The ReplEx Algorithm

Combining the techniques presented in the previous section, we now present the
protocol which is run on each individual router that participates in a network
optimised by our algorithm. Since it is derived from the exploration-replication
policy, we name our algorithm RePLExX [ Recall that a protocol implementation
has to address several tasks: Foremost, it needs to calculate the weights w(-).
For this, measurements £(-) on the router’s link queues are necessary. These are
combined with the information A(-) that is received from neighbouring routers
via our distance-vector like information protocol. Finally, it has to compute the
information L(-) which it then sends to its neighbours. In order to perform its
computations, each router r maintains the following arrays:

{(r,v): The EMA of the measurements for link (r, v).

L(r,t,v): metric value for destination ¢ using next hop node v

A(v,t): The average measurement value that next hop router v has announced
for destination t.

w(r,t,v): Current weight of route r — v ~~ ¢ (i.e., route for destination ¢ via
next hop neighbour v)

In the router’s main loop, which is executed every T seconds, these values are
updated and sent to the neighbouring routers. Algorithm [2] describes the proce-
dure in more detail. At the heart of the algorithm we have the actual weight
adaption procedure described in Algorithm [Bl For every pair of next hop nodes,
this procedure computes the migration rates (line []). The computed rates are
then migrated by shifting the corresponding weights.

Obviously, the REPLEX algorithm depends on a number of different parame-
ters, which have been introduced to in the previous subsections. In the following
we give an overview on the static parameters of our algorithm.

update period length T: The length of the interval at which the main loop
is executed.

2 .. Which happens to sound better than EXREP.
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Algorithm 2. Main loop of the REPLEX algorithm

1: initialise an empty message M
2: for each destination ¢ in the routing table do
3:  for all next-hop nodes v € N(r,t) do
4 measure performance ¢,, and update moving average Z(r,v)
5 L(r,t,v) < agg(lrv, A(v,1)).
6: end for
Tavg < 3 N Wt v) - L(r,t,v)

8 Append (t,avg) to M

9: end for

0: send M to all neighbours v who store it in A(r,-)
1: call procedure ADAPTWEIGHTS (Algorithm [3)

Algorithm 3. Procedure ADAPTWEIGHTS
1: for each destination ¢ in the routing table do

2: W (r,t) — w(rt).

3:  for each pair of next-hop routers vi,v2 € N(r,t) do

4: if L(r,t,v1) > L(r,t,v2) + € then

5: 6= A ((1 = Bw(r,t,i) + |N(€‘,t)|> L(Tyz’(l;l,g,;f)(:«i’vz)
6: w' (ryt,v) — w'(r,t,v1) — 6

T w' (r,t,v2) «— w' (r,t,v2) + 6

8: end if

9: end for

10:  set w(r,t) « w'(r,t).

11: end for

weight shift factor A: This parameter determines the weight shifted in one
round. The ratio \/T" controls the convergence speed of the algorithm. Os-
cillation effects and congestion control feedback loops of affected TCP con-
nections limit the maximum convergence speed we can achieve.

virtual latency offset a: This virtual offset is added to all path latencies
L(r,t,v) making the algorithm less sensitive to small differences when the
metric is close to 0.

improvement threshold e: The parameter ¢ can be considered a damping
factor. Projected weight shifts that are smaller than e are not carried out;
thus we can ensure that weights are only shifted if the change is substantial.

exploration ratio B: This parameter determines the ratio between replication
and exploration. If § is too small, currently unused paths may not be detected
by our algorithm. On the other hand, 8 should not be too large since this
can result in excessive growth of a flow if fp is close to zero.

metric to optimise: As we pointed out before, REPLEX is not restricted to
operate with latencies. Rather, the REPLEX instances in a network also can
be used to optimise other network performance metrics, e.g., maximising
throughput, minimising link loads, or minimising packet losses.
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Our simulations show that the performance is largely independent of the
choice of «, B and €, as long as these are chosen within reasonable intervals.
The more sensitive parameters that influence the performance most are T, A,
and the metric that the individual REPLEX instances aim to optimise. Extensive
simulation-based analyses of the parameter space are given in [29/T8].

6 Evaluation of the ReplEx Algorithm

We now show some of our evaluation results for the REPLEX algorithm using net-
work simulations. It is our intention to show that our protocol behaves well with
realistic network traffic. Therefore, we employ traffic loads that mimic actual
Web traffic, i. e., bursty TCP traffic whose characteristics are consistent with self-
similarity. We simulate REPLEX in complex realistic network topologies, i. e., the
EBONE (AS 1755), Exodus (AS 3967), Metromedia Fiber / Abovenet (AS 6461)
network topologies from the 2002 Rocketfuel [44] data, and the AT&T topology
which is shipped as an example together with the TOTEM toolbox [5]. We first
simulate the network with REPLEX agents disabled for some time. Then, at a spe-
cific point in time labelled as ¢t = 0, we enable REPLEX on all routers, and examine
the ensuing developments in the network for ¢ > 0. Further details on our simu-
lation setup can be found in [29].

Based on our observations in [29] and [18], we choose A = 0.5, T = 1, metric =
drop rate, « = 0.25, 3 = 0.1, e = 0.0 as parameters for REPLEX. The time inter-
val implies that one pair of REPLEX messages is exchanged per second between
every pair of neighbouring routers. Assuming that each REPLEX message con-
tains a 6-byte information for 2,000 destination prefixes, this amounts to a total
of just 96 kbit/s, i. e., just 0.32 % of additional traffic on each 30 Mbit /s link — the
additional signalling overhead for REPLEX is negligibly small.

6.1 Measuring Performance

We examine the performance under two criteria: First, how much does applying
REPLEX increase the “performance” of the network; and second, how fast does
REPLEX achieve this goal? This opens two questions: how do we define the
“performance” of the network, and how do we define the “speed” of convergence,
i.e., how do we define “convergence”?

Network Performance

A number of criteria can be thought of as performance measures. Since a common
optimisation goal in traditional (i.e., offline) traffic engineering is to minimise
the maximum link load on any link in the network, this measure is naturally an
interesting performance indicator.

One of the reasons to use this as a goal in traditional TE is that a high
load on a link increases the probability for packets to be dropped when they
are to be sent over it. An increased loss rate, however, does not only decrease
the quality of service as perceived by the end users—it can, moreover, lead to
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synchronisation effects across otherwise independent TCP connections, since all
connections affected by the same packet loss burst will react with their congestion
control mechanisms (slow start or fast retransmit) around the same time. This
synchronisation, in combination with the effectively nonlinear increase of the
slow-start phase, will increase the traffic’s burstiness and thereby deteriorate
the service quality even more. Therefore, the packet loss rate is another useful
measure for network performance.

Another measure that is of interest for the network operator is the network
throughput, i.e., number of bytes that are transmitted through the network,
since financial revenues generally increase with the volume of transmitted data.
On the other hand, we can assume that TCP congestion control will make use
of additional network capacities, thereby shortening download times and thus
allowing more downloads per time unit.

Further useful performance measures are described and analysed in [29].

Determining Convergence

Since REPLEX is a dynamic traffic engineering algorithm, it is also interesting
to examine how fast REPLEX can attain an improved performance level, i. e., we
need to measure its speed of convergence.

In [29] we find that some of our performance measures seem to reach their
optimal level quicker than others— for example, as soon as we enable REPLEX,
the number of transmitted bytes increases much faster than the route weights
change. Therefore, although it may at first sight feel natural to define conver-
gence solely on the output of the algorithm, e. g., the changes to the weights, it
is also interesting to see how quickly REPLEX stabilises at a level with increased
network performance.

Since we use a statistical workload model, we have significant fluctuations in
our network traffic even if we do not employ REPLEX at all. Therefore, we cannot
expect any of our performance measures to monotonically increase over time and
finally converge to one fixed value. Rather, it is natural for our performance mea-
sures to fluctuate—even during the convergence process. Our solution to this
problem is to calculate the statistical convergence of the time series in question,
after the method we describe in [29].

Measuring Weight Changes

The immediate output of our algorithm contains the weights and weight changes.
In small and primitive test scenarios that feature only extremely few equal-cost
routes, we could measure convergence times for each individual route. However,
this approach is not feasible for the large and complex scenarios we intend to
use. Instead, we sum up all weight changes that occur within one time interval.
At the start of REPLEX, we expect the weight changes to occur with a large
amplitude: At this point in time, the weights are completely un-tuned towards
the actual traffic demands in the network, and REPLEX is constructed such that
it applies larger weight changes if more gain is to be expected, whereas it applies
only small changes if less gain is to be expected. The latter should be the case
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after some time has elapsed and the first weight shifts already have led to a
significant increase in network performance.

Note that packet reordering, which negatively affects TCP performance, can
still occur, albeit rarely, whenever REPLEX sends an active TCP connection
along a different path. The probability for this to happen is linear with the
weight change that REPLEX applies, so it is desirable to only make small weight
changes. Thus, it makes sense to “punish” heavy increases or decreases in weight.
Therefore we do not simply sum the weight changes per time unit, but sum up the
squared weight changes per time unit as a means to capture REPLEX’s activities.

6.2 Effectivity of ReplEx

We start with analysing the weight change behaviour of our algorithm in the
topology AS 1755, which is described in [29] in greater detail. Due to the size of
the topology, it is not feasible to show weight changes for individual routes or
individual REPLEX instances. Instead, we only consider the total weight changes
for each 1 second interval as described above. We expect the weights to be subject
to small fluctuations even in the converged state, due to the bursty nature of
the generated realistic workload traffic.

Fig. [ shows the temporal development for the weight change metric. We see
a sharp decline during the first &~ 150s. A converged state by our definition
from [29] is reached roughly at ¢ = 400s (dashed vertical line).

To demonstrate REPLEX’s performance improvements, Fig. 2lshows the over-
all network throughput, i.e., the total number of IP bytes received by all
simulated clients per 1 second time interval. We see that the network perfor-
mance increases slightly faster than the weight changes decrease within a time
window of roughly 200s (note that ¢ = 0, the start of REPLEX actions, lies in
the middle of the plot). Note that, in contrast to the weight changes, it does
not make sense to apply our convergence definition, since here the range of our
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measurements (i. e., throughput values) prior to and after starting REPLEX do
overlap. Thus, we cannot be sure that reaching the convergence corridor is a
sign of convergence, or just an outlier caused by a random fluctuation in the
workload that might as well have happened without REPLEX. However, we can
see that the throughput gain achieved by REPLEX is significant, since the 95 %
confidence intervald] are clearly separated (dashed red and green lines).

Where do these gains in throughput come from? Naturally, the reason is a
significant reduction in the number of packet drops. Fig. Bl shows the maximum

3 Calculated on the means of 32 groups of 125 values.
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Fig. 4. Weight changes at randomly chosen router (AT&T topology)

value (brown) of the drop rates in the network, as well as their 99 % quantile
(red), the 95 % quantile (orange), the 75 % quantile (pink) and the 50 % quantile
(i.e., median, flat magenta-coloured line at bottom). We see a swift decrease in
the maximum number and 99 % quantile of packet drops during the first & 250
after REPLEX has started. The 95% quantile remains more or less unchanged,
while the 75 % quantile slightly increases. The median of the link loads (and thus
all lower quantiles as well) remains constantly at zero. In other words, a strong
reduction of the most heavily congested links (brown, red) is achieved, at the
cost of a slight increase in the loss rate on less congested links (pink).

The results of this and some other simulations from [29] are summarised in
Table [l We witness a performance increase of 13.1% for REPLEX over the
unoptimised network in the AS 1755 topology (first block, second row), of 8.5 %
for the AS 3967 topology (second block, second row), and 6.5% for AS 6461
(third block) through the use of REPLEX. Furthermore, we achieve a very good
performance increase of 16.4 % for the AT&T topology (fourth block).

When we examine the weight changes of all routes at one randomly chosen
router (Fig. M), we see that indeed many weights converge within less than 100s
(left). In many cases, we observe weight settings where one route alternative
is completely disabled (i.e., either weight = 0 or weight = 1). Other route
weights, in contrast, do not change much, if at all. Yet other routes show a
slow convergence towards some value. Even other routes slowly change around
y = 0.5. Another effect that can be seen is that many routes share the same
bottleneck link and therefore almost behave identically, which results in weight
change lines that run almost in parallel.

In summary, we see that REPLEX converges quickly and without oscillations
in realistic topologies under realistic workload traffic, while at the same time
resulting in an improved network performance.
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Table 1. IP throughput (TP) gains over the unoptimised network (unopt) for RE-
PLEX, REPLEX without communication (REPLEX/noComm), traditional IGP weight
optimisation (IGPWO), and combinations of these

Topology Optimisation method TP gain over unopt.
1755  IGPWO 10.7%
1755  REPLEX 13.1%
1755  REPLEX + IGPWO 11.2%
1755  REPLEX/noComm 5.4%
3967 IGPWO 6.5%
3967 REPLEX 8.5%
3967 REPLEX + IGPWO 7.6 %
3967  REPLEX/noComm 71%
3967 REPLEX/noComm + IGPWO 7.0%
6461 REPLEX 6.5%

AT&T REPLEX 16.4 %

6.3 Comparison to Traditional IGP Weight Optimisation

To demonstrate its potential, we compare REPLEX against a very popular TE
method: the traditional technique of adjusting OSPF (or other IGP) weights [25].
The TOTEM traffic engineering toolbox [5] provides an implementation of this
method, where it is called IGPWO (“IGP weight optimisation”). We adopt this
terminology in the remainder of this document.

Note that IGPWO requires the full traffic matrix as input. The quality of its
output is, of course, dependent on its input. In many cases, network operators
only provide an estimation of the real traffic matrix, due to various technical
limitations [29]. In our case however, we actually do know the traffic matrix
with the true traffic demands, because we set up our simulation such that they
are uniform; thus we can give the IGPWO algorithm a perfect input from which
it can estimate the optimised OSPF weights.

We take the achieved IP throughput as an indicator for the network per-
formance, as we have seen in our experiments that it is closely coupled with
the packet loss rate and other performance measures [29/I8]. Let us therefore
have another look at Table[Il The first line in the first block shows that in the
AS 1755 topology, the IGPWO method yields a 10.7% increase in throughput
over the completely unoptimised scenario (i. e., neither IGPWO weights, nor any
REPLEX instances running). We can safely assume that this 10.7 % performance
increase is not due to some random fluctuation, as the 95 % confidence inter-
vall for the mean throughput with normal hop-count routing and the confidence
interval for the mean throughput with IGPWO routing are clearly separated.

4 This and the following confidence intervals are calculated from 32 group means of
125 measurements each. ACF plots showed no indication for autocorrelation-induced
nonstationarity.
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From the second line in the first block however, we can see that using REPLEX
we can achieve an even higher gain of 13.1 % over the unoptimised scenario.

The first and second line of the second block in Table [I] compare the same
values for the topology of AS 3967. Judging by the numbers to those for AS 1755,
this topology obviously offers less optimisation potential, but nevertheless we get
the same picture as before: traditional IGPWO yields a measurable performance
improvement, but REPLEX yields an even better one.

6.4 Combining ReplEx and IGP Weight Optimisation

Recall that we can only apply REPLEX in networks where we can choose between
multipath routes. A weight optimisation such as they are performed by IGPWO
naturally reduces the number of available routes and therefore the possibilities
among which REPLEX instances may choose to share their traffic. Nevertheless,
the Totem IGPWO implementation does not necessarily remove all multipath
routes from a scenario, but actually features a flag through which one can ex-
plicitly allow the use of multipath routes. We enabled this flag and then let run
REPLEX on the network with the IGPWO OSPF weights. The result of this
combination is shown in the third row of the first and second block of Table [l
In both of our simulated topologies, we note a small advantage for the combi-
nation of IGPWO and REPLEX over the pure IGPWO setting. Moreover, the
performance gain is less than the one that can be achieved with REPLEX on a
network with a simple hop-count routing.

6.5 Disabling Communication

For a number of reasons [29], it is interesting to see how REPLEX performs
if we disable our distance-vector like information protocol altogether, i.e., let
the REPLEX agents cast their decisions solely on their own local measurements.
Thus a REPLEX instance cannot detect a bottleneck any longer if it is not an
immediate outgoing link, but lies further downstream.

Recall that agents in the Wardrop model correspond not just to one single
REPLEX instance at one router, but rather to chains of REPLEX instances along
the agent-controlled paths from the source to the sink. If we disable communi-
cation between the REPLEX instances, we thus do not faithfully reproduce the
actions of our Wardrop agents, and our theoretically proven properties (e.g.,
fast convergence, as described in Section B3)) do not necessarily hold any more.

The fourth row of the first block in Table [ reveals that we do indeed ob-
tain a performance increase of 5.4 % over the unoptimised case; but this gain
is significantly smaller than the ones that can be attained using IGPWO, or
using standard REPLEX with inter-router signalling. For the 3967 topology, we
obtain slightly different results: For this topology, REPLEX without communi-
cation leads to a performance improvement (Table [l 2nd block, 4th row) that
is comparable to the improvements achieved by IGPWO or by normal REPLEX
involving communication. The throughput is even better than the throughput
for IGPWO.
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We conclude that even communicationless REPLEX yields a measurable in-
crease in network throughput. This also holds when we combine it with tradi-
tional IGPWO traffic engineering (second block, fourth row). Closer inspection
of the simulation results [29], however, reveals that these overall performance im-
provements are somewhat ambivalent, because they come at the price of reduced
service quality in some parts of the network. Therefore, disabling communica-
tion seems to be a tradeoff whose advantage is questionable, whereas normal
REPLEX with inter-router communication always proves to be advantageous.

7 Conclusions

We have seen that large populations of agents can “learn” a Wardrop equilibrium
purely by simple selfish improvement rules. This even holds if the information
that the agents rely upon may be imperfect, i.e., out of date. Furthermore,
this convergence process happens quickly. We have shown that for a particular
rerouting policy, the population converges towards a Wardrop equilibrium like
an FPAS.

These results have put forth the design of two algorithms. First, a distributed
algorithm to compute approximate Wardrop equilbria. The distributed compu-
tation time of this algorithm is independent of the network topology and the
overall computation time is polynomial. Second, we have presented a traffic en-
gineering protocol, REPLEX, which was simulated in various scenarios under
realistic workloads and network topologies. The protocol converges quickly and
significantly improves network throughput.

Further analyses and improvements to REPLEX are thinkable. Due to its
genericity, REPLEX is not restricted to pure IP networks; thus the most in-
teresting alley is to examine the performance gains when applying REPLEX to
other types of networks. In general, our simulations involving realistic self-similar
traffic with real TCP connections confirm that the game theoretic concept of
Wardrop routing indeed can be applied in practical networking.
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Abstract. We give an overview of important results for non-atomic con-
gestion games in their traditional form along with self-contained and
short proofs and then present new results and challenges for an extended
model, which we call consumption-relevance congestion games. We intro-
duce the consumption-relevance congestion game first and show that all
other models are special cases of it. Our focus is on the price of anarchy,
computation of equilibria, and experimental studies. Further interesting
aspects are summarized at the end of this article.

Keywords: non-atomic congestion games, Wardrop model, price of an-
archy, unicast routing, multicast routing.

1 Introduction

1.1 Congestion Games

We give an informal introduction to congestion games and refer to Sec.[2lfor exact
definitions. Congestion games in general model competitive situations where
players (or users) have to occupy one or more subsets from a set of elements
(or resources) to accomplish their tasks. These subsets of elements are called
strategies. The tasks of each user could be to transmit one or more messages
through a communication network, in which case the elements could be the edges
of the network and the strategies could constitute paths, trees, or collections of
paths. The latency (or cost, disutility) experienced by each user depends on the
congestion of the occupied elements, on the elements themselves, and possibly
also on the strategy through which the occupation takes place. The congestion
of an element in turn depends on the total amount of users that occupy that
element, and again possibly also on the strategies through which the occupations
take place — but not on any form of ‘identity’ of the users.

Congestion games have been used to model classical point-to-point routing,
also known as unicast routing. There are limitations to the traditional model.
Traditionally, there are only limited ways to express the role of an element in-
side a particular strategy. In one of the previously most general models, stud-
ied by Roughgarden and Tardos [I], elements may have different sensitivity to

J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 292 2009.
© Springer-Verlag Berlin Heidelberg 2009
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occupation through different strategies. This is expressed by element-strategy-
dependent factors called rates of consumption. The same factor that influences
sensitivity to occupation of an element e via a strategy S also influences how
much the latency of e will count for the players that choose strategy S. Hence,
players choosing a sensitive element are charged doubly for this. With these
limitations, traditional congestion games cannot model many compler routing
applications, e.g., with bottleneck links or multicast routing. In order to help the
theory of congestion games to catch up with the requirement to model more
complex routing, we introduce an extended model, which we call consumption-
relevance congestion games.

1.2 An Introductory Example

We informally present a simple example, in order to give the reader a more
concrete idea of the matter. The example is essentially due to Pigo [2]. Tt does
not require to leave the traditional model; it is however suited to illustrate the
basic idea of congestion games and the price of anarchy.

Consider two cities s and ¢, connected by two highways H; and Hs. Many
commuters have to travel from s to ¢t at the same time, and each of them can
choose between H; and Hs; these constitute the strategies, which in this simple
example consist of only one element each, namely the respective highway. High-
way H; is rather long, but broad enough so that no congestion effects occur: no
matter how many commuters choose highway H;, their travel time — the latency
— will always be one hour. Highway Hs is much shorter, but also narrower. Com-
mute time on Hs is influenced by congestion effects: the time grows proportional
to the number of drivers choosing Hs, and it equals one hour if all drivers choose
H; (and none chooses Hi). Let us normalize the total amount of drivers to 1,
and say that the commute time experienced by drivers on Hs takes x times one
hour if x drivers take that highway, z € [0, 1].

If z < 1, then the drivers on Hy experience less commute time than those
on Hi, and so we expect that as long as x < 1, the 1 — z drivers on H; see
an incentive in switching to Ha. It follows that the system is stable — we also
say: in equilibrium — if and only if x = 1. Intriguingly, no-one is then in a
better position than before. To quantify the overall performance of the system,
we use the average travel time, which is 1 — « + 2. It is minimum, namely ?u
when z = %; it is 1 when z = 1, i.e., in equilibrium. The ratio between the
two, which is g here, is called the price of anarchy. It is called that way, for, if

! The description given by Pigou [Z, p. 194] reads:

“Suppose there are two roads, ABD and ACD both leading from A to D. If
left to itself, traffic would be so distributed that the trouble involved in driving
a "representative" cart along each of the two roads would be equal. But, in
some circumstances, it would be possible, by shifting a few carts from route B
to route C', greatly to lessen the trouble of driving those still left on B, while
only slightly increasing the trouble of driving along C.”
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a central authority for minimizing the average travel time was in charge, that
authority would enforce x = %, i.e., one half of the drivers would be allowed to
take highway Hs, and the other half would be forced to take highway H; and

accept that those on highway Hs are better off.

1.3 Organization

The rest of this survey is organized as follows. In the next section we define the
non-atomic consumption-relevance congestion game model (NCRCG) and ex-
plain the game-theoretic background. In Sec.[3lwe show how unicast routing can
be modeled as an NCRCG and illustrate that by a simple example. Two matri-
ces, the matrix of consumption numbers C' and the matrix of relevance numbers
R, play an important role in the NCRCG model, where the case C' = R coincides
with the known model of non-atomic congestion games (NCG) [1]. It will be-
come clear in Sec.[d that unicast can be modeled with C = R, i.e., as a NCG. In
Sec.d we treat further aspects of NCGs: known results on the uniqueness of Nash
equilibria and bounds on the price of anarchy are presented with concise proofs.
We also briefly sketch computational issues. Sec.[Bl presents applications and new
results for NCRCGs; C' # R will be allowed in that section. The connection to
multicast routing is explained and illustrated by an example. Lower and upper
bounds on the price of anarchy are stated and new computational challenges are
discussed. Numerical results for random instances are given. Finally, in Sec.[6] we
summarize further interesting topics not covered by this survey.

2 The Model of Non-atomic Consumption-Relevance
Congestion Games

We will introduce the general model at the beginning. This will allow a more
fluent presentation and in particular show how all other models constitute special
cases of the general one.

2.1 Basic Notation: Elements, Strategies, and Latencies
Consider the following items:

(i) A number m € IN. We denote E := [m] (= {1,...,m}) and say that each
number in E stands for an element (or a resource).

(ii) For each element e € E a function {. : R>g — R>. These functions are
called the element latency functions. We require them to be continuous and
non-decreasing.

(iii) A number N € IN. Each number in [N] stands for a player class.

The model is feasibly defined (and interesting) even with one player class,
i.e., N = 1. In fact, all examples given in this article only have one player
class.

(iv) For each i € [N] a number d; € R, called the demand of player class 1.
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(v) For each i € [N] a finite set &;, chosen such that &4,..., Sy are pairwise
disjoint and each &; has at least cardinality 2. We say that each element in
& stands for a strategy for player class i. Denote & := |J;¢(y) and n := |S|.
We will often identify & = [n] to simplify notation.

(vi) A matrix C'€ RT;™ — its entries are called consumption numbers — and a
matrix R € RU™ — its entries are called relevance numbers. We say that
for e € E and S € & the number Ce,s is the consumption of element e
under strategy S, and the number R, s is the relevance of element e for
strategy S. We further demand that neither of the two matrices has row or
a column of only zeros, and that

Ces =0 if and only if R, g =0
forallee E, S € G.

These items to define an instance of the NCRCG model.
The set of action distributions is

A= {a € RE; Z as =d; Vie[N]}.

SES;

An action distribution describes a way of how to distribute the demand d; of
each player class i across the strategies in ;.

Let S € G. The set of those elements that have non-zero entries in column S
of matrix C' (or, equivalently, R), will — abusing notation — often also be denoted
by S, and we also speak of an element being ‘contained’ in S. Keep in mind that
two strategies with different consumption or relevance numbers can constitute
the same set of elements in this sense. This will be no problem; we will always
treat such strategies as distinct. Moreover, it is sometimes convenient to consider
the set of all strategies which ‘contain’ a particular element e. We will denote
that as &(e) := {S € &; C.,s # 0}, which is the same as {S € &; R. g # 0}.

Given an action distribution a, we define the vector of congestions as g(a) :=
C - a, where the dot denotes the usual matrix-vector product. Hence we have
ge(a) = Y ges Ce,sas = D gee(e) Ce,sas. The congestion is a measure of how
heavily an element is stressed. As can be noticed from that definition, the model
allows that an element may be stressed differently by the same amount of users
depending on the strategy through which these users occupy the element.

Recall that each element has a latency function ¢, : R>9 — R>¢. This
functions tells us how the element reacts to congestion. The quantity £.(g.(a))
is called the element latency of e under a.

Finally we have to define how that latency is experienced by the users. Since
we study the non-atomic case, we think of the set of players as a continuum
represented for each player class ¢ by the interval [0, d;]. Each action distribution
describes a possible way of how this interval can be partitioned and the parts
assigned to strategies. All the players which by this are assigned to a strategy

2 The game-theoretic background of this will be elaborated on in the next section.
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S experience the latency Ls(a) := Y cp Re sfc(ge(a)), which, thinking of S as
a subset of F, can be written as ) g Re slc(ge(a)). We call this the strategy
latency of S under a. Since R is a (m x n)-matrix and £(g(a)) := (lc(ge(a)))ecE
a vectorfd of length m, we can write the vector of all strategy latencies in compact
form using matrix-vector multiplication: L(a) = (€(g(a))* - R)* € RZ,,.

2.2 Social Cost and Nash Equilibria

The social cost of an action distribution a is the sum of all strategy latencies
weighted with the amount of players experiencing the particular latency:

SC(a) := Y Ls(a)as.

Se6

By an optimal action distribution we will refer to one that has minimum social
cost. The minimum social cost is denoted by OPT; we assume that OPT > 0.
Optimal action distributions always exist, since SC is continuous (recall that
each /. is continuous) and A is a compact set. Related to the social cost and
important for later proofs is the total element cost

EC(a) := de(ge(a))ge(a)'

ecE

In general, it differs from the social cost. However, in the special case of C' = R,
a simple calculation shows that we have SC(a) = EC(a) for all a € A.

The mized social cost and mized total element cost for two action distributions
a,a will also play an important role, and we define them here for later:

SC%a) := Z Lg(a)as and EC*(a) := Zfe(ge(a))ge(&).

Se6 eckE

Again, in the special case of C = R, we have SC%(a) = EC%(a) for all a,a € A.

When all players are assigned to minimum-latency strategies by an action
distribution a, we say that a is a Nash equilibrium. More formally, a is a Nash
equilibrium if

(as>0= Ls(a) < Lr(a)) VS,T€&; Viel[N]. (1)

Directly from that definition it follows that for a Nash equilibrium a we have

SC(a) = > Ai(a)ds, (2)
1E€E[N]

where A;(a) := min{Lg(a); S € &;} for each i € [N].

3 We use boldface for vectors of congestions, element latencies, and strategy latencies.
So, we write £(+) for the vector of all element latency functions, whereas we sometimes
use £(-) to denote a single element latency function.
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It is sometimes misunderstood that (1) was to model a competition of the
different player classes against each other. The truth is that in the model at
hand, the player classes exist only to allow players with different demands and
different sets of eligible strategies in the game, and that the model is feasibly
defined even with only one player class.

Informally speaking, Nash equilibria characterize those action distributions
where there is no way for a ‘single player’ to unilaterally improve his latency.
We think of each ‘single player’ to constitute a so small fraction of the to-
tal demand that his decision does not change the system (i.e., congestions and
latencies), but only changes the latency he experiences when using the chosen
strategy, which is already given. This is the non-atomic model, also known as the
Wardrop model [3]. An illustrative example for this is road traffic. The decision
of a single driver which route to take will have virtually no effect on the conges-
tions and latencies of the road network. However, each driver will only choose
such routes that promise minimum latency. Hence, this system can be consid-
ered stable once that all drivers have chosen minimum-latency routes. Another
example is a communication network with a large number of users where each
user has only got a small amount of data to send or receive. For further historic
background, we quote Wardrop [3, p. 344-345]:

The problem is to discover how traffic may be expected to distribute itself over
alternative routes, and whether the distribution adopted is the most efficient
one. |...] Consider two alternative criteria [...] which can be used to determine
the distribution on the routes, as follows:
(1) The journey times on all the routes actually used are equal, and less than
those that would be experienced by a single vehicle on any unused route.
(2) The average journey time is a minimum.
The first criterion is quite a likely one in practice, since it might be assumed
that traffic will tend to settle down into an equilibrium situation in which no
driver can reduce his journey time by choosing a new route. On the other
hand, the second criterion is the most efficient in the sense that it minimizes
the vehicle-hours spent on the journey.

Our definitions of Nash equilibria and optimal action distributions, respectively,
match these criteria.

Existence and Variational Inequality Formulation

Theorem 1. An action distribution a is a Nash equilibrium if and only if
SC(a) <SC*(a) Vae A. (VAR)

Note that SC(a) = SC%(a). Condition (VAR)) is a well-studied variational in-
equality. The result of this theorem has already been noted by Smith [4] and
used in many different contexts. We give a proof for completeness. The proof
does not use the notion of elements or congestions (nor do (@) or (VAR]) and
hence this result is valid in an even broader context (not discussed in this work).
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Proof (Thm.[). Let first a be a Nash equilibrium. Fix an arbitrary a € A. By
@) we have

SC*(a) — SC(a ZZLS a)is— ) Ai(a)

i€E[N] SEG; > A (a) i€[N]
Z Z (Az a Z ds —Al(a)dz) =0.
i1€[N] Se6;
N o ~
=d;

Now, let a € A such that (VAR holds. Fix ig € [N] and pick Sy € &;, such
that Lg,(a) = Aj,(a) =: A. Define a € R%,, by

di, ifS=25
as:=+<0 if Se6;,\ {So} .
as otherwise

Then @ is an action distribution, and by (VAR]) we have

0<Z ZLS as—as Z LS as—as)

i€[N] s€6; _0 it 17&10 RISICE
= LSO E LS
_A SEGLO >A

Since ZSE&O as = d;,, it follows that Lg(a) = A whenever ag > 0, S € &;,
Because ig was taken arbitrarily, a is a Nash equilibrium. a

By this variational inequality formulation, we get an existence result.

Theorem 2. Every NCRCG admits at least one Nash equilibrium.

Proof. Solutions to (VAR]) exist since Lg(-) is continuous for each S € & and A
is compact and convex; see, e.g., [5, Thm. 1.4] or [6, Thm. 3.1]. |

We denote the set of all Nash equilibria for a given NCRCG by N C A.

Condition (VAR) has an interesting interpretation, supplementing the pre-
vious discussion. The mixed social cost SC*(a) gives us a kind of ‘social cost’
dependent on two parameters: the first one, namely a, defines the system (i.e.,
congestions and corresponding element and strategy latencies), and the second
one, namely @, indicates how that system is used. Condition (VAR) says that
Nash equilibria are exactly those action distributions a that give the optimal
way to use the system that is fixed by a.

Prices of Anarchy and Stability. The relation of Nash equilibria to optimal
action distributions is captured by the following two quantities.

— The price of anarchy (or coordination ratio) sup,ens oét‘lr)
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— The price of stability inf,cpr S(%flr).

In the next section we will explain and illustrate the introduced concepts by an
example. The reader might also like to take an excursion to Sec.[5.] for another
example.

3 Unicast Routing

Let G = (V, E) be a directed multigraph modeling a communication network
with continuous, non-decreasing latency functions f. : R>9 — Rx>( for each
edge e and N source-sink pairs (s;,¢;), ¢ = 1,..., N. Each of these N pairs has
got a total demand of d; units of flow to route from s; to t;, which represents a
continuum [0, d;] of players. The latency for transmitting one unit of flow along
any path in the graph is the sum of the latencies of the edges in the path.

We can model this as an NCRCG in a straight-forward way. The edges of the
graph together with their latency functions become the elements and element
latency functions of the NCRCG, respectively. The N source-sink pairs corre-
spond to N player classes. The set of strategies for each player class is a set of
s;-t;-paths and hence we can take the corresponding edge-path incidence ma-
trix, which is a 0/1-valued matrix, as the consumption matrix C as well as the
relevance matrix R. A Nash equilibrium now means that all flow travels along
minimum-latency paths.

Some interesting results for unicast routing will not be mentioned in this
section. This is because they also hold in the more general context of C' = R,
and hence we defer them to the Sec.Hl

3.1 Generalized Version of Pigou’s Example

Recall Pigou’s example from Sec.[[L.2l We consider a generalization with a pa-
rameter p € IN>1, as depicted in Fig.[[l and describe it in terms of the NCRCG
model. We have one player class with source s and sink ¢, which are connected by
two different edges. One of them has latency function constant 1 and the other
has latency function z — 2P, where p € IN>; is some fixed number. Let the
demand be d = 1. The two available strategies are obvious: players can choose
to take the one edge or the other to reach ¢, so one strategy consists of edge 1
(with latency function ¢;) and the other of edge 2 (with latency function #5).

Fig. 1. Pigou’s example with parameter p
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Up to different enumerations of strategies and elements, the matrices C' and R

look like this:
10
on-(19)

Let us compute the strategy latencies and social cost for some arbitrary action
distribution a = (a1, az).

Li(a) = Ri,16(g1(a)) + R21b2(g92(a) = 1+ L1(g1(a)) +0- £2(g2(a)) = 1,

-

{

La(a) = Ri261(g1(a)) + R2202(g2(a)) = 0 51(9_1(61)) +1-£42(g2(a))
= l5(Cs,1a1 + Ca2a2) = la(az) = b,

127+1 tlH-ézil 1 p+1

SC(a) = Li(a)a; + La(a)az = a1 + a —az + a;

We see immediately that the only Nash equilibrium is ¢ = (0,1), for if any
fraction of the flow was to take the first strategy, say, ' = (¢,1 — ¢), we would
have Ly(a’) < 1 = L1(a’), meaning that not all flow would travel along minimum-
latency strategies. On the other hand, simple real calculus gives that a* :=
(1—(p+1)"'?,(p+1)~/?) is the only optimal action distribution. Its social
cost is

SC(a") = 1= (p+ 1) /7 4 (p-+ 1) #H/
L=+ D+ 1) = (p+ 1))
1—

(pp+1) 2 (p+ 1) Tr = (pr 1)~y (3)

-

~ i
=0

=1—plp+ 1)—(P+1)/P.

This tends to 0 as p tends to co. Hence, the price of anarchy — as well as the
price of stability — is SSCC((aa*)) = (1—p(p+1)-th/p)-1 = @(1&)7 which tends
to oo as p tends to oco.

3.2 Anarchy Value

The Pigou example allows two observations: first, we see that arbitrary high
prices of anarchy can be achieved with very simple networks — just one source,
one sink, and parallel edges in between. Second, we observe a correlation between
the price of anarchy and the kind of latency functions used — the higher the degree
of the polynomial ¢, the larger the price of anarchy becomes.

In fact, Roughgarden [7] shows that the price of anarchy in unicast routing
can be upper-bounded by a value only dependent on the class L of eligible
edge latency functions, the so-called anarchy value «(L). The only additional
assumptions that he makes are: each ¢ € L is differentiable, z — {(z)z is a
convex mapping, and £ contains at least one non-zero function. Such a class £
is called standardd

4 See [T, Def.2.3.5 and 3.3.1].
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He furthermore shows that the «(£)-bound on the price of anarchy is tight
from a worst-case point of view. More precisely: let ¢ > 0 and let £ be a standard
class that is also diverse, i.e., for each y € R>¢ contains a function ¢ such that
£(0) = y. Then there exists a unicast network consisting of one source, one
sink and parallel edges in between with latency functions drawn from £ such
that its price of anarchy is at least «(L) — €. Hence, from a worst-case point
of view, the price of anarchy in unicast routing is independent of the network
topology. On the other hand, for a particular instance, it may be dependent on
the network topology; adding or removing edges may change the price of anarchy.
A prominent example for this is Braess’s Paradox [8I9] (see also [7, Sec.1.2.2]),
where an additional edge worsens the price of anarchy.

We will revisit the anarchy value in more detail in Sec.[d]], and a corresponding
simplification (and generalization at the same time) in Sec.[2]

4 The Case C = R

In the previous section, only entries 0 and 1 were allowed in the matrices C' and
R, and we had C = R. Now we allow arbitrary values, but still require that
C = R. This model is usually referred to as the model of non-atomic congestion
games (NCG for short) in the literature [IJ.

As mentioned earlier, the case C' = R has the nice property that mixed social
cost and mixed total element cost coincide, i.e., EC*(a) = SC%(a) for all action
distributions a,a. Moreover, all Nash equilibria have the same social cost, and
hence price of anarchy and price of stability coincide. We give a short proof that
all Nash equilibria have the same social cost.

Theorem 3. Let a,a’ € N. Then

(1) Le(ge(a)) = Le(ge(a')) (and hence ge(a) = ge(a') if L. is strictly increasing),
(i1) SC(a) = SC(a’).

Proof. Using (VARI]), we get SC(a) — SC*(a’) < 0 and SC(a’) — SCa/(a) <0, so
0 > SC(a) — SC*(a’) + SC(a’) — SC* (a)
=Y (Ls(a) - Ls(a"))(as — a¥)

Se6
= 3 5 Res(Celge(a)) — Lelge(a))(as — a)
SeG eeS
=" (telgela)) — € )) > Res(as —df)
ecE Se6(e)
= Z(ﬁe(ge(a)) Z OP S aS — as) since C' = R
ecE Se6(e)

= (Le(ge(@) = Lelge(a)))(ge(a) = ge(a')).

ecE
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The last equation was positive if for some e we had e (ge(a)) # £e(ge(a’)); recall
that element latency functions are non-decreasing. This shows It follows
furthermore that Lg(a) = Lg(a’) for all S € & and also that A;(a) = A;(a’) for
all ¢ € [N]. Assertion |(ii)| now follows with (2]). a

Note how in the proof the fact that C' = R allows us to draw a bow from strategy
latencies to congestions.

For the rest of this section, we will elaborate on two topics, namely upper-
bounding the price of anarchy by the anarchy value and computation of Nash
equilibria. The next section, 1l may be challenging to grasp on a first read, and
the reader is encouraged to skim through this section first and continue in detail
in Sec.[£2l These two sections, 1] and L2 present a similar matter. They are
arranged in historic order.

4.1 Upper-Bounding the Price of Anarchy with the Anarchy Value

Let £ be a standard class of element latency functions. For each £ € £ define the
marginal cost function £* : R>g — Rso, 2 +— ¢'(z)z + ¢(z). Choose a function
te : R>0 — R0 such that

C(pe(x)) =L(x) and pe(x) <z forall =€ Rso. (4)

Such a function exists as we will see in Sec..2] but needs not to be unique.
We will also write . instead of g, . We are now ready to define the anarchy
value [I, Def. 4.3] of L, denoted a(L). Using the convention 0/0 := 0, we define

. L(v)v
EV =50 ) — o) + o )
Since L is standard, which means in particular that it contains a non-zero func-
tion, we always have a(L£) > 0. One can also prove that this definition is inde-
pendent of the actual choices of the u, functions. This also will become clear
in Sec.[2 by essentially the same simple argument which we will use for the
existence of .

Although the expression defining the anarchy value may look complicated at
first, anarchy values for many interesting classes of functions can be derived
relatively easily, see [T, Sec.3.5.2]. For instance, let Poly™ (p) be the class of
polynomials of degree at most p and non-negative coefficients. Then

aPoly™ () = (1= p(p-+ 1)~/ =0( ). (6)
exposing Pigou’s example as a worst-case scenario. This also shows that the
anarchy value may be oo, e.g., if we consider the set of all polynomials with
non-negative coefficients.

Correa, Schulz, and Stier Moses [I0] show that the concept of anarchy value
can be simplified and generalized at the same time. Yet, we will first show how
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to work with the anarchy value by presenting a compact proof for the upper
bound along the lines of Roughgarden and Tardos. In the next section, we will
present the extensions of [10] together with a formal derivation of (&l).

Theorem 4 (Roughgarden, Tardos [1]). Let £ be a standard class of ele-
ment latency functions. The price of anarchy of any NCG with element latency
functions drawn from L is no more than a(L).

Proof. For any three reals z,y, 2 € R>¢ and elements e € ' we have

Coy)y = Lo z—|—/€* Vit > €o(2)z + €5(2)(y — )

= (Le(z) = £(2))2 + Le()z + £e(2)y — Le(z)n
= (Le(pe () — €2 (pe () e () +Le (@) L5 (pe())y —Le(z)r PUb 2 2= pe()
=le(pe(x))—Le(z)) pre () +Hle(x)r+Le(x)y —Le(T)x definition of p,

: .
> o(L) lbe(z)r + Le(2)y — Le(x).

Let a be a Nash equilibrium and ¢* an optimal action distribution. Evaluating
the above for z := g.(a) and y := g.(a*) and taking the sum over all e € E
yields

Zz 9(’ P )

PEE
2 Z ( ge e(a) + Z Ee(ge(a))ge(a*) - Z Ee(ge(a))g (a’)
(’GE eelR ecE
_ a(c) EC(a) + EC*(a”) — EC(a).

Since we are in the case C' = R, we have that (mixed) social cost equals (mixed)
total element cost, and so

SC(a*) > ! SC SC*a*) — SC b > ! SC
(a‘ ) = Oé([.:) (a’) + (a’ ) - (a) = Oé([.:) (a’)
This finishes the proof, since we now have scc(( 3) < a(L). a

4.2 The Parameter 3(L)

Following [10], we present an extension of the concept of anarchy value, which
acts as a simplification at the same time. It is also applicable for tightly bounding
the price of anarchy in unicast routing where each edge in addition to its latency
functions has got a capacity, which is the main theme of [10], but will not be
treated here.
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Let £ be a class of continuous, non-decreasing functions R>y — Rx>, not
necessarily standard. Using the convention 0/0 := 0, define

B(L) = SUD ) glgg{(ﬁ(v) — U(z))z}. (7)
v>0

Monotonicity ensures that there is no division by zero, except 0/0, which is
defined to 0. It follows that

(L(v) —L(z))x < B(L)L(v)v Yv,z € R>o Ve L. (8)

Tt is easy to see that always 3(L£) < 1. In case that £ happens to be a standard
class with finite anarchy value (L), we have 5(£) < 1 and

1
1-5(£)

This is seen as follows: assume that £ is standard and fix £ € £, v > 0, and
define the function ¢ : R>g — R,z — (¢(v) — £(x))x, which occurs in (7).
Since ¢(0) = ¢(v) = 0, and, by monotonicity of £, ¢(x) > 0 for all z < v, and
¢(x) <0 for all z > v, ¢ attains its global maximum in some z* € (0,v). Real
calculus gives that 0 = ¢'(z*) = £(v) — ¢/(z*)z* — l(z*) = L(v) — £*(«*), hence
£5(xz*) = £(v). As a first result, this proves the existence of the function gy,
cf. @). Conversely, since L is standard and so ¢ is concave, any point z* with
*(z*) = £(v) maximizes ¢.

Now, turning to the definition of anarchy value, displayed in (@), we reformu-
late and get 1 — a(lﬁ) = SUDer >0 Z(zlz)v (L(v) — L(pe(v)))pre(v). A function of the
same form as ¢ above occurs in that expression. From what we have shown, we
know that for fixed ¢ and v we have (£(v)—£€(e(v))) e (v) = maxy>o(€(v)—L€(z))z,
since £*(u¢(v)) = £(v). This for one proves ([@) and also shows that (@) is inde-
pendent of the actual choices for g, £ € L.

A short proof for a bound on the price of anarchy including the result from
Thm.@ is possible using the parameter 3.

=a(L). 9)

Theorem 5 (Correa, Schulz, Stier Moses [10]). Let £ be a class of contin-
uous, non-decreasing functions R>o — Rx>o such that (L) < 1. The price of
anarchy of any NCG with element latency functions drawn from L is no more
than | _ é( o)

Proof. Let a be a Nash equilibrium and ¢* an optimal action distribution. Then

SC(a) < SC*(a*) by (VAR])

= EC%(a") since C = R
= 3~ (Le(ge(@))ge(a®) — Le(ge(a))ge(a") + EC(a")

ecE
= 3 (telge(@)) — telge(a”))) gela”) +EC(a)

e€E il e e
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< Z B(L)e(ge(a))ge(a) + EC(a") by (@), see also (&)
ecEl

= B(L)EC(a) + EC(a™)

= B(L£)SC(a) + SC(a*). since C = R

Hence (1—3(£))SC(a) < SC(a*), and so, using B(L) < 1, we receive the claimed
bound. 0

We will now derive 3(Poly™ (p)) (and so a(Poly™ (p))) for some fixed p € N>.
We can restrict the analysis to the case that only element latency functions of
the form ¢.(x) = c.x9 are used, since we can always replace an element f with
Cp(x) = 30 _ocr,qx? by p+1 elements with element latency functions z — ¢y oz"
to x +— cy pa?, respectively, yielding an equivalent NCG.

Let £(z) = cx?, ¢ > 0, ¢ € N> (the case ¢ = 0 trivially contributes a value of 0
to the supremum in (7). Fix v > 0 and set ¢y, : R>0 — R, 2 — ({(v) —l(x))z.
Then, as noted before, ¢4 ,(0) = ¢y, (v) = 0, and, by monotonicity of £, ¢¢ ,(z) >
0 for all x < v, and ¢, (z) < 0 for all z > v. Hence, there exists z* € (0,v) such
that ¢, (2*) = maxy>o dr,0(2). Real calculus yields ¢ ,(z*) = 0, and hence

Tt = (q+f)1/q and
1 v
Pol + = su T—czd),v
B(Poly™ (p)) ($chq)egoly+(p) cyitl P(zcaa), ((q + 1)1/q)
v>0
= su L (cvq —c vl ) !
a (m»—»czq)egoly+ (p) cvrtt 1+ q (q + 1)1/q
v>0

1 1
i)

q€(p]

— sup — (_ 1 N 1 )
a€lp] (g+1)Ve " (14 q)0+a/a

= sup q(g+1)~@tD/e,
q€(p]

where the last step follows as in ([B). The maximum is attained for ¢ = p,
and so B(Poly™(p)) = p(p + 1)~@+D/P and also (@). For illustration, a plot
of a(Poly™(p)) is shown in Fig.2l

Good upper bounds on § can also be derived in a simpler way and for more
general classes of functions than polynomials; see [I0, Sec. 4] for details.

4.3 Computation of Optima and Nash Equilibria; The Potential

The set A is convex, and so is the function SC = EC, if, e.g., each x — £ (z)x
is convex, as it is the case for standard element latency functions. Hence, for
standard element latency functions, optima are characterized by the following
convex program:
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3.5

25

1.5

1 2 3 4 5 6 7 8 9 10

Fig. 2. The anarchy value a(Poly ™ (p)) plotted over p =1,...,10

min Z le(xe)xe

ecE
st Xe — Z Cesas =0 VeeFE
5e6(e) (OPT CP)
di— Y as=0 Vi€ [N]
SES;

—as <0 VSes

The constraints ensure that for any feasible pair (z,a) = ((Ze)ecr, (as)ses)
we have that a € A and « = g(a). Convex programs can be solved in polyno-
mial time up to an arbitrarily small error, under some mild additional assump-
tions. Some methods require certain boundedness conditions, smoothness and
efficiently computable first and second order derivatives of the involved func-
tions. See, e.g., [I1] for a comprehensive treatment of convex optimization.
Interested in Nash equilibria, define /, : R>o — Rxo,z — fox Le(t)dt for each
e€ E,and & : RY) — R>o, (Te)ecr — ZeeEé(xp) We call @ the potential;

note that V@ = £. Since each /. is non-decreasing, each 0. and the potential
@ are all convex, and hence the following is a convex program (not ounly for
standard element latency functions).
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ecE
s.t. xe— Z Cesas =0 VeeFE
5e6(e) (Nash CP)
di— Y as=0 Vie[N]

SeG,;
—as <0 VSeB6

Optimal solutions to (Nash CPl) coincide with Nash equilibria for the NCG with
element latency functions €. This has been noted by Beckmann et al. [12], Dafer-
mos and Sparrow [13], and Braess [8[9]. We will give a proof below; again, it is
crucial for the proof that C' = R.

A drawback in terms of the practicability of ([OPT_CPl) and (Nash CD)) is
that they involve as many variables as strategies, which might be exponential in
the number of elements. However, in the case of unicast routing we can remedy
this by using flow-conservation rules as constraints, hence expressing everything
on edge-level.

Theorem 6. A feasible (z,a) € RZ™ is optimal for (Nash CP)) if and only if
the action distribution a is a Nash equilibrium.

Proof. We give names to the constraints of (Nash CP)): define fs(z,a) :== —ag
for all S € &, hi(w,a) := di — ) gce, as for all i € [N], and he(w,a) := e —
ZSEG(@) C.sag for all e € FE. Like the constraints, we will also consider @
a function of m + n variables, though it only depends on the ﬁrst m. Slater’s
condition (see, e.g., [I1], Sec. 5.2.3]) is easily verified: take ag := % for all S € &;

and ¢ € [N], and z. := ge(a) for all e € E, which is > 0 since C has no row of
only zeros. Then (z,a) is in the interior of the domain of ([Nash CD)), i.e., the
set where the objective function and all constraint functions are defined, which
is R%, here.

Hence a feasible (x,a) is optimal if and only if the Karush-Kuhn-Tucker
(KKT) conditions hold. These conditions are (see, e.g., [L1, Sec.5.5.3]): there
exist real numbers (As)ses, (Vi)ic|N], (Ve)ecE such that As > 0 and Asas = 0
for all S € G and

V@(La)—&—Z)\szS(a:,a)—i—ZVZVh (z,a) Zuth (z,a) =0.

Se6 i€[N] e€EE
This last equation is equivalent to

le(xe)+ve=0 Ve€eFE

“As—vi—» vCes=0 VS€G; Vi€ [N].
ecS
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It follows that a feasible (z,a) is optimal if and only if there exist (As)ses,
(Vi)ieiny such that

As >0and Agag =0 VS e
D le(we)Ces —vi=As VS €S, Vie[N]

eeS

Since C' = R, we have ) g /c(2.)Ces = Ls(a). Reformulating further, we see
that a feasible (z,a) is optimal if and only if there exist (v;);c;n) such that we
have for all i € [N] and S € &, the following: Ls(a) —v; > 0, and Lg(a)—v; =0
in case of ag > 0. This is the Nash condition (we have v; = A;(a) if it holds). O

The implications of this result go beyond the computation of equilibria. Assume
a standard class of element latency functions and recall the definition of the
marginal cost function ¢ for element e, which is the derivative of x — £.(z)x,
ie., li(x) = 0'(z)x + L(x). Let for a NCG I denote I'* a modification of I’
where each ¢, is replaced by ¢;. Since fOT Ci(t)dt = le(x)x, the potential for I'*
coincides with EC and so with SC for I'. It follows from Thm.[f that an action
distribution is a Nash equilibrium for I'* if and only if it is optimal for I". This
is part of the motivation behind the techniques in the proof of Thm.H more on
this is explained in detail (for unicast routing) in [7, Sec. 3.2 and 3.3].

5 Our Results for NCRCGs

Most proofs in this section are omitted and can be found in [I4].

5.1 Multicast Routing and Lower Bound

The initial motivation for the NCRCG model comes from multicast routing. In
multicast routing, we are given N sources s;, i € [N], each of them associated
with k; sinks t},.. .,ti“, where k; is some positive natural number. For each
i € [N], a demand of d; has to be routed from s; to each sink t},...,t" si-
multaneously. Again, we assume the demand to represent a continuum [0, d;] of
players. The underlying structure, as in unicast routing, is a directed multigraph
(V, E)) where each edge e € F has a latency function /..

Let us fix one ¢ € N. To realize the desired routing for some fraction of the
demand, we have to choose k; paths P := {Py,..., P, }, where P; connects s;
with t{ for each j € [k;]. Such a set P will constitute a strategy; denote for
later P(e) := {P € P; e € P} for each edge e. Hence, to model multicast as
an NCRCG, matrices C' and R have to somehow represent all eligible choices of
such collections of paths.

Before we can write out C' and R, further decisions have to be made. There
are at least two ways to realize a flow using a strategy P. One is to realize a flow
in the usual sense: the amount of flow entering a node is exactly the amount
of flow leaving the node. This will be called a conservation flow. When using
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conservation flows, the consumption number of an edge e regarding strategy P
is |P(e)|, i.e., the number of sinks served via e. A smarter way to realize P is to
exploit the fact that we deal with data to be routed. Unlike material goods or
physical flows, data can be duplicated virtually without cost, provided that the
nodes in the network offer such a feature. Thus the same data has to be sent
down an edge only once, no matter how many sinks are served by this. We call
this duplication flows. When using duplication flows, the consumption number of
an edge regarding P is 1 if it is contained in some path from P, and 0 otherwise.

We now consider relevance numbers. There are many different reasonable
ways in which the latency of a collection of paths P, i.e., the strategy latency,
could be understood; we point out four of them in [I5]. Two interesting ones
can be modeled by assigning relevance numbers to edges. In the first model,
we would simply sum up the edge latencies of all edges involved, hence the
relevance number of an edge is 1 if that edge is contained in some path from P,
and 0 otherwise. We call this edge-based strategy latency. In the other model, we
consider an edge more relevant if it serves many sinks. We will set its relevance
number to |P(e)| for that model] and refer to this model by the term path-based
strategy latency, since it is equivalent to taking the sum of the latencies of all
paths in P, where the latency of a path is the sum of the latencies of the edges
(exactly as in unicast routing).

Combining conservation flows with path-based strategy latency, or combining
duplication flows with edge-based strategy latency, yields C' = R, and is hence
covered by previous analysis. However, combining conservation flows with edge-
based latency, or combining duplication flows with path-based strategy latency,
yields C' # R in general. We will focus on the latter combination in the following.

Consider the instance shown in Fig.[8l We have one player class with demand
d = 1 and two sinks t' and ¢2. There are three strategies as depicted in Fig.Hl
For example, in strategy 1, flow is routed to sink #! (serving that sink) and then
duplicated and sent to sink ¢2. We give matrices C' and R. Recall that columns
correspond to strategies and rows correspond to elements, i.e., edges. Thus

101 201
011 021
C=1100] 2 B=144g
010 010

A Nash equilibrium is given if all players choose strategy 3, i.e., the action
distribution a := (0,0, 1). This can be checked easily, and we only point out the
basic principle here: all players experience latency 1 + 1 = 2 under a. Assume
that a player considers switching from strategy 3 to, say, strategy 1. Edge 3 has
element latency 0, however, the relevance number of edge 1 increases from 1 to
2 when switching strategies, and so that player would still experience latency 2.
Hence there is no incentive for such a switch.

c

® Many other expressions involving |P(e)| would also be reasonable, e.g., |P(e)|° for

some ¢ > 0. All such variations can be expressed in the NCRCG model.
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Fig. 3. Multicast example with parameters p € N>, and 6 > 0

(c) Strategy 3

Fig. 4. The three strategies

For comparison, consider the action distribution a* := (3, 1,0). It has much

better social cost, providing a lower bound on the price of anarchy

SC(a) 2 1 2p -
- = = = Q(27) for 6 =0(277).
SCla®) ~ 22 +03)} ~ 4 +0) T 1+glp - ) r0=0C7)
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This clearly breaks the anarchy-value bound, which would have been O(,” ).
The example can be generalized to any number k of sinks, yielding a price of
anarchy of £2(kP), see [15] for details.

Another interesting observation is that for the case of 8 = 0 the action distri-
bution a* is also a Nash equilibrium, resulting in a gap of 2(2P) between price
of stability and price of anarchy. This exponential gap is another fundamental
difference to the case C' = R, where these two quantities coincide.

5.2 Lower and Upper Bound for Polynomials

We turn back to NCRCGs in general and first wish to provide a worst-case lower
bound on the price of anarchy when element latency functions are drawn from
Poly ™ (p), for some p € IN. We need a measure for the deviation of C' from R.
We introduce the following two parameters:

"= max{ge’j; S e, ee S},

Yo 1= max{ge’j; SeG,ee St

Recall that a strategy S interpreted as a set S C F means S = {e € E; C.5 # 0},
which by our requirements on C' and R is a non-empty set and the same as
the set {e € F; R.s # 0}. Hence these parameters are well-defined. We have
v1 =92 = 1 in case of C' = R.

The previous section immediately gives a worst-case lower bound of 2(+%)
with 5 = 2; using the extended construction from [I5] even for arbitrary integers
2. We can even generalize further.

Theorem 7. Let c,r € R>1. There exist NCRCGs with element latency func-
tions only from Poly™ (p) with v, = ¢ and 2 = r such that the price of anarchy
is at least (y1y2)P.

For an upper bound, we consider NCRCGs with element latency functions drawn
from Poly™ (p) for some fixed p € IN. The main obstacle for upper bounds on the
price of anarchy is that in general (mixed) social cost differs from (mixed) total
element cost. However, we still have characterization (VAR]) for Nash equilibria
and the basic idea from Thm.[Bl We can use this to prove an upper bound
matching that of Thm.[7 up to a factor of y1y2 or a(Poly™ (p))y172, depending
on the range of v1vs.

Theorem 8. The price of anarchy in an NCRCG with element latency functions
drawn from Poly™ (p) is no more than

P+l ' >(1 »
(7172) 1 Zf M2 = +p)§’ ,  where a = a(Poly™ (p)) = O( P ).
a- ()P if e < (1+p)e Inp
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5.3 Computation

Recall that in the case C' = R with standard element latency functions, the
social cost SC = EC was a convex function (even a separable one if considered
a function of the congestions), and so optima were characterized by a convex
program. In the general case, however, SC is not always convex. Let us assume
that SC can be extended to a twice differentiable function on some open convex
set U C R™ with A C U. This is the case, e.g., for polynomial element latency
functions, where we can take U := R™. Then SC is convex on A if the Hessian
V2 SC(v) is positive semidefinite for all v € V for some open convex set V with
A CV CU. Since A is not an open set, the converse does not hold. (It would
suffice to consider open convex sets V' such that A C V. However, since A has
empty interior, this gives no advantage.)

Consider the case of affine element latency functions. Let for each e € E be
le(x) = e+ Te With O, Te € R>¢. Then SC has constant Hessian, i.e., v? SC(v)
does not depend on v € R™ but only on C, R, and (0.)ecr. We have for all
veR”

V2 SC ( Z 9 eSl eS’z + ReSQC€S1)) .
S1€6

ecE S2€6

Hence it can be checked whether V2 SC is positive semidefinite on some open
convex set V' D A, we only have to check one matrix for being positive semidef-
inite (e.g., by inspecting the eigenvalues). No concrete choice for V' has to be
made — the Hessian is the same in each point of R™. A check for non-convexity
based on this can deliver false positives, but it cannot deliver false negatives. We
summarize the three cases that can occur for general C' and R:

1. SC may be a convex function. This is the case for the multicast instance in

Fig.[3l for p =1 and # = 1, as can simply be checked by showing that

603
V2SC()=(063
334

is positive semidefinite; its spectrum consists of 5 + /19 and 6.

2. SC may have a Hessian that is not positive semidefinite on any open set
V O A, but yet SC is convex on A. That is possible since A is not an open
set. As an example, consider C' := (1 1) and R := (3 1), let the one element
have latency function z — =z, and a demand d = 1 be given. Then, SC is

convex on A = {(a1,a2); a1 + az = 1}. However v? SC(1) = (i ;) is not

positive semidefinite; it has got the negative eigenvalue 4 — v/20.
3. SC may be non-convex on 4, as can be seen easily by modifying the above
example to C' := (1 2).

It is yet possible to give a full characterization of the convexity of SC, namely
via the projected Hessian. For simplicity of notation, we restrict ourselves to the
case of N = 1. Define
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1 0
1 0
T:R*™ ' — R" (v1,...,05_1) — v+ |
1 0
—1-1...-1 d
N~ -~ -
MT::

Then T is an affine mapping between R"~! and the hyperplane in R" that
contains A. We can show that SC is convex on A if and only if the projected
Hessian H'(v) := M4 - V?SC(v) - My is positive semidefinite on

n—1
A ={(v1,...,vn_1); v; >0Vi € [n— 1] and Zvi < d}.
i=1

In case of affine element latency functions, V2 SC is constant, and so is H'. Hence
a check for H’ being positive semidefinite is practical as described above. The
generalization to NV > 1 is straight-forward. We summarize the discussion in the
following theorem.

Theorem 9. For an NCRCG with affine element latency functions we can ef-
ficiently determine whether SC is a convez function or not

If SC is convex, then the following program characterizing optimal action distri-
butions is a convex one:
min SC(a)

OPT NLP
st.ae A ( )

For the computation of Nash equilibria, recall that for the case C' = R Nash
equilibria are the optimal solutions to the convex program (Nash CP)) on page
This result is based on the KKT theorem and seems to depend crucially
on C' = R. Hence we do not know how to apply it in the general case. We can,
however, still characterize Nash equilibria by a minimization problem.

min SC(a) — A -d
st.ae A

AeRY
/\i < Ls(a) VS e 61 Vi e [N]

(Nash NLP)

We can show that the optimum value of that non-linear program is 0 and that
the set of optima coincides with the set of Nash equilibria. The constraints of
that program, however, are not necessarily convex anymore, since one of the
constraints is ‘A\; — Lg(a) < 0, and —Lg(-) is not always a convex function.

5 Up to numerical inaccuracies involved when checking a matrix for being positive
semidefinite, e.g., via computation of eigenvalues.
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On the upside, we can very easily check a solution returned by some NLP solver
whether it in fact is a Nash equilibrium — just see whether condition () holds.
This check also helps in the case of non-convex SC. If all element latency functions
are affine, (Nash NL.P]) even has got only linear, hence convex constraints.

In order to compute the price of anarchy or stability, worst and best Nash
equilibria need to be computed. We can force the computed equilibrium (if any)
to have a certain social cost by an additional linear constraint:

co <A-d<c. (10)

By successively increasing ¢ (decreasing ¢1), or by binary search, worst (best)
Nash equilibria can be found, up to some arbitrarily small error — provided that
we can solve (Nash NLP) together with (I0) optimally or arbitrarily close to
optimality. That is the case, in particular, for affine element latency functions
and convex SC, since then (Nash NLP) together with (I0) is a linearly con-
strained convex quadratic program, or can be reformulated as such using the
transformation 7T'.

The interval to be searched is [OPT, p OPT], where p denotes an upper bound
on the price of anarchy. Hence, for an erroil] of at most ¢, a binary search needs
[log, (L (p — 1)OPT)] steps. For the experimental series briefly sketched in the
next section, we however used a successive increase of ¢y by a small increment,
which we found to be practical. Using p = é(vwg)Q for affine element latency
functions, we have:

Theorem 10. Let I' be an NCRCG with affine element latency functions and
convex SC. We can compute worst and best Nash equilibria of I" up to an error
of € (and an additional error introduced by convex programming) by solving one
instance of (OPT_NLP)), and by solving or showing to be infeasible at most

Mog, (L (5(1172)? — 1)OPT)] instances of (Nash NLP) with [0), which all can

be formulated as linearly constrained convex quadratic programs.

Practicability may depend on the number of variables — and so for our programs
in particular on the number of strategies. If, e.g., the set of strategies was to enu-
merate all possible multicast path collections (or trees) in a network, this could
be exponential in the number of links. Efficiently handling such applications is
future work.

5.4 Experimental Results and Conjecture

We designed and wrote a clean implementation that solves (OPT_NLPI) and
(Nash NLP)) with (I0), using existing NLP solvers [16/17] as back-ends. It can
solve specific instances as well as generate and solve series of random instances.
We conducted extensive experimental studies of the price of anarchy in NCR-
CGs. It is beyond the scope of this article to describe the experiments or the

" Meaning that the Nash equilibrium found shall have social cost at least SC(a) — &
or at most SC(a) + €, where a is a worst or a best Nash equilibrium, respectively,
depending on whether we wish to approximate a worst or a best one.
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deployed random model in detail, and so we refer to [I4/I8] for all details instead.
Experiments were done on randomly generated instances with polynomial ele-
ment latency functions. Effort was put into creating a wvariety of different kinds
of instances. Although we treated several million instances with p € {1,2} and
several hundred thousand with p = 3, for none of them with y3v2 > (1 + p);}
we could prove a price of anarchy exceeding that of Thm.[?] by more than 1%.
Attributing the 1% to numerical inaccuracies, we make the following conjecture.

Conjecture. The price of anarchy in an NCRCG with element latency functions
drawn from Poly™ (p) is no more than

p).

D if > (1 117
{(7172) if 172 = (1+p) where a = a(Poly™ (p)) = 8<1np

. 1,
a-(my)? iy <(1+p)r

Fig.[l shows results for some random instances with p = 1. A dot is drawn for
each instance and positioned horizontally according to its bound given by the
conjectureﬁ and positioned vertically according to the observed price of anarchy.
A line marks the conjectured bound. A dot that was clearly positioned to the up-
per left of that line would have constituted a counter-example to the conjecture.
There are no such dots; no instance exceeds the conjecture by more than 1%.
Some dots are positioned vertically below 1, which means that the optimum was
not found, and a Nash equilibrium had lower social cost than the false optimum.
These dropout dots disappear, as expected, when we remove all instances with
non-convex SC from the data set.

We speak of observed price of anarchy here meaning the value SC(a)/SC(a*),
where a is the Nash equilibrium with highest social cost which we could find by
means of trying to solve (Nash NLP) with (I0) and successively increasing co,
and a* is the action distribution with the smallest social cost which we could
find by means of trying to solve (OPT_NLDPJ). The observed price of anarchy is
a lower bound on the price of anarchy; in case of p = 1 and convex SC, it equals
the price of anarchy (up to numerical errors).

The random instances presented in Fig.[Bl were generated as follows: The num-
ber of elements was fixed to m = 4, the demand to d = 1 (we used only one
player class), the number of strategies ranges in n € {2,3,4,5,6,9}, consump-
tion numbers were drawn from the interval [1.0,9.0], and relevance numbers were
restricted to different intervals in different series of the experiment: [1.0,1.0],
[1.0,5.0], or [1.0,9.0]. Choosing the most restrictive range for relevance num-
bers, i.e., [1.0,1.0], has shown to generate the most instances with an observed
price of anarchy close to or on the conjectured bound. In half of the experi-
ments, element latency functions of the form £(z) = >_7_, 6xz"® with random
coefficients 6y, ..., 0, were used, and for the other half, simply ¢(x) = zP was
used.

Closer examination of Fig.Blshows a peculiarity for small v1v2 # 1. It appears
as if the conjectured bound is still too pessimistic in this range, and indeed,
guided by the experimental results, we were able to refine the bound for small

8 We use a value of 71792 that was optimized by scaling C' and R, as explained in [14].
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Observed Price of Anarchy

1 2 3 4 5 8 7 8 9
Conjectured Bound

Fig. 5. Scatter plot for random instances with affine element latency functions, i.e.,
p = 1. A dot is drawn for each instance and positioned horizontally according to its
bound given by the conjecture and positioned vertically according to the observed price
of anarchy. A line marks the conjectured bound. Only those with 712 smaller than
the maximum observed price of anarchy were selected from the data set, for the sake
of a better horizontal scale, resulting in approximately 650,000 instances shown out of
a total of 864,000. Note that several dots are close to or on the line, but none above it.
Plots and tables for larger data sets are given in [I§].

Y172 in the conjecture as well as in the proven bound. Details are omitted here
and are given in [14].

6 Further Topics

We completely left out at least two important topics in this survey. We name
them here for completeness and give some references. The first concerns
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methods to reduce the price of anarchy. Available methods roughly fall into
three categories:

1. Network design: detect edges in a network such that their removal from the
network leads to better equilibria. As the name says, this has been studied in
the context of network routing, and unicast in particular, see [7, Ch. 5] for a
comprehensive treatment and the references therein for further background.

2. Stackelberg routing: centrally control some fraction of the demand and let
the rest of the demand behave as usual. The hope is that this leads to better
equilibria. Stackelberg routing has been studied for different unicast models,
see [19], [7, Ch. 6], and also the references in the latter for further background.

3. Taxation: charge players depending on which strategies they use, assuming

that they will try to minimize a linear combination of those taxes and la-
tency. The hope is that this induces better equilibria. That idea was already
discussed in [2].
A positive result for unicast routing has recently been provided [20]. A
straight-forward generalization to NCRCGs is possible under the additional
requirement that all Nash equilibria have the same social cost, which is not
the case in general (not even for multicast with strictly increasing edge la-
tency functions [14]).

The second topic concerns dynamic processes which are usually based on some
form of improvement steps taken by the players. There are several recent ad-
vances in that direction [2T2223].
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Abstract. In this paper we present a survey of new data structures for
the representation of dynamic range router tables that employ most spe-
cific range matching. We present the min-augmented range tree with a
relaxed balancing scheme, allowing updates and rebalancing tasks to be
decoupled. Utilizing this scheme, IP lookups are not as much delayed as
in a strict balancing scheme. Furthermore, we outline additional improve-
ments to an existing online conflict detection approach, saving space and
update costs. For offline conflict detection and resolution we describe an
efficient sweepline algorithm.

1 Introduction

The Internet is a global web of interconnected autonomous networks, a “net-
work of networks”, interconnected with routers. Each network, or Autonomous
System (AS), is managed by different authorities and contains its own internal
network of routers and subnetworks. Modern IP routers provide policy-based
routing (PBR) mechanisms which complement the existing destination-based
forwarding scheme. PBR requires network routers to examine multiple fields of
the packet header in order to categorize them into ”flows”. The process of catego-
rizing packets into flows in an Internet router is called packet classification. The
function of the packet classification system is to match packet headers against a
set of predefined filters. The relevant packet header fields include source and des-
tination IP addresses, source and destination port numbers, protocol and others.
Formally, a filter set consists of a finite set of n filters, fi1, fa... f,. Each filter is
a combination of d header field specifications, Hi, Hs ... Hy. Each header field
specifies one of four kinds of matches: exact match, prefix match, range match,
or masked-bitmap match. A packet p is said to match a filter f; if and only if the
fields in f; match the corresponding header fields Hy, Hs ... Hy in the specified
way. Each filter f; has an associated action that determines how a packet p is
handled if p matches f;. In the simplest case of destination-based forwarding,
each filter consists of a single field, which is a destination prefix; the associated
action is the next hop for packets matching the prefix. The task of resolving
the next hop for an incoming packet is referred to as IP lookup. A route lookup

J. Lerner, D. Wagner, and K.A. Zweig (Eds.): Algorithmics, LNCS 5515, pp. 319]-329,[2009.
© Springer-Verlag Berlin Heidelberg 2009
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requires finding the longest matching prefix among all matching prefixes for the
given destination address.

Routers in different ASs use the Border Gateway Protocol (BGP) to exchange
network reachability information. After applying local policies, a BGP router
selects a single best route and advertises it to other BGP routers within the same
AS. A router sends an announcement to notify its neighbors of a new route to
the destination and sends a withdrawal to revoke the route when it is no longer
available. From these updates an IP router constructs a forwarding table which
contains a set of network addresses and the corresponding output link for packets
destined for each network. There are two strategies to handle table updates. The
first employs two copies of the table. Lookups are done on the working table,
updates are performed on a shadow table. Periodically, the shadow table replaces
the working table. In this mode of operation, packets may be misclassified. The
amount of misclassifications depends on the periodicity with which the working
table is replaced by an updated shadow. Further, additional memory is required
for the shadow table. The second strategy performs updates directly on the
working table. Here, no packet is improperly forwarded. However, IP lookup
may be delayed while a preceding update completes. Since the performance of
the lookup device plays a crucial role in the overall performance of the Internet,
it is important that lookup and update operations are performed as fast as
possible.

1.1 Preliminaries

In one dimension, a filter f can be regarded as a range [u,v] on the number
line. An address d matches f if d € [u,v]. Usually, one-dimensional IP filters
are specified as address prefixes. In geometric terms, a prefix by ...bg* can be
mapped to a range in the form of [by...b50...0,b1...b;1...1]. For example,
if the prefix length is limited by 5, 0010% is represented by [4,5]. An incoming
packet with destination address d = by ...b, can be mapped to a point p € U,
where U = [0,2* — 1] and w = 32 for IPv4 and w = 128 for IPv6. The longest
matching prefix corresponds to the most-specific range of all ranges that contain
the query point.

Definition 1. Filter fi is more specific than filter fo iff f1 C fo. If two filters
partially overlap, neither is more specific than the other.

In one dimension, a set of prefix ranges has the property that any two ranges are
either disjoint or one is completely contained in the other. Hence, for each query
point d, there is a unique defined most-specific range that contains d, provided
that the default filter spanning the entire universe U is included in the set. A
query for the longest matching prefix for a given address thus corresponds to a
stabbing query, where for a given point d the most specific range containing d has
to be found. It has been observed that stabbing queries for sets of ranges on the
line can be translated to range queries for so called south-grounded, semi-infinite
ranges of points in the plane [I]. This is done by mapping each range [u, v] to
the point (v,u). Note that all such points are on or below the main diagonal.
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A range [u,v] contains another range [z,y] if its corresponding point (v,u) is
right and below (y, z). Hence, finding the most specific range containing a given
destination address d corresponds to finding, for the point p = (d, d) on the main
diagonal, the topmost and leftmost point (v,u) that is right and below p. Note
that if the most specific range exists, there is always a unique topmost-leftmost
point.

Thus, solving the dynamic version of the IP lookup problem for prefix filters
means to maintain a set of points in the plane for which we can carry out
insertions and deletions of points and answer topmost-leftmost queries efficiently.
Topmost-leftmost queries can be reduced to leftmost queries when ensuring that
no two points have the same x-coordinate. This can be accomplished by mapping
each point (z,y) to the point (2%¥z—y+2" —1,y) [2]. Finding the leftmost point
in a given south-grounded query range can be accomplished by answering a
MinXinRectangle(Ticft, Tright, Yrop) query, which, for the rectangle bounded by
Zieyt to the left, 2,.ign: to the right, y..p to the top and the x-axis to the bottom,
returns the leftmost point from the given set (which corresponds to the most
specific range filter).

When considering the more general case, i.e., where filters are specified by
arbitrary ranges and not by prefixes, the most specific range for an incoming
packet may not be defined. In this case, the filter set can be conflicting.

Definition 2. A set of ranges R is conflict-free iff for each point p there is
a unique range r € R such that p € r and for all ranges s € R that contain p,
r Cs.

Definition 3. Two ranges r,s € R are in conflict with respect to R if r and s
partially overlap and there is a point p such that p € r N s, but there is no range
te R suchthatp €t andt Cr andt C s.

Definition 4. Let r,s € R be two conflicting ranges.
We call the overlapping range r Ns the resolve filter for r and s with respect
to R.

Definition 5. A set R of ranges is called nonintersecting if for any two ranges
r,s € R eitherrNs=0 orr CsorsCr.

In other words, R is nonintersecting if any two ranges are either disjoint or one
is completely contained in the other. It is obvious that a set of nonintersecting
ranges is always conflict-free, i.e. for each packet (query point p) the most specific
range in R containing p is well defined.

For a given set R of n one-dimensional nonintersecting ranges, the deletion
of a range maintains the conflict-free property of R. The insertion of a new
range [u, v] however may create a conflict. In order to determine if a new range
r = [u, v] partially overlaps with any of the ranges in R, two conditions have to
be verified:

1. 3s=[z,y) € R:x <u <y < v (s left-overlaps r)
2. ds=[z,y] € R:u < x < v <y (s right-overlaps r)
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In order to keep R nonintersecting, we have to refuse the insertion of such ranges
that partially overlap with any of the ranges in R.

In this paper we present new data structures for the IP lookup and conflict
detection problem. After describing related work, we present our solutions for
online conflict detection in one dimension. In section @ we investigate the hy-
pothesis that a relaxed balancing scheme is better suited for search-tree based
dynamic IP router tables than a scheme that utilizes strict balancing. In section
we present a sweepline algorithm for offline conflict detection in one dimension.

2 Related Work

A multitude of solutions for the representation of static as well as dynamic rule
tables have been proposed. Typically in ’static’ data structures, insertions and
deletions are batched and the data structure is reconstructed from scratch as
needed. Dynamic structures allow for efficient update operations.

Many of the proposed data structures are based on the binary trie structure,
e.g. [3] M [5]). Lu and Sahni [6] propose a method to partition a static IP router
table such that each partition is represented using a base structure such as a
multibit trie [7] or a hybrid shape shifting trie [§].

Lee et al. [9] propose an algorithm which is based on the segment tree. Given
n IP prefixes, their algorithm performs IP address lookup in O(log n) time. Their
approach can also handle insertions and deletions of IP prefixes, but the segment
tree has to be rebuilt from time to time in order to maintain lookup performance.

Lu and Sahni [I0] develop an enhanced interval tree LMPBOB (longest match-
ing prefix binary tree on binary tree) which permits lookup in O(W) time, where
W is the length of the longest prefix, and filter insertion and deletion in O(logn)
time each.

Warkhede, Suri and Varghese [11] introduce an IP lookup scheme based on a
multiway range tree with worst-case search and update time of O(logn), where
n is the number of prefixes in the forwarding table.

Lu and Sahni [2] show that each of the three operations insert, delete and
IP lookup may be performed in O(logn) time in the worst case using a data
structure based on priority-search trees (see section [).

The conflict detection problem occurs in two variants; the offline and online
modes. Algorithms for the offline version are given a set of filters and report
(and resolve) all pairs of conflicting filters. The online version, on the other
hand, is a gradual build-up of a conflict-free set R; such that for every insertion
and deletion of a range r, a check is made on the current status of R and if
conflicts occur, the algorithms will offer solutions to resolve them and maintain
the conflict-free property of R.

2.1 Online Conflict Detection and Resolution

If R is made up of arbitrary one-dimensional ranges, then both operations to
insert and delete a range may lead to conflicts in the resulting set. In the case of
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an insertion, the new range may left- or right-overlap with one or more ranges in
R, such that the overlapping range has no resolving subset. Similarly, a conflict
may arise if we remove t = r N's from R, because ¢t € R is a range that resolves
a conflict between r, s € R. This online version of the problem is solved (in a
rather complex way) by Lu and Sahni [2]. The core of their solution consists in
a representation of a set of ranges and their endpoints, such that for any given
query range r = [u, v], one can efficiently decide whether or not there is a subset
of ranges covering exactly this range (starting at v and ending at v). We turn
to this issue in section [3

Hari et al. [I2] consider the 2-dimensional online version of conflict detection
and resolution for sets of prefix filters. Each filter f is a pair (f[1], f[2]), where
each field f[i] is a prefix bit string. Assuming that the most-specific tie-breaker
is applied, two filters f; and fo have a conflict iff

1. fo[1] is a prefix of fi[1] and f1[2] is a prefix of f2[2] or
2. fi1[1] is a prefix of fo[1] and f2[2] is a prefix of f1[2]

By adding a new filter which covers the region of intersection, the conflict be-
tween two filters can be eliminated. Hari et al. refer to this new filter as the
resolve filter. The addition of the resolve filter maintains the conflict-free prop-
erty of the filter set. For any packet that falls in the area of intersection, the
resolve filter will be reported as the most specific filter that matches the packet.

2.2 Offline Conflict Detection and Resolution

Lu and Sahni [I3] develop a plane-sweep algorithm to detect and report all pairs
of conflicting 2D prefix filters under the most specific tie breaking rule. Their
algorithm runs in time O(nlogn + s), where n is the number of filters and s is
the number of conflicts. Two filters f,g € F' conflict iff an edge of f perfectly
crosses an edge of g; that is, two edges perfectly cross iff they cross and their
crossing point is not an endpoint. In other words, a proper-edge intersection
between two ranges in F' is a direct cause for conflict. This implies that all
conflicts in F' can be detected by computing all proper intersecting pairs of
filters in F' (and determining their regions of overlap). Therefore, we get an
output-sensitive algorithm if all pairs of properly intersecting ranges in F' are
detected and reported. Lu and Sahni [I3] further discuss the problem of resolving
conflicts by adding a set of resolve filters to F. Such that for each conflicting
prefix-pair f,g € F, we add a new resolve filter h = f N g to F. The resulting
set of F'Uresolve(F) is conflict-free.

3 Solutions Based on Priority Search Structures

Lu and Sahni propose a solution to the dynamic one-dimensional IP lookup
problem (including online conflict detection) based on the well-known priority
search tree (PST) [2]. They show that for prefix filters a single PST is sufficient to
support insertion, deletion, and lookup in O(log n) time, where n is the number of
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filters. The lookup procedure depends on the MinXinRectangle query supported
efficiently by PST, but does not require any other types of range queries.

Since prefix filters are always conflict-free, no conflict detection is needed.
However, for filters specified as ranges the insertion requires a check for po-
tential conflicts with existing filters within the set. (In case of a conflict, the
insertion of the new range will be refused.) As long as the filters are restricted to
nonintersecting ranges, Lu and Sahni solve the problem of detecting overlaps by
employing an additional PST storing the same filters but using an orthogonal
geometric mapping, thus keeping the overall insertion time in O(log n). However,
the actual time for insertion and deletion, as well as the space requirements of
the overall approach, are increased by roughly a factor of two.

In [I4] we show that for nonintersecting ranges the second PST is not required,
as all potential overlaps can be detected by two MinXinRectangle queries on the
original structure. This improvement reduces the actual cost of insertion and
deletion by half while leaving the search costs untouched. Moreover, we observe
that Lu and Sahni’s approach does not depend on PST but can employ any
data structure that efficiently supports insertion, deletion, and MinXinRectangle
queries on sets of points in the plane. Conceptually simpler data structures with
the same asymptotic bounds include priority search pennants [I5] and min-
augmented range trees (see next section), both of which require less memory
and are easier to keep balanced than the PST. Our experiments reported in
[14] found that these structures are also faster for all three operations in actual
implementations.

For general conflict-free ranges (this means that ranges may overlap as long
as the intersections are covered by resolve sets), the approach in [2] requires a
third support structure, in this case a collection of balanced binary search trees
(Lu and Sahni use red-black trees) in order to keep track of so-called cover sets.

We were able to show that the improvement for nonintersecting ranges (i.e. re-
moving the second structure) can be generalized to arbitrary conflict-free ranges,
as long as only insertions are carried out and no deletions occur. The argument
is analogous to that in [I4], but requires the third support structure of [2] in
order to check for the existence of cover sets (i.e. resolve filters) if the range to
be inserted partially overlaps with any existing ranges.

However, if ranges are to be removed from the set as well, a secondary priority
search structure might actually be indispensable in order to support those dele-
tions in O(logn) asymptotic time. The reason is that it is harder to detect if a
set of ranges is still conflict-free after removing a range than to find out whether
inserting one new range in a set of conflict-free ranges will create a conflict.

4 Min-Augmented Range Trees

A min-augmented range tree (MART) [14] storing a set of points with pairwise
different x-coordinates stores the points at the leaves such that it is a leaf-search
tree for the x-coordinates of points. The internal nodes have two fields, a router
field guiding the search to the leaves and a min-field. In the router field we store
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the maximum x-coordinate of the left subtree, and in the min-field we store the
minimum y-coordinate of any point stored in the leaves of the subtrees of the
node. Figure [[l shows a MART storing 16 points.

First we show how to answer a leftmost-, or MinXinRectangle (zieft, 00, Ytop)
query [T4]. That is, to find the point p with minimal x-coordinate in the semi-
infinite range > x4 and with y-coordinate below the threshold value y;op. In
order to find this point, we first carry out a search for the boundary value ¢ .
It ends at a leaf storing a point with minimal z-coordinate larger than or equal
to ef¢. If this point has a y-coordinate below the threshold value y0p, wWe are
done. Otherwise we retrace the search path for x;.r; bottom-up and inspect the
roots of subtrees falling completely into the semi-infinite x-range. These roots
appear as right children of nodes on the search path. Among them we determine
the first one from below (which is also the leftmost one and) which has a min-
field value below the threshold y:.p. This subtree must contain the answer to
the MinXinRectangle (xicft,00, Ytop) query stored at its leaf. In order to find
it, we recursively proceed to the left child of the current node, if its min-field
shows that the subtree contains a legal point, i.e. if its min-field is (still) below
the threshold, and we proceed to the right child only, if we cannot go to the left
child. Figure [l shows the search path of the query MinXinRectangle (35,80,34).
We can find the most specific range in time which is proportional to the height of
the underlying leaf-search tree. Hence it is desirable to maintain the underlying
tree balanced. Rotations and the process of maintaining the augmented min-
information are strictly local, hence we can freely choose an underlying balancing
scheme for min-augmented range trees.

In order to accelerate lookup and update operations, routing tables must be
implemented in a way that they can be queried and modified concurrently by sev-
eral processes. If implemented in a concurrent environment there must be a way
to prevent simultaneous reading and writing of the same parts of the data struc-
ture. A common strategy is to lock the critical parts. In order to allow a high
degree of concurrency, only a small part of the tree should be locked at a time.
Relaxed balancing has become a commonly used concept in the design of concur-
rent search tree algorithms. In relaxed balanced data structures, rebalancing is

Fig. 1. The search path of the query MinXinRectangle (35,80,34) in a MART. Visited
nodes are highlighted; the node with key (66 33) is the result returned by the query.
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uncoupled from updates and may be arbitrarily delayed. This contrasts with strict
balancing, where rebalancing is performed immediately after an update.
Hanke [I6] presents an experimental comparison of the strictly balanced red-black
tree and three relaxed balancing algorithms for red-black trees, using the simula-
tion of a multi-processor machine. The results indicate that the relaxed schemes
have significant better performance than the strictly balanced version.

The locality property of the MART concerning the rebalancing of the tree
enables us to decouple the update and rebalancing operations as will be shown
in Section 11

Motivated by Hanke’s results, we proposed the relaxed min-augmented range
tree and performed an experimental comparison of the strictly balanced MART
and the relaxed balanced MART using real IPv4 routing data [I7]. Some details
are presented in the following section.

4.1 Relaxed Min-Augmented Range Trees

Instead of requiring that the balance condition is restored immediately after each
update, the balance conditions are relaxed such that the rebalancing operations
can be delayed and interleaved with search and update operations. Several re-
laxed balancing schemes have been proposed, especially for red-black trees [18]
[19]. To relax the min-augmented range tree we utilized the scheme proposed
in Hanke, Ottmann and Soisalon-Soininen [19]. This scheme can be applied to
any class of balanced trees. The main idea is to use the same rebalancing opera-
tions as for the standard version of the tree. Red nodes may have up-in requests
(resulting from a red-red conflict), black nodes may have up-out requests, and
leaves may have removal requests. In contrast to the standard red-black tree, a
red-red conflict is not resolved immediately after the actual insertion. The in-
sertion process only marks a violation of the red constraint by an up-in request.
The handling of a removal request may remove a black node from a path. This is
marked by an up-out request. The task of the rebalancing processes is to handle
all up-in, removal and up-out requests. For this the rebalancing operations of the
standard red-black tree are used, which are split into small restructuring steps
that can be carried out independently and concurrently at different locations in
the tree.

The following subsection presents the experimental results of benchmarking
the strict balanced MART with the relaxed balanced MART (RMART).

Experimental Results. To conduct the experiments reported in [I7], we used
real and up-to-date routing data that is supplied by the Advanced Network
Technology Center at the University of Oregon within the framework of the
Route Views Projec. Both the strict and relaxed balanced min-augmented
range tree can be queried and modified concurrently by several processes. The
difference is that updates must be performed serially in the strictly balanced
MART, since the rebalancing is performed immediately after an update. Yet,
an update can be performed concurrently with search operations. In the relaxed

! http://archive.routeviews.org/bgpdata/
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balanced MART, several updates can be performed concurrently. Further, up-
dates can be performed concurrently with search as well as with restructuring
operations. Hence, it is expected that the relaxed version shows better behav-
ior in scenarios with many updates. In the experiments, various scenarios with
varying update/lookup ratios were simulated. If solely search operations were
performed, the total time of the MART has shown to be on a par with the total
time of the RMART. If also insert and delete operations were performed, then
the higher the update/lookup ratio, and the higher the number of processes, the
clearer did the RMART outperform the standard MART. The results showed
that the speed-up per search operation grows with the update/lookup ratio.
This confirmed the hypothesis that in the RMART, lookup queries are not as
much delayed as in the standard version, since the rebalancing operations are
postponed.

The faster a lookup query is answered, the smaller the chance that packets
must be dropped due to buffer overload. Thus another advantage is that the rate
of packet loss might be reduced.

The simulations were executed on a Sun Fire T2000 Server 6 Core 1.0 GHz
UltraSPARC T1Processor, which has a Unified Memory Architecture (UMA),
i.e., memory is shared among all cores. The higher the number of executing
threads, in line with the available processors, the higher the speed-up. It would
be interesting to investigate how the speed-up increases when the benchmark is
performed on a multi-core processing maschine with more than six cores.

5 One-Dimensional Conflict Detection

As we have seen in section B] Lu and Sahni [2] and our refinements in [I4]
show that online conflict detection can be achieved in O(logn) time, where n
is the number of filters. In the following we present the idea of our solution for
an offline conflict detection and resolution algorithm for static one-dimensional
range tables [20]. The algorithm is based on the sweepline technique. A set of n
ranges R = {ry,...,r,} defines at most 2n — 1 consecutive slabs defined by the
endpoints of the ranges. Let epg, epy, ..., epi be the boundaries of these slabs.
We denote by S; C R the set of ranges which contain ep;.

Definition 6. Slab o; is conflict-free iff there is a shortest range r € S; that con-
tains ep;, such that r is contained in all other ranges S; C R that
contain ep;.

Let o; be a non-conflict-free slab. Then o; requires only a single “slab-resolve”
filter hy, = [eps, epi+1) to make it conflict-free.

The trivial solution to make a set conflict-free would be to add a “slab-resolve”
filter for each of the slabs. Yet, this solution could add unnecessary filters since
not every slab may require a resolve filter, e.g., when the set is already conflict-
free. Hence the goal is to add only as many resolve filters as are needed to make
the set conflict-free.

To detect and resolve all conflicts in the set, our proposed algorithm performs
a single left to right sweep and at each endpoint it
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— (i) determines the smallest filter r from all S; stabbed by ep;, and then

— (ii) checks if r is contained in all S; to deduce that slab o; is conflict-free.

— (iii) If slab o; is non-conflict-free, then the resolve filter h,, = [ep;, ep;11) is
added to the set.

The proposed algorithm achieves a worst case time complexity of O(nlogn) and
uses space O(n). Further, when making use of partial persistence, this scheme
also supports IP lookup. Ordinary data structures are ephemeral in the sense
that an update on the structure destroys the old version, leaving only the new
version available for use. A data structure is called partially persistent if all inter-
mediate versions can be accessed, but only the newest version can be modified,
and fully persistent if every version can be both accessed and modified. Refer to
Driscoll et al. [2]] for a systematic study of persistence.

In our sweepline approach, think of the z-axis as timeline. Note that the sets
of line segments intersecting contiguous slabs are similar. As the boundary from
one slab to the next is crossed, certain segments are deleted from the set and
other segments are inserted. Over the entire time line, there are 2n insertions and
deletions, one insertion and one deletion per segment. The idea is to maintain a
data structure during Slab-Detect’s sweep that stores for each slab the segments
that cover the slab and also the resolve filter if the slab was found to be non-
conflict-free. The first version of the structure refers to slab epy and the last
version refers to slab epy. Utilizing the path-merging technique [22] we are able
to solve the conflict detection problem in time of O(nlogn) while building the
partially persistent structure, and then utilize it to answer IP lookup queries in
O(logn) time.

6 Conclusions

In this paper we presented a survey of new data structures for the IP lookup
and conflict detection problems. We presented the min-augmented range tree
with a relaxed balancing scheme, allowing queries and updates to be carried
out concurrently, while avoiding the costly delays of fixed balancing strategies.
This structure can be used instead of the PST in the approach described in
[2], which also comprised online conflict detection. Furthermore, we outlined
additional improvements to this approach, saving space and update costs. For
offline conflict detection and resolution we have described an efficient sweepline
algorithm.

References

1. McCreight, E.M.: Priority search trees. STAM J. Comput. 14(2), 257-276 (1985)

2. Lu, H., Sahni, S.: O(logn) dynamic router-tables for prefixes and ranges. IEEE
Transanctions on Computers 53(10), 1217-1230 (2004)

3. Kim, K.S., Sahni, S.: Efficient construction of pipelined multibit-trie router-tables.
IEEE Transactions on Computers 56(1), 32-43 (2007)



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

New Data Structures for IP Lookup and Conflict Detection 329

. Song, H., Turner, J., Lockwood, J.: Shape shifting tries for faster IP route lookup.

In: ICNP 2005: Proceedings of the 13th IEEE International Conference on Net-
work Protocols (ICNP 2005), Washington, DC, USA, pp. 358-367. IEEE Computer
Society, Los Alamitos (2005)

. Toannidis, I., Grama, A., Atallah, M.: Adaptive data structures for IP lookups. J.

Exp. Algorithmics 10, Article No. 1.1 (2005)

. Lu, W., Sahni, S.: Recursively partitioned static IP router-tables. In: 12th IEEE

Symposium on Computers and Communications, pp. 437-442 (2007)

. Srinivasan, V., Varghese, G.: Faster IP lookups using controlled prefix expansion.

In: SIGMETRICS 1998/PERFORMANCE 1998: Proceedings of the 1998 ACM
SIGMETRICS Joint International Conference on Measurement and Modeling of
Computer Systems, pp. 1-10. ACM Press, New York (1998)

. Lu, W., Sahni, S.: Succinct representation of static packet classifiers. In: 12th IEEE

Symposium on Computers and Communications, pp. 1119-1124 (2007)

. Lee, 1., Park, K., Choi, Y., Chung, S.K.: A simple and scalable algorithm for the

IP address lookup problem. Fundamenta Informaticae 56(1,2), 181-190 (2003)
Lu, H., Sahni, S.: Enhanced interval trees for dynamic IP router-tables. IEEE
Transactions on Computers 53(12), 1615-1628 (2004)

Warkhede, P., Suri, S., Varghese, G.: Multiway range trees: scalable IP lookup with
fast updates. Computer Networks 44(3), 289-303 (2004)

Hari, A., Suri, S., Parulkar, G.: Detecting and resolving packet filter conflicts. In:
INFOCOM 2000: Proceedings of the Nineteenth Annual Joint Conference of the
IEEE Computer and Communications Societies, pp. 1203-1212. IEEE Press, Los
Alamitos (2000)

Lu, H., Sahni, S.: Conflict detection and resolution in two-dimensional prefix router
tables. IEEE/ACM Transactions on Networking 13(6), 1353-1363 (2005)

Lauer, T., Ottmann, T., Datta, A.: Update-efficient data structures for dynamic
IP router tables. International Journal of Foundations of Computer Science 18(1),
139-161 (2007)

Hinze, R.: A simple implementation technique for priority search queues. In: Inter-
national Conference on Functional Programming, pp. 110-121 (2001)

Hanke, S.: The performance of concurrent red-black tree algorithms. In: Vitter,
J.S., Zaroliagis, C.D. (eds.) WAE 1999. LNCS, vol. 1668, pp. 286-300. Springer,
Heidelberg (1999)

Maindorfer, C., Bar, B., Ottmann, T.: Relaxed min-augmented range trees for
the representation of dynamic IP router tables. In: 13th IEEE Symposium on
Computers and Communications, pp. 920-927 (2008)

Ottmann, T., Soisalon-Soininen, E.: Relaxed balancing made simple. Technical
Report 71, Institut fiir Informatik, Albert-Ludwigs-Universitét Freiburg (1995)
Hanke, S., Ottmann, T., Soisalon-Soininen, E.: Relaxed balanced red-black trees.
In: Bongiovanni, G., Bovet, D.P., Di Battista, G. (eds.) CIAC 1997. LNCS,
vol. 1203, pp. 193-204. Springer, Heidelberg (1997)

Maindorfer, C., Mohamed, K.A., Ottmann, T., Datta, A.: A new output-sensitive
algorithm to detect and resolve conflicts in Internet router tables. In: INFOCOM
2007. 26th IEEE Conference on Computer Communications, pp. 2431-2435 (2007)
Driscoll, J.R., Sarnak, N., Sleator, D.D., Tarjan, R.E.: Making data structures
persistent. In: STOC 1986: Proceedings of the eighteenth annual ACM symposium
on Theory of computing, pp. 109-121. ACM Press, New York (1986)

Mohamed, K.A., Langner, T., Ottmann, T.: Versioning tree structures by path-
merging. In: Preparata, F.P., Wu, X., Yin, J. (eds.) FAW 2008. LNCS, vol. 5059,
pp. 101-112. Springer, Heidelberg (2008)



Group-Level Analysis and Visualization
of Social Networks

Michael Baur!, Ulrik Brandes?, Jiirgen Lerner?, and Dorothea Wagner!
! Faculty of Informatics, Universitit Karlsruhe (TH), KIT
2 Department of Computer & Information Science, University of Konstanz

Abstract. Social network analysis investigates the structure of relations
amongst social actors. A general approach to detect patterns of interac-
tion and to filter out irregularities is to classify actors into groups and to
analyze the relational structure between and within the various classes.
The first part of this paper presents methods to define and compute
structural network positions, i. e., classes of actors dependent on the net-
work structure. In the second part we present techniques to visualize a
network together with a given assignment of actors into groups, where
specific emphasis is given to the simultaneous visualization of micro and
macro structure.

1 Network Analysis

Social network analysis (SNA) [54] is an established, active, and popular research
area with applications in sociology, anthropology, organizational studies, and
political science, to name a few. In a nutshell, SNA analyzes the structure of
relations among (social, political, organizational) actors. While the type and
interpretation of actors and relations—as well as the theoretical background of
network analysis—varies from application to application, many network analysis
methods are nevertheless applicable in rather general settings.

In order to abstract from the particular application context, we assume that
networks are represented by graphs G = (V, E), where V is a set of wvertices,
encoding the actors, and E is a set of edges (also called ties or links), encoding
the relation among actors. Edges may be directed, undirected, or of mixed type.
Furthermore, vertices and edges may have various attributes encoding, e. g., the
type of actors or relations as well as the strength of relations.

Network analysis methods can be classified with respect to the level of gran-
ularity of the analyzed objects (compare [IT]):

— Element-level methods analyze properties of individual vertices and edges,
such as importance (centrality).

— Group-level analysis determines specific subsets of vertices. These methods
include the computation of densely connected groups (clustering) and the
computation of structural roles and positions (blockmodeling or role assign-
ment, see Sect. ).
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— Network-level analysis is interested in global properties of the network,
such as density, degree-distributions, transitivity, or reciprocity; as well as
in the development of random graph models that are plausible for empirical
networks.

In this chapter we focus on group-level network analysis. For surveys encom-
passing all levels of network analysis, see, for instance, [54] and [I1]. In the
remainder of this section, we briefly introduce a software to analyze and visual-
ize social networks and state common notation. Thereafter, in Sect. 2 we give
an overview of state-of-the-art methods for role assignment and present our own
contribution to this field. Section Bl details a visualization technique for networks
on which a partition of the vertices is already given (e.g., from clustering, role
assignments, or extrinsic vertex-attributes) and where the analyst wants to see
the interplay between fine-grained (vertex-level) and coarse-grained (group-level)
structures.

1.1 Visone — Software for the Analysis and Visualization of Social
Networks

Along with the increased relevance of network analysis and the growing size of
considered networks, adequate software for social network analysis is becoming
more and more important. As part of our project we provide the software tool
ViSOn, aiming to bring together efficient algorithms for methods of analysis and
suitable graph drawing techniques for the visualization of networks. Besides our
original work, we have included novel algorithms developed by other members
of our groups at the universities of Karlsruhe and Konstanz in order to cover
fields like centrality indices [10], clusterings [27], and spectral layouts [24]. The
functionality is completed by well-known commonly-used methods.

Visone is not only intended as a testbed for the work of our groups but also
as an everyday tool for students and researchers in network analysis. There-
fore, we adapt all algorithms to a consistent and comprehensive graph model
and put in great efforts to provide a simple but flexible user interface hiding
unnecessary complexity. In contrast to common tools which present to the user
only a matrix representation of the data, we build on the expressive and ex-
planatory power of graph layouts and provide a complete graphical view of the
network (see Fig. . Observations indicate that users enjoy the playful nature
of our approach.

Visualizing social networks is more than simply creating intriguing pictures, it
is about generating learning situations: “Images of social networks have provided
investigators with new insights about network structure and have helped them
communicate those insights to others” [25]. Additionally, inappropriate draw-
ings of networks are misleading or at least confusing. Therefore, we pay special
attention to the visualization of the networks. Selected general graph layout
algorithms provide an uncluttered view on the network and reveal its overall

! Vigong is available free of charge for academic and non-commercial purpose from the
homepage http://visone.info
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(a) multi-circular visualization (b) main window of Visone

Fig. 1. (a) Multi-circular visualization of a network consisting of six groups. The group
structure is clearly visible. Additionally, the height and width of the vertices reflects
the number of connections within and between groups. (b) The most notable features
of the main window of Visone are the large and detailed view of the graph, the small
overview, and the control pane on the left hand.
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(a) radial visualization (b) status visualization

Fig. 2. Examples of the radial and the status visualization. The positions of the vertices
depict centrality measures. Additional information is reflected by the color, shape, size,
and width of the vertices and edges.

structure, but the unique feature of Visone are the analytic visualizations which
exactly depict analysis results, like centrality scores and clusterings, by means
of tailored and suggestive graph layouts (see Figs. and [2). Combinatorial
models of these visualizations allow for the optimization of esthetic properties
to improve the expressiveness and exploratory power without changing their
analytic signification.
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1.2 Basic Notation

Let G = (V, E) be a directed or undirected graph with n = |V| vertices and
m = |E| edges. A partition of G is a subdivision of the vertex set V into pair-
wise disjoint, non-empty subsets V = ViU ...UV,. In addition to this explicit
definition, a partition can be given by an equivalence relation on V' or by a sur-
jective mapping p: V' — {1,..., k} of vertices to vertex-classes (called partition
assignment). These three definitions are mutually in a canonical one-to-one cor-
respondence up to permutation (re-labeling) of classes, see [39], and we typically
identify the class ¢ with the set V;.

A partition assignment p: V' — {1,...,k} defines a smaller graph Q(G, p) =
(W, ), called the quotient graph, encoding which classes are connected, by setting

V={1,...,k} and € = {(p(u), p(v)); (u,v) € E} . (1)

2 Structural Positions in Networks

The notion of (structural) position is fundamental in social network analysis,
see for example [54[9]. Actors are said to occupy the same position if they have
identical patterns of ties to other actors and the task of determining such classes
of actors is referred to as blockmodeling or role assignment. For instance, by
this definition university professors would occupy the same structural position if
they have identical patterns of ties to students, secretaries, other professors and
so on. Note that this definition of position dependent on the network structure
contrasts to more traditional notions of social positions, such as defining the
position of professors dependent on the type of contract that they have with their
university. In this paper the term position always refers to structural position.
Various types of role assignment differ in how they operationalize the notion
of identical patterns of ties to other actors and how they account for deviation
from perfectly identical patterns. We continue by reviewing established previous
notions for role assignment and outline where the newly proposed structural
similarities fit in.

2.1 Previous Work on Role Assignments

Basic Notation. A role assignment r: V — {1,...,k} of a (directed or undi-
rected) graph G = (V, E) is given by a partition of its vertex set V. In context of
role assignments, vertex-classes are also referred to as positions and the quotient
graph is called role graph. A role assignment r defines k2 submatrices, called
blocks, of G’s adjacency matrix A. The block associated to class C' and D, de-
noted by A[C, D], is the |C| x | D| submatrix of A whose rows correspond to the
vertices in C' and whose columns correspond to the vertices in D.

If a role graph (i. e., a hypothesis for the role structure of a network) is given,
the problem of determining a role assignment that yields this role graph is called
a role assignment problem, or prespecified blockmodeling.
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Discrete Approaches. Specific types of role assignments are obtained by re-
quiring that vertex partitions must satisfy specific compatibility constraints with
respect to the graph structure. An important distinction between various con-
straints is whether they require equivalent vertices to be connected to the same
others —illustrated in Fig. B (left)—or just to equivalent (but not necessarily
the same) others—illustrated in Fig. Bl (right).

Fig. 3. Two graphs with vertex partitions indicated by the coloring. Left: Equivalent
vertices have identical neighborhoods. Right: Equivalent vertices have equivalent but
non-identical neighborhoods.

Neighborhood Identity. The most basic approach defines vertices as structurally
equivalent [41] if they have identical neighborhoods, i.e., if they are connected
to exactly the same others; compare Fig. 3] (left). An equivalence is structural
if and only if all induced blocks are either complete (consisting only of ones) or
Z€T0.

Structural equivalence (SE), however, is too strict and does not well match
intuitive notions of network position. Coming back to the example from the
beginning of Sect. B SE would assign the same position to professors only if
they are connected to the same students, secretaries, and other professors. Work
discussing the insufficiency of SE includes [48], [9], and [42].

Neighborhood Equivalence. To capture more general situations, SE has been
relaxed by requiring that vertices occupying the same position must only be
connected to the same positions—independent on whether these positions are
occupied by the same vertices or different vertices. Thus, two professors would be
assigned to the same position if they both have the same patterns of relations to
some (but not necessarily the same) students, secretaries, and other professors;
compare Fig. [ (right) where the black vertices are all connected to some (but
different) white vertices. Mathematical formalizations of this idea include regular
equivalence, automorphic equivalence, and exact reqular equivalence.

A partition is called regular [55122] if for every two of its classes C' and D it
holds that, whenever one vertex in C has a neighbor in D, then every vertex
in C' has a neighbor in D. Equivalently, a partition is regular if every induced
block is either empty or it has at least one non-zero entry in every row and in
every column. A partition is called ezact regular [22] or equitable [31] if for every
two of its classes C' and D, all vertices in C' have the same number of neighbors
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in D. Equivalently, a partition is exact regular if for every block B, there are
two numbers rp and cp such that all rows of B sum up to rp and all columns
of B sum up to cg. Two vertices u and v are called automorphically equivalent
if there is a graph automorphism mapping « to v. The notion of automorphic
equivalence is quite established in algebraic graph theory (e. g., [31]); work using
this concept in social network analysis includes [9]. A structural partition is
automorphic, an automorphic partition is equitable, and an equitable partition
is regular.

Applicability for Social Network Analysis. The requirement for equitable par-
titions (and thus for automorphic and structural equivalence) is too strong for
social networks (and other irregular, empirical data); due to deviations from
ideal structural models, the resulting partitions will have singletons or very small
classes. On the other hand, the maximal regular equivalence is often trivial as
well; on undirected graphs it corresponds to the division into isolates and non-
isolates. Determining non-trivial regular equivalences with a prespecified num-
ber of equivalence classes is NP-hard [23]. Regular, equitable, and automorphic
equivalence is not robust against the addition or deletion of single edges (e.g.,
caused by noise or measurement errors); destroying the equivalence of one pair
of vertices by adding/deleting an edge can have a cascading effect destroying
equivalence of some of their neighbors, second-order neighbors, and so on. In
conclusion, structural, automorphic, equitable, and regular partitions have lim-
ited applicability for the analysis of empirical data.

Real-valued Degrees of Similarity. To overcome (some of) the abovemen-
tioned problems, a formalization of role assignment should not only define ideal
types of equivalence (such as regular, automorphic, or structural) but also clarify
how to measure deviation from ideality (cf. [54]). Seen from a different angle, a
formalization of role assignment should not only provide the decision between
equivalent and non-equivalent but rather it should yield a degree of similarity of
vertices.

Relaxing Structural Equivalence to Neighborhood Overlap. Defining degrees of
structural equivalence is straightforward, although various different possibilities
to do so exist. In most cases similarity is defined by measuring the overlap of the
neighborhoods of two vertices and normalizing this measure in an appropriate
way. Examples include taking the number of vertices in the intersection of neigh-
borhoods divided by the number of vertices in the union of neighborhoods, the
cosine of the angle between the two neighborhood vectors, and the correlation
between two neighborhood vectors; see [54] for a more detailed discussion.

The so-defined measures of vertex similarity yield stable and efficient methods
for the analysis of social networks. However, they do not overcome the inherent
insufficiency of structural equivalence discussed earlier and mentioned in [4§],
[9], and [42]. In our running example, two professors would only be recognized
as similar if they are both in relation to many common others (students, sec-
retaries, and other professors); in contrast, two professors that mostly interact
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with disjoint alters would not be assigned similar network positions—even if
their patterns of relations are similar.

Relazing Neighborhood Equivalence. To combine the generality of notions of
neighborhood equivalence (e.g., regular, equitable or automorphic partitions)
with the robustness and empirical applicability of similarity measures (as op-
posed to equivalence), there is a need for relaxing neighborhood equivalence.
However, previously proposals to do so are unsatisfactory for different reasons.
In the following we briefly sketch one proposal for relaxing regular equivalence
before we turn to an extended discussion of the newly proposed structural
similarities.

Batagelj et al. [7] proposed an optimization algorithm to determine, for a fixed
number k, a k-partition that has the least number of deviations from regularity;
their method belongs to the framework of generalized blockmodeling [19]. Recall
that a partition is regular if and only if every induced block is either zero or
has at least one non-zero entry in each row and in each column. Measuring
deviation from regularity of a specific partition is done by counting for each
induced block the number of ones on one hand and the number of all-zero rows
plus the number of all-zero columns on the other hand. The smaller of these
two numbers is considered as the deviation from regularity of this particular
block and by summing over all blocks one obtains the deviation from regularity
of the partition. The associated optimization problem consists in finding the k-
partition with the least deviation from regularity for a given graph. Since it is
NP-complete to decide whether a graph admits a regular equivalence relation
with exactly & classes [23], the abovementioned optimization problem is NP-hard
as well; [7] proposed a local optimization algorithm to compute heuristically
a k-partition with a small error. However, this approach is unsatisfactory for
its computational inefficiency and lack of understanding of when the algorithm
converges to a global optimum. In Sect. we propose an alternative relaxation
of neighborhood equivalence that enjoys more desirable properties.

2.2 Structural Similarity

The blockmodeling approach from [7] relaxed the constraint on partitions from
being regular to having the least deviations from regularity. Structural similar-
ities, in contrast, are obtained from equitable partitions (exact regular equiva-
lence) by relaxing the partitions and keeping the constraint.

Basic Definitions. A discrete partition of n vertices in k can be represented
by its characteristic matrix P € RF*"  where the entry P;, = 1 if vertex v is
in class ¢ and zero else. Thus the degree of membership of a specific vertex to
a specific class is either zero or one. Relaxations of partitions are obtained by
allowing real-valued degrees of membership.

Definition 1 ([I3]). Given a graph onn vertices, a matriz P € RF*™ is called a
projection (of dimension k) if PPT =id . The entry P;, = 1 is called the degree
of membership of vertex v in class i; a row of P is considered as a real-valued
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class of vertices in which all n vertices have varying degrees of membership. The
real n X n matriz S = PYP is called the associated similarity. The entry Sy, is
called the similarity of vertices u and v.

The uv’th entry of S = PTP is the inner-product of the two k-dimensional
membership vectors of u and v, respectively. This value is large if v and v are
to a high degree in the same classes. The constraint PPT = id; on projections
ensures that classes are orthogonal (independent) and normalized. Projections
and similarities are in a canonical one-to-one correspondence, up to orthogonal
transformations of the rows of the projection [13].

Just as a vertex partition defines a smaller graph encoding the adjacency
of vertex classes—compare Eq. (I)—a similarity on a graph induces a quotient
encoding the (weighted) adjacency of (real-valued) classes.

Definition 2 ([13]). Let G be a graph with adjacency matric A € R™™ and
P € RF¥" g projection. Then, G and P induce a k x k matriz B by setting
B = PAPT. The (weighted) graph G/P on k vertices that is determined by its
adjacency matriz B is called the quotient of G modulo P.

Just as equitable partitions are partitions satisfying a certain compatibility con-
straint with the network structure, structural similarities are similarities satis-
fying a structural constraint.

Definition 3 ([13]). A similarity S and its associated projection are called
structural for a given graph with adjacency matriz A if SA = AS.

The compatibility constraint SA = AS can be used as an alternative definition
of equitable partitions, see [40]. Indeed, if a similarity S is induced by a discrete
partition P, then S is structural if and only if P is equitable [13]. Thus structural
similarities do neither relax nor modify the constraint of equitable partitions;
they rather generalize discrete partitions to the larger class of similarities.

Characterization and Computation. The key to derive several desirable
properties of structural similarities is the following characterization theorem that
links structural similarities of a graph G to spectral properties of G’s adjacency
matrix. General references introducing the use of linear algebra methods in graph
theory include [I8/31].

Theorem 1 ([13]). A similarity S is structural for an undirected graph with
adjacency matriz A if and only if the image (i.e., the column-space) of S is
spanned by eigenvectors of A.

For directed graphs one has to distinguish between similarities that are structural
with respect to outgoing edges, incoming edges, or both. Theorem [I] then holds
if “spanned by eigenvectors” is replaced by “invariant subspace” and, depending
on the type of structurality, “column-space” by “row-space” or “column-space
and row-space;” see [40] for details.

Theorem [] reduces the problem of computing structural similarities to that
of computing eigenvectors (or invariant subspaces in the directed case). Many
efficient numerical algorithms exist for these problems [32].
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2.3 Structural Similarities Compared to Traditional Spectral
Techniques

Orthogonal projections to low-dimensional subspaces that are spanned by eigen-
vectors are a frequent tool in many data analysis and graph partitioning applica-
tions. Concrete examples include latent semantic indexing [46], Web search [I],
collaborative filtering [4], learning mixtures of distributions [52], analysis of the
autonomous systems graph [30], graph clustering [35], random graph coloring [2],
spectral graph partitioning [45], and graph bisection [16].

Typically, these methods project onto the eigenvectors corresponding to the
(few) eigenvalues with the largest absolute values. (We will refer to these meth-
ods as traditional spectral methods in the following.) Thus, by Theorem [ these
methods compute special cases of structural similarities; the latter are not re-
stricted to projecting to the largest eigenvalues but can choose all subsets.

We argue below that the difference between these two approaches is concep-
tually the same as between the requirements of identical vs. equivalent neigh-
borhoods for equivalent vertices (compare Sect. ZT]). Thus, traditional spectral
methods can be seen as relaxations of neighborhood identity, whereas structural
similarities have been characterized as relaxations of equitable partition (exact
regular equivalence) and, hence, of neighborhood equivalence.

An Tllustrating Example. For instance, the (structural) partition shown in
Fig. Bl (left) can be computed by projecting to the two eigenvalues +4.47, which
have the maximal absolute values (the others are a seven-fold eigenvalue at 0).
In contrast, the (equitable) partition shown in Fig. Bl (right) can be computed
by projecting to the two eigenvalues 2.41 and —0.41, out of the set of eigenvalues

2.41,0.62,0.62, —0.41, —1.62, —1.62 .

Thus, restricting spectral algorithms to projections to the maximal eigenval-
ues yields methods that can not even identify some—intuitively outstanding—
automorphic equivalences.

The General Case. Let A be the adjacency matrix of an undirected graph,
S the matrix of a structural similarity for this graph, and « and v two vertices.
The value ||A(u — v)|| = ||A(u) — A(v)]|| is a measure for the difference of the
neighborhoods of u and v. Thus, v and v have almost identical neighborhoods if
|A(uw—wv)]| is small. Similarly, v and v are considered as almost equivalent by S if
IS (u—v)|| is small. We clarify below that traditional spectral methods optimize
the property “||S(u — v)|| is small if and only if ||A(u — v)|| is small”, i.e.,

u and v are considered as almost equivalent by S if and only if v and v
have almost identical neighborhoods.

To make this precise, let x1,...,x, be orthonormalized eigenvectors of A with
associated eigenvalues A1, ..., A, which are ordered such that S projects to the
first k eigenvectors. (Thus, if S is determined by traditional spectral methods
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the first k eigenvalues are those with maximal absolute values.) Further, let ¢;
and cy be defined by
1 = max 1/|\] and co = max |\ .
i=1,...,k i=k+1,...,n

(Note that ¢1 is defined only if S does not project to an eigenvalue \; = 0,
which can be safely assumed for traditional spectral methods.) If k is given,
then traditional spectral methods chose the structural projection of dimension
k that minimizes ¢; and co over all structural projections of dimension k. Let y
be any vector of norm less than or equal to /2 and y = S a;x; for uniquely
determined real values a;. It is

k
ISW)II* = Za < &3 (an)? < EIIAW))? and 2)
i=1 i=1

k n
JA@IIP =Y (aiXi)® + > (aid)® < JAISISW)II” + 265 - 3)
i=1 i=k+1

By taking y = u — v for the two vertices u and v, we obtain from (2)) and (@) the
following two properties for a structural similarity S.

1. Assume that S does not project to an eigenvalue A\; = 0. If ||A(u) — A(v)||
is small, then ||S(u) — S(v)|| is small, i.e., vertices with almost identical
neighborhoods are considered as almost equivalent by S. Furthermore, the
ratio ||S(u—v)]||/||A(u—v)| is bounded from above by ¢; which is minimized
by traditional spectral methods.

2. Conversely, if ||S(u) — S(v)]| is small then || A(u) — A(v)]| is bounded by v/2c2
plus a small € > 0, i.e., if vertices are seen as almost equivalent by .S, then
their neighborhoods can differ by no more than V/2¢,. Traditional spectral
methods minimize cs, i. e., those methods recognize only vertices with almost
identical neighborhoods as almost equivalent.

It is important to note that these two properties can cause traditional spectral
methods to miss some structure of the graph. Vertices may have a high structural
similarity (e.g., they may be even automorphically equivalent) without having
almost identical neighborhoods; compare Fig. [3l

2.4 The Role-Assignment Problem

For a given graph there is a huge set of structural similarities. Selecting the most
appropriate one (or at least narrowing the choice) can be done by specifying
how vertex classes (corresponding to structural positions in the network) are
connected. Section illustrates how the following theorem can be applied in
the analysis of empirical data.

Theorem 2 ([13]). Let G be an undirected graph with adjacency matriz A €
R™ ™ and R be a graph with adjacency matriz B € RF*F. Then, there is a struc-
tural projection P € RF*™ such that B = PAPT if and only if B is symmetric
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and the characteristic polynomial of B divides the characteristic polynomial of
A. In this case, the image of the similarity associated to P is generated by eigen-
vectors of A associated to the eigenvalues of B.

In addition to its practical value, Theorem [2] also shows that the role assignment
problem, which is computationally intractable for discrete notions of network
position [23], is efficiently solvable for structural similarities.

2.5 Stability and Non-arbitrariness

A structural similarity S is associated to a set of eigenvalues of the graphs adja-
cency matrix A, namely the eigenvalues of B = PAPT. If all of these eigenvalues
have the same multiplicity in B as they have in A, we call S a simple structural
similarity. We show in this section that simple structural similarities enjoy two
properties—that of being invariant under automorphisms and that of depending
continuously from the adjacency matrix.

Non-arbitrariness. We say that a similarity (and hence more specifically a
partition) is non-arbitrary if it is only derived from the graph’s structure and
not from a particular labeling of vertices. This, in turn, is formalized by being
invariant under graph automorphisms, where invariant under an automorphism
0 means that the similarity of every pair of vertices u and v is the same as the
similarity of their images p(u) and ¢(v) (this is made precise in Def. Hl). Figure @
shows a small network together with an automorphism invariant partition (left)
and a partition that is not automorphism invariant (right).

Definition 4. Let G = (V, E) be a graph. A similarity S is called automorphism
invariant (for G) if for every two vertices u,v € V and every graph automorphism
©: V=V of G it is Suv = Sp(u)p(v)-

Theorem 3 ([40]). A simple structural similarity is automorphism invariant.

—)
—©

Fig. 4. Two different colorings on a graph with spectrum {2,0,0, —2}. Left: The col-
oring corresponds to the structural projection onto {2, —2} and is automorphism in-
variant. This coloring reflects the unique bipartition of the graph and is therefore well
justified by the graph structure. Right: The coloring corresponds to a structural projec-
tion onto {2,0} (only one eigenvector with eigenvalue 0 is taken). This coloring is not
automorphism invariant (e. g., transposing 2 and 3 changes the partition). Intuitively,
it seems to be arbitrary and not justifiable by the graph structure that Vertex 1 should
be more similar to 3 than to 2, as suggested by the partition on the right.
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The converse of Theorem [3] would hold if we took a weaker definition for auto-
morphisms, see [40]. TheoremBlalso gives a criteria when equitable partitions are
automorphism invariant since these are special cases of structural similarities.

Stability. A further desirable property of structural similarities is that their
robustness to changes in the input data (e. g., caused by errors or dynamics) can
be well-characterized. The following definition corresponds to the definition of
the separator, known in matrix perturbation theory [51].

Definition 5. Let S be a simple structural similarity for an undirected graph
with adjacency matriz A. Let B be the induced quotient, Ag the spectrum of B,
and Aa the spectrum of A. The positive real number

O'(S) = min{|)\1 — )\2|; )\1 S AB, )\2 S AA \ AB}

is called the stability of S.

For a more general definition including the case of directed graphs see [51]. A
large value o(S) guarantees resistance to perturbations of the input matrix A.
Many error bounds can be given differing in the matrix norms that are used to
measure the deviation and in the assumptions on the form of the error. See [51]
Chapts. IV and V] for a representative set of error bounds. Examples of concrete
error bounds for structural similarities under different assumptions are given
in [12] and [14].

2.6 Applications of Structural Similarity

A structural similarity yields a low-dimensional embedding for the vertices of
a graph. There are several ways for post-processing this embedding to obtain
insights into the data. The first way is to apply a distance-based clustering pro-
cedure to the vertices in the low-dimensional embedding to obtain a discrete
vertex partition. We followed this approach in [14], where it has been shown
that the framework of structural similarities yields more general algorithms for
random graph coloring. While traditional approaches can only deal with ran-
dom graph models where edge probabilities are uniform, the newly proposed
algorithm can handle models with non-uniform probabilities, provided that each
vertex has the same expected number of neighbors from each class of differently
colored vertices. This generalizations is conceptually the same as the relaxation
from neighborhood identity to neighborhood equivalence; compare Sect. 2.1l and
Sect. 2.3

A second way to deal with the low-dimensional embedding is not to round
it to a discrete partition but rather to apply multidimensional scaling (MDS)
techniques to visualize the result in two or three dimensional space. Vertices that
occupy (almost) the same positions will then be drawn close together and vertices
that occupy very different positions will be far apart. The advantage of such a
continuous representation of vertex positions is that we can accommodate with
vertices that stand between two or more positions (that play more than one role).
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We argue that such situations arise often in real-world data and forcing vertices
to be members of one and only one class would then produce sub-optimal results.
We will follow this approach to develop analysis and visualization methods for
conflict networks.

Analysis and Visualization of Conflict Networks. The framework of struc-
tural similarities is especially convenient to develop methods for the analysis of
large, noisy, empirical data sets. In [12] we presented a method to visualize dy-
namic networks of conflict between political actors. We review its essentials here,
since this method is a good way to illustrate the use of Theorem 2

Conflict networks are networks where the edges have a negative or hostile in-
terpretation, such as criticism, accusations, or military engagements. Weighted
edges arise from time-stamped events between the actors involved. Given a con-
flict network we generate a dynamic visualization that shows which group of
actors is in opposition to which other group, which actors are most involved in
conflict, and how do conflicts emerge, change their structure, and fade out over
time. The example data set is from the Kansas Event Data System (KEDS) [49)
and consists of approximately 78,000 dyadic events between political actors in
the Balkans region.

We make the assumption that actors are loosely grouped together such that
conflicts occur mostly between members of different groups. Thus, an actor is a
member of one out of k classes to the extent that it has conflicts with members
of the other classes.

We describe our method for the situation when there are only two groups that
are mutually in conflict. To obtain a real-valued assignment of actors to the two
groups we consider the quotient R, shown in Fig. [l (left). The eigenvalues of
R, are

A=c+uw and p=c—w .

From a different perspective the edge-weights of the quotient R, are determined
by its two eigenvalues A and p as

c C

w

o m

Fig. 5. Left: Quotient of a 2-dimensional conflict space. Right: Conflictive groups in
the Balkans for the period from 1989 until 2003. Actors are mapped into the left(right)
dimension to the extent that they are members of one of the two groups. The distance
from the origin is a measure of how involved actors are in conflict.
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c= At and w = A—m
2 2
Theorem 2l implies that a similarity S is structural with G/S = R.,,, if and only
if S is the projection onto the eigenvalues A and p of R.,. Since our goal is to
maximize the edge weight between the clusters, i. e., to maximize w, the optimal
choice are the largest and the smallest eigenvalue of the adjacency matrix.

To obtain the actual degrees of membership to the two groups, the appropri-
ate basis for the two-dimensional image space has to be identified. In short, the
matrix P whose rows are the two eigenvectors has to be rotated by the inverse
eigenvector-basis of R, (details can be found in [I2]). An example for a pro-
jection to conflict space can be seen in Fig. [l (right). As it can be seen, actors
have largely differing degrees of membership and can also stand between groups.
It has been shown in [I5] how this method can be extended to more than two
groups.

To show the development over time, we defined in [12] time-dependent conflict
networks that take into account only the events within a certain time-frame. By
letting this time-frame move forward, we obtain a smoothly animated visualiza-
tion showing the development of conflicts over time.

3 Multi-circular Visualization

An important aspect in the visualization of many types of networks is the inter-
play between fine- and coarse-grained structures. While the micro-level graph is
given, a macro-level graph is induced by a partitioning of the micro-level ver-
tices. For example it may originate from a group-level network analysis such as
a clustering or may just be given in advance.

We propose a tailored visualization for networks with such a micro/macro
structure based on a novel multi-circular drawing convention. Given a layout of
the macro-level graph with large nodes and thick edges, each vertex of the micro-
level graph is drawn in the area defined by the macro-vertex it belongs to, and
each micro-edge is routed through its corresponding macro-edge. In more detail,
each micro-vertex is placed on a circle inside of the area of its corresponding mac-
ro-vertex and micro-edges whose end vertices belong to the same macro-vertex
are drawn inside of these circles. All other micro-edges are then drawn inside
of their corresponding macro-edges and at constant but different distances from
the border of the macro-edge, i.e., in straight-line macro-edges they are drawn
as parallel lines. These edges must also be routed inside the area of macro-
vertices to connect to their endpoints, but are not allowed to cross the circles.
FigurelBlshows a concrete example of this model. Micro-edges connecting vertices
in the same macro-vertex are drawn as straight lines. Inside of macro-vertices,
the other edges spiral around the circle of micro-vertices until they reach the
area of the macro-edge. We give a combinatorial description of the above model
and then focus on the algorithmically most challenging aspect of these layouts,
namely crossing reduction by cyclic ordering of micro-vertices and choosing edge
winding within macro-vertices.
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(a) geometric grouping  (b) multi-circular layout  (c) corresponding macro
and straight-line edges graph

Fig. 6. (a) Example organizational network with geometric grouping and straight-line
edges (redrawn from [37]). In our multi-circular layout (b), all details are still present
and the macro-structure induced by the grouping becomes clearly visible. Additionally,
the height and width of the vertices reflects the number of connections within and
between groups.

We do not impose restrictions on the macro-level layout other than sufficient
thickness of edges and vertices, so that the micro-level graph can be placed on
top of the macro-level graph, and provide layout algorithms and tailored means
of interaction to support the generation of appropriate macro-layouts.

While the drawing convention consists of proven components—geometric
grouping is used, e.g., in [37/50], and edge routing to indicate coarse-grained
structure is proposed in, e.g., [6/34]—our approach is novel in the way micro-
vertices are organized to let the macro-structure dominate the visual impression
without cluttering the micro-level details too much. Note also that the setting is
very different from layout algorithms operating on structure-induced clusterings
(e.g., [3136]), since no assumptions on the structure of clusters are made (they
may even consist of isolates). Therefore, we neither want to utilize the clustering
for a better layout, nor do we want to display the segregation into dense subre-
gions or small cuts. Our aim is to represent the interplay between a (micro-level)
graph and a (most likely extrinsic) grouping of its vertices.

After defining some basic terminology in Sect.[3.I] we state required properties
for macro-graph layout in Sect. and recapitulate related micro-layout models
in Sect. Multi-circular micro-graph layout is discussed in more detail in
Sect. [3.4] and crossing reduction algorithms for it are given in Sect.

3.1 Preliminaries

Throughout this section, we restrict ourselves to simple undirected graphs. In
the following, let F(v) = {{u,v} € E; u € V} denote the incident edges of a
vertex v € V, let N(v) = {u € V; {u,v} € E} denote its neighbors, and let
sgn: R — {—1,0,1} be the signum function.

Since each micro-vertex is required to belong to exactly one macro-vertex,
the macro-structure defines a partition assignment p : V. — {1,...,k} and a
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prototypical macro-graph is the corresponding quotient graph Q(G, p). An edge
{u,v} € E is called an intra-partition edge if and only if p(u) = p(v), and inter-
partition edge otherwise. The set of intra-partition edges of a partition V; is
denoted by Ej, the set of inter-partition edges of two partitions V;, V; by E; ;.
We use G = (V,E,p) to denote a graph G = (V,E) and a related partition
assignment p.

A circular order m = {my, ..., 7} defines for each partition V; a vertex order ;
as a bijective function m; : V; — {1,...,|V;|} with u < v & m;(u) < m;(v) for
any two vertices u,v € V;. An order m; can be interpreted as a counter-clockwise
sequence of distinct positions on the circumference of a circle.

3.2 Macro Layout

No specific layout strategy for the macro-graph is required as long as its elements
are rendered with sufficient thickness to draw the underlying micro-graph on
top of them. In order to achieve this, post-processing can be applied to any
given layout [29] or methods which consider vertex size (e.g., [33I53]) and edge
thickness (e. g., [20]) have to be used.

From a macro-layout we get partition orders II, : No(V;) — {1, ..,deg(V;)} for
each partition V;, defined by the sequence of its incident edges in Q(G, p), and
a partition order IT = {II1,...,II}} for G. For each macro-vertex this can be
seen as a counter-clockwise sequence of distinct docking positions for its incident
macro-edges on its border.

3.3 Related (Micro) Layout

Before we discuss the multi-circular layout model for the micro-graph, let us
recall the related concepts of (single) circular and radial embeddings. In (single)
circular layouts all vertices are placed on a single circle and edges are drawn as
straight lines. Therefore, a (single) circular embedding € of a graph G = (V, E)
is fully defined by a vertex order 7, i.e., e = 7 [§]. Two edges e1,e2 € E cross in
¢ if and only if the endvertices of e;, es are encountered alternately in a cyclic
traversal.

In radial level layouts the partitions are placed on nested concentric circles
(levels) and edges are drawn as curves between consecutive partitions. Therefore,
only graphs G = (V, E) with a proper partition assignment p : V — {1,...,k}
are allowed, i.e., |p(u) — p(v)] = 1 for all edges {u,v} € E. Note that this
prohibits intra-partition edges and edges connecting non-consecutive partitions.
For technical reasons, edges are considered to be directed from lower to higher
levels.

Recently, Bachmaier [5] investigated such layouts. They introduced a ray from
the center to infinity to mark the start and end of the circular vertex orders.
Using this ray, it is also possible to count how often and in which direction an
edge is wound around the common center of the circles. We call this the winding
¥ : E — Z of an edge (Bachmaier called this offset). |¢)(e)| counts the number of
crossings of the edge with the ray and the sign reflects the mathematical direction
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Fig. 7. Examples of Radial layouts. Edges are labeled with their winding value.

of rotation. See Fig. [ for some illustrations. Finally, a radial embedding € of a
graph G = (V, E, p) is defined to consist of a vertex order 7 and an edge winding
Y, ie., e=(m ).

There is additional freedom in radial drawings without changing the crossing
number: the rotation of a partition V;. A rotation moves a vertex v with extremal
position in m; over the ray. The layout in Fig. is a clockwise rotation of the
layout in Fig. Rotations do not modify the cyclic order, i. e., the neighbor-
hood of each vertex on its radial level is preserved. However, the winding of the
edges incident to v and all positions of 7m; must be updated.

Crossings between edges in radial embeddings depend on their winding and
on the order of the endvertices. There can be more than one crossing between
two edges if they have very different windings. The number of crossings between
two edges e1,es € E in an radial embedding ¢ is denoted by x.(e1,ez2). The
(radial) crossing number of an embedding € and a level graph G = (V, E, p) is
then naturally defined as

xe) = D xeler,e2)

{e1,e2}€E,e1#e2

and x(G) = min{x(¢) : ¢ is a radial embedding of G} is called the radial cross-
ing number of G.

Theorem 4 ([5]). Let ¢ = (m,%) be a radial embedding of a two-level graph
G = (V1UVa, E, p). The number of crossings xe(e1,ea) between two edges e; =
(u1,v1) € E and ea = (ug,v2) € F is

b—a|  lal+|b|
-1
R

xe(er,e2) =max{0, [ti(ea) — vle) +

where a = sgn(m1 (uz) — w1 (u1)) and b = sgn(ma(ve) — m2(v1)).

Bachmaier also states that in crossing minimal radial embeddings every pair of
edges crosses at most once and adjacent edges do not cross at all. As a conse-
quence, only embeddings need to be considered where there is a clear parting
between all edges incident to the same vertex u. The parting is the position of
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the edge list of u that separates the two subsequences with different winding
values. See again Fig. [0 for layouts with and without proper parting. Further-
more, only embeddings with small winding are considered because large winding
values correspond to very long edges which are difficult to follow and generally
result in more crossings.

3.4 Multi-circular Layout

Unless otherwise noted, vertices and edges belong to the micro-level in the fol-
lowing. In the micro-layout model each vertex is placed on a circle inside of its
corresponding macro-vertex. Intra-partition edges are drawn within these cir-
cles as straight lines. Inter-partition edges are drawn inside their corresponding
macro-edges and at constant but different distances from the border of the mac-
ro-edge. To connect to their incident vertices, these edges must also be routed
inside of macro-vertices. Since they are not allowed to cross the circles, they are
drawn as curves around them. Such a drawing is called a (multi-)circular layout.
Since intra- and inter-partition edges cannot cross, all crossings of intra-partition
edges are completely defined by the vertex order m; of each partition V;. Intu-
itively speaking, a vertex order defines a circular layout for the intra-partition
edges. In the following we thus concentrate on inter-partition edges.

The layout inside each macro-vertex V; can be seen as a two-level radial layout.
The orders can be derived from the vertex order m; and the partition order II;.
Similar to radial layouts a ray for each partition is introduced and the beginning
of the orders and the edge winding is defined according to these rays. Note that
for each edge e = {u,v} € E, u € V;, v € V}, two winding values are needed, one
for the winding around partition V; denoted by v;(e) = ¥, (e), and one for the
winding around partition V; denoted by ¢;(e) = ,(e). If the context implies
an implicit direction of the edges, windings are called either source or target
windings, respectively. Since radial layouts can be rotated without changing
the embedding, rays of different partitions are independent and can be directed
arbitrarily. Finally, a multi-circular embedding € is defined by a vertex order T,
a partition order I, and the winding of the edges v, i.e., e = (m, I1, ).

Observation 5. For each partition V; in a multi-circular embedding e=(m,I1 1))
a two-level radial embedding €; = ((m;, '), ;) is defined by the vertex order m;,
the partition order II;, and the edge winding ;, where ©'(v) = IL(p(v)),v €
VA V.

There is another connection between radial and multi-circular layouts. A two-
level radial layout can easily be transformed into a two-partition circular layout
and vice versa. Given a graph G = (V}UVa, E, p) and a radial embedding ¢ =
(m,%) of G, the two-partition circular embedding e* = (7*, I[T*,1¢*) defined by
7w = m, 5 = —me, I =0, IT; = 0, and ¢7(e) = ¥(e), ¥3(e) = 0 realizes
exactly the same crossings (see Fig. B for an example). Intuitively speaking,
the topology of the given radial embedding is not changed if the two circles are
dragged apart and one of the vertex orders is reversed. If a two-partition circular



348 M. Baur et al.

embedding £* = (7*, [T*,4*) is given, a related radial embedding e = (, ) is
defined by 7m; = 7§, m2 = —73, and (e) = Y1(e) — a(e).

Observation 6. There is a one-to-one correspondence between a two-level ra-
dial embedding and a two-circular embedding.

Crossings in the micro-layout are due to either the circular embedding or crossing
macro-edges. Since crossings of the second type cannot be avoided by changing
the micro-layout, they are not considered in the micro-layout model. Obviously,
pairs of edges which are not incident to a common macro-vertex can only cause
crossings of this type. For pairs of edges which are incident to at least one
common macro-vertex corresponding two-level radial layouts are defined using
Observations[fland [fl and the number of crossings are computed by modifications
of Theorem Ml

Fig. 8. A two-level radial layout and its corresponding two-circular layout

Theorem 7. Let ¢ = (w,11,v) be a multi-circular embedding of a graph G =
(V,E,p) and let e1 = {u1,v1}, ea = {ua,v2} € E be two inter-partition edges. If
e1 and ey share exactly one common incident macro-vertex, e.g., Vi = p(u1) =
p(uz), p(v1) # p(ve), then the number of crossings of e1 and ey is

bi(e2) — Piler) + b;a . ; ol _ 1} ,

where a = sgn(m;(uz) — mi(u1)) and b = sgn(I(p(ve)) — I (p(v1))).

Xe(e1, e2) =max {O,

Proof. Let e1 = {u1, v}, e2 = {ug,v2} € E be two edges with exactly one
common end partition, e.g., V; = p(u1) = p(uz), p(v1) # p(vs). All crossings
between e; and ez not caused by the macro layout occur in the macro-vertex V.
According to Observation [B] the fraction of the layout in V; can be regarded as
a two-level radial layout defined by &’ = (m;, IT; o p). Applying Theorem [ to the
embedding &’, the theorem follows. a

Theorem 8. Let ¢ = (w,1I,v) be a multi-circular embedding of a graph G =
(V,E,p) and let e1 = {u1,v1}, ea = {ua,v2} € E be two inter-partition edges. If
e1 and ez belong to the same macro-edge, e. g., Vi = p(u1) = p(u2), V; = p(v1) =
p(v2), then the number of crossings between e1 and ey is
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Ve =ve+ "+ T )

where a = sgn(m;(uz) — m;i(u1)), b = sgn(m;(v1) — m;(v2)) and Y'(e) = ¥;(e) +
¥;(e).

Xe(e1, e2) =max {07

Proof. Let e1,e2 € E be two inter-partition edges which belong to the same
macro-edge. Since only two partitions are involved, a two-level radial embedding
¢’ for e; and ey can be defined according to Observation[@l In &’ the two edges e;
and e cause the same crossings than in . Applying Theorem[to the embedding
¢’, the theorem follows. |

Similar to radial layouts, in a crossing minimal multi-circular embedding incident
edges do not cross and there is at most one crossing between every pair of edges.
Therefore, only embeddings need to be considered where there is a clear parting
between all edges incident to the same vertex u € V;. Since in multi-circular
layouts winding in different macro-vertices can be defined independently, the
edge list E(u) of u is split by target partitions resulting in edge lists E(u); =
{{u,v} € E(u) : v € V;}. For each list E(u);, a position ¢; separates the two
subsequences with different values of winding 1; and defines the parting for
this partition. Furthermore, there is also a parting for V; defined on the edge
list E(u). The order of E(u) for this parting depends on the partings ¢; in
the target partitions V;. Edges are sorted by the partition order and for edges
to the same partition Vj;, ties are broken by the reverse vertex order started
not at the ray but at the parting position £;. Then, the parting for V; is the
position ¢; which separates different values of winding v; in the so ordered list.
See Fig. [0l for a layout with parting and a layout where the edge {u, v} violates
the parting.

P
2 0

0

(a) parting (b) edge {u, v} violates parting

Fig. 9. Not all winding combinations for the incident edges of u result in a good layout

Corollary 1. Multi-circular crossing minimization is N'P-hard.

Proof. Single circular and radial crossing minimization [5/43] are A'P-hard. As
we have already seen, these two crossing minimization problems are subproblems
of the multi-circular crossing minimization problem, proving the corollary.

As a consequence, we do not present exact algorithms for crossing minimization
in multi-circular layouts. Instead, we propose extensions of some well-known
crossing reduction heuristics for horizontal and radial crossing reduction.



350 M. Baur et al.

3.5 Layout Algorithms

Since the drawing of inter-partition edges inside a macro-vertex can be seen as a
radial drawing, a multi-circular layout can be composed of separate radial layouts
for each macro-vertex (for instance using the techniques of [5I28/50]). However,
such a decomposition approach is inappropriate since intra-partition edges are
not considered at all and inter-partition edges are not handled adequately due
to the lack of information about the layout at the adjacent macro-vertices. For
example, choosing a path with more crossings in one macro-vertex can allow a
routing with much less crossings on the other side.

Nevertheless, we initially present in this section adaptations of radial layout
techniques because they are quite intuitive, fast, and simple, and can be used
for the evaluation of more advanced algorithms.

Barycenter and Median Layouts. The basic idea of both the barycenter
and the median layout heuristicis the following: each vertex is placed in a central
location computed from the positions of its neighbors - in either the barycenter or
the median position - to reduce edge lengths and hence the number of crossings.
For a two-level radial layout, the Cartesian Barycenter heuristic gets the two
levels and a fixed order for one of them. All vertices of the fixed level are set
to equidistant positions on a circle and the component-wise barycenter for all
vertices of the second level is computed. The cyclic order around the center
defines the order of the vertices and the edges are routed along the geometrically
shortest-path. The Cartesian Median heuristic is defined similar. Running time
for both heuristics is in O(|E| + |V |log|V]).

Both heuristics are easily extended for multi-circular layouts. The layout in
each macro-vertex V; is regarded as a separate two-level radial layout as described
in Observation [l and the partition orders I1; are used to define the orders of the
fixed levels. Because of the shortest-path routing, no two edges cross more than
once and incident edges do not cross at all in the final layout. On the other hand,
the used placement and winding strategies are based on edge length reduction
and avoid crossings only indirectly.

Multi-circular Sifting. In order to overcome the drawbacks of the radial layout
algorithms described before, we propose an extension of the sifting heuristic
which computes a complete multi-circular layout and considers edge crossings
for optimizing both vertex order and edge winding, and thus is expected to
generate better layouts.

Sifting was originally introduced as a heuristic for vertex minimization in or-
dered binary decision diagrams [47] and later adapted for the layered one-sided,
the circular, and the radial crossing minimization problems [5I844]. The idea
is to keep track of the objective function while moving a vertex along a fixed
order of all other vertices. The vertex is then placed in its (locally) optimal
position. The method is thus an extension of the greedy-switch heuristic [21].
For crossing reduction the objective function is the number of crossings be-
tween the edges incident to the vertex under consideration and all other edges.
In multi-circular layouts this function depends on both the vertex order and
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the edge winding. Therefore, for each position of a vertex, the winding values
for its incident edges which result in the minimal crossing number have to be
identified.

The efficient computation of crossing numbers in sifting for layered and single
circular layouts is based on the locality of crossing changes, i.e., swapping con-
secutive vertices u ~ v only affects crossings between edges incident to u with
edges incident to v. In multi-circular layouts this property clearly holds for intra-
partition edges since they form (single-)circular layouts. For inter-partition edges
the best routing path may require an update of the windings. Such a change can
affect crossings with all edges incident to the involved partitions.

Since swapping the positions of two consecutive vertices (and keeping the
winding values) only affects incident edges, the resulting change in the number
of crossings can be computed efficiently. Therefore, an efficient strategy for up-
dating edge windings while u € V; moves along the circle is needed. Instead of
probing each possible combination of windings for each position of u the parting
of the edge lists is considered. Note that the parting for the source partition
and all the partings for the target partitions have to be simultaneously altered
because for an edge, a changed winding in the source partition may allow a
better routing with changed winding in the target partition. Intuitively speak-
ing, the parting in the source partition should move around the circle in the
same direction as u but on the opposite side of the circle, while the parting
in the target partitions should move in the opposite direction. Otherwise, edge
lengths increase and with them the likelihood of crossings. Thus, starting with
winding values ¢, (e) = 1 and ¢,(e) = 1 for all e = {u,v} € E(v), parting
counters are iteratively moved around the circles and mostly decreased in the
following way:

1. First try to improve the parting at V;, i.e., iteratively, the value of v, for the
current parting edge is decreased and the parting moves counter-clockwise
to the next edge until this parting can no longer be improved.

2. For edges whose source winding are changed in step one, there may be better
target windings which cannot be found in step three because the value of v;
has to be increased, i.e., for each affected edge, the value of 9; for the edge
is increased until no improvement is made any more.

3. Finally try to improve the parting for each target partition Vj separately,
i.e., for each Vj, the value of 9; for the current parting edge is decreased
and the parting moves clockwise to the next edge until this parting can not
be improved any further.

After each update, it is ensured that all counters are valid and that winding
values are never increased above 1 and below —1.

Based on the above, the locally optimal position of a single vertex can be
found by iteratively swapping the vertex with its neighbor and updating the
edge winding while keeping track of the change in crossing number. After the
vertex has passed each position, it is placed where the intermediary crossing
counts reached their minimum. Repositioning each vertex once in this way is
called a round of sifting.
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Theorem 9. The running time of multi-circular sifting is in O(|V||E|?).

Proof. Computing the difference in cross-count after swapping two vertices re-
quires O(|E|?) running time for one round of sifting. For each edge, the winding
changes only a constant number of times because values are bounded, source
winding and target winding are decreased in steps one and three, respectively,
and the target winding is only increased for edges whose source winding de-
creased before. Counting the crossings of an edge after changing its winding
takes time O(|E|) in the worst-case. Actually, only edges incident to the at most
two involved macro-vertices have to be considered. For each vertex u € V, the
windings are updated O(|V| - deg(u)) times, once per position and once per
shifted parting. For one round, this results in O(|V||E|) winding changes. To-
gether, the running time is in O(|V||E|?). |

3.6 Example: Email Communication Network

The strength of a multi-circular layoutis the coherent drawing of vertices and edges
at two levels of detail. It reveals structural properties of the macro-graph and al-
lows identification of micro-level connections at the same time. The showcase for
the benefits of our micro/macro layout is an email communication network of a
department of the Universitat Karlsruhe (TH). The micro-graph consists of 442
anonymized department members and 2 201 edges representing at least one email
communication in the considered time frame of five weeks. At the macro-level, a
grouping into 16 institutes is given, resulting in 66 macro-edges. In the following
drawings, members of the same institute are colored identically.

We start by inspecting drawings generated by a general force-directed ap-
proach similar to the method of Fruchterman and Reingold [26] and by multidi-
mensional scaling (MDS) [I7], see Fig. [0 Both methods tend to place adjacent
vertices near each other but ignore the additional grouping information. There-
fore, it is not surprising that the drawings do not show a geometric clustering
and the macro-structure cannot be identified. Moreover, it is difficult or even
impossible to follow edges since they massively overlap each other.

More tailored for the drawing of graphs with additional vertex grouping are
the layout used by Krebs [37], and the force-directed attempts to assign vertex
positions by Six and Tollis [50] and Krempel [38]. All three methods place the
vertices of each group on circles inside of separated geometric areas. While some
efforts are made to find good vertex positions on the circles, edges are simply
drawn as straight lines. Figure gives a prototypical example of this layout
style. Although these methods feature a substantial progress compared to general
layouts and macro-vertices are clearly visible, there is no representation of mac-
ro-edges and so the overall macro-structure is still not identifiable.

Finally, we investigate multi-circular visualizations of the email network. Its
combinatorial descriptions allows for enrichments with analytical visualizations
of the vertices. In Fig. [[1l the angular width of the circular arc a vertex covers
is proportional to its share of the total inter-partition edges of this group. The
height from its chord to the center of the circle reflects the fraction of present
to possible intra-edges.
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]

Fig. 10. Drawings of the email network generated by a force-directed method (left)
and by multidimensional scaling (MDS, right). The colors of the vertices depict the
affiliation to institutes.

In order to investigate the effect of improved vertex orders and appropri-
ate edge windings, we compare three variations of drawing heuristics for multi-
circular layouts: shortest-path edge winding combined with random vertex place-
ment and with barycenter vertex placement, and our multi-circular sifting (see
Fig. ). Through the grouping of micro-edges the macro-structure of the graph
is apparent at first sight. A closer look reveals the drawback of random place-
ment: edges between different groups have to cover a long distance around the
vertex circles and are hard to follow. Also a lot of edge crossings are generated
both inside of the groups and in the area around the vertex placement circles. As-
signing vertex positions according to the barycenter heuristic results in a clearly
visible improvement and allows the differentiation of some of the micro-edges.
Using sifting improves the layout even further, resulting from a decrease of the
number of crossings from more than 75000 to 57400 in the considered email
network. The time for computing the layout of this quiet large graph is below
10 seconds.

3.7 Final Remarks

From the micro-layout algorithm we get a combinatorial description of the lay-
out, i. e., circular vertex orders for each partition and edge windings, which allows
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arbitrarily rotating each circular order without introducing new crossings (see
Section [3.4)). Therefore, for each partition, a rotation is chosen which minimizes
the total angular span of the inter-partition edges, reserve space for the drawing
of these edges, and place the vertices accordingly at a uniform distance from the
border of the macro-vertex.

A major benefit of the multi-circular layout is its combinatorial description
since it allows the combination with other visualization techniques to highlight
some graph properties or to further improve the visual appearance.

4 Conclusion

In this paper we presented methods to analyze and visualize group-structure
in social networks. The first part is focused on the definition and computation
of structural network positions. We started by reviewing previous approaches
for this task and distinguished them by two different criteria: first, whether the
method establishes equivalence of actors or similarity of actors (discrete vs. real
valued approaches) and, second, whether similarity is based on neighborhood
identity or neighborhood equivalence. We then presented a novel framework
for defining and computing network positions that is general and enjoys sev-
eral methodological advantages over previous approaches. The second part of
this paper introduced a visualization technique that shows the interplay be-
tween fine-grained (individual level) and coarse-grained (group level) network
structure. Special emphasis has been given to the algorithmic optimization of
esthetic criteria such as reducing the number of edge crossings.
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Abstract. In the last 10 years a new interest in so—called real-world
graph structures has developed. Since the structure of a network is crucial
for the processes on top of it a well-defined network model is needed for
simulations and other kinds of experiments. Thus, given an observable
network structure, models try to explain how they could have evolved.
But sometimes also the opposite question is important: given a system
with specific constraints what kind of rules will lead to a network with
the specified structure? This overview article discusses first different real—
world networks and their structures that have been analyzed in the last
decade and models that explain how these structures can emerge. This
chapter concentrates on those structures and models that are very simple
and can likely be included into technical networks such as P2P-networks
or sensor networks. In the second part we will then discuss how difficult
it is to design local network generating rules that lead to a globally
satisfying network structure.

1 Introduction

Since the 1950s a considerable part of graph theory was devoted to the study
of theoretical graph models, so—called random graphs that are created by a
random process. Especially the random graph models G(n, m) defined by Erdos
and Rényi in 1959 [19] and the G(n, p)-model introduced by Gilbert [22] proved
themselves to be very handy and well analyzable [9]. Other simple graph classes
like regular graphs, grid graphs, planar graphs, and hypercubes were also defined
and analyzed, and many of their properties proved to be useful in algorithm
design, making hard problems considerable easier. It is reasonable that most
real-world networks neither belong to any of the simple graph classes nor that
they can be fully modeled as random graphs. But on the other hand, it seemed
to be reasonable that at least some real-world networks can be considered to be
random on a global scale, for example the so—called weblink graph: the weblink
graph represents webpages as vertices and connects two vertices with a (directed)
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edge when the first page links to the second. Although it can be assumed that
most of the time similar pages link to each other, the vast number of single
decisions could be assumed to randomize this structure on a global scale. Thus,
it came with a surprise when in 1999, Barabdsi and Albert showed that the real
weblink graph cannot be modeled by a random graph since most of the webpages
have only a low degree of in- and outcoming links while some have a huge degree,
e.g., Yahoo or Google [6]. This phenomenon could not be explained by any of
the classic random graph models. Another finding by Watts and Strogatz showed
that real-world networks combine two properties that are not captured by any
of the classic network models: real-world networks tend to be clustered, i.e., the
neighbors of any vertex are likely to be connected, similar to grid graphs, but at
the same time the average distance between all the vertices is much lower than
expected in such a grid-like graph and resembles that of a random graph [4g].

These findings opened a new field in between empirical sciences, mostly
physics, biology, and the social sciences, and theoretical sciences as computer
science and mathematics. This field is called complex network science [5,38]. In
a very broad definition, we will denote by complex network science all research
that can be subsumed under the following three perspectives:

1. Complex Network Analysis: measures and algorithms introduced to un-
derstand the special structure of real-world networks by differentiating them
from established graph models.

2. Complex Network Models: models that capture essential structural prop-
erties of real-world networks and algorithms that construct them.

3. Processes on Complex Networks: analysis of the outcome of a process
or algorithm on a given network structure.

In the following we will summarize the progress in the field of complex network
models and show its relevance for algorithm design and computer simulations.
Section [2] gives the necessary definitions and Section [ discusses two principally
different ways of modeling real-world network data, the data—driven and the
mechanistic approach. Section Ml focuses on different mechanistic network models
for real-world networks. Section [l discusses some of the difficulties in designing
networks for a set of independent agents. A summary and discussion of open
problems is given in Section [6l Section [7] gives a list of well-organized resources
for further reading.

2 Definitions

A graph G is a pair of sets (V, E) where V' = {v1,...,v,} denotes a set of vertices
and E C V x V denotes a relation between these vertices. If all edges of a graph
are given as unordered pairs of vertices, the graph is said to be undirected. The
degree deg(v) of vertex v is defined as the number of edges it is element of.

! Complex network science strongly overlaps with a new field called web science, in-
troduced by (among others) Sir Berners-Lee [§].
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We will denote undirected edges e by pairs of vertices in simple brackets (v, w).
A weight function w : E — R assigns a weight to each edge. If the graph is
unweighted, it is convenient to set w(e) := 1 for all edges. A path P(s,t) from
vertex s to vertex t is an ordered set of consecutive edges {ej,ea,...,ex} C E
with e; = (s,v1),er = (vg—1,t) and e; = (vi—1,v;), for all 1 < i < k. The length
of a path l(P(s,t)) is defined as the sum over the weights of the edges in the
path:

I(P(s,t) = > wle). (1)

e€P(s,t)

A path P(s,t) is a shortest path between s and ¢ if it has minimal length of all
possible paths between s and t. The distance d(s,t) between s and t is defined
as the length of a shortest path between them. If there is no path between any
two vertices, their distance is oo by definition. The diameter of a given graph is
defined as the maximal distance between any two of its vertices if the graph is
connected and defined to be oo if it is unconnected.

We will denote as a real-world network or, synonymously, as a complex network
any network that presents an abstract view on a complex system, i.e., a real—
world system comprised of different kinds of objects and relations between them.
A complexr network depicts normally only one class of objects and one kind
of relation between the instances of this object class. Examples for complex
networks are the weblink graph, that depicts web pages and links connecting
them, social networks, e.g., the hierarchical structures between employers of a
company, or transport networks, i.e., certain places that are connected by means
of transportation like streets or tracks. Thus, real-world or complex networks do
not comprise a new kind of graph class that can structurally be differentiated
from other graph classes. The term merely denotes those graphs that represent
at least one real-world system in the above sense.

One of the structural properties of a graph is its degree distribution, i.e., the
number of vertices with degree deg(v) = k in dependence of the degree. It is
well known that random graphs have a Poissonian degree distribution [9], with
a mean degree of np and standard deviation of /np.

A graph family Ga(n,IT) is a set or graph defined by some algorithm A that
gives a description to construct graphs for every given n and - if needed - an
additional set of parameters II. If A is a deterministic algorithm it constructs a
single graph, if it is a stochastic algorithm it constructs all graphs with n vertices
(and maybe additional parameters specified by IT) with a determined probability.
The instance that is created from some defined graph family G4 (n, IT) is denoted
by Ga(n,IT). For graph families, we will often state expected properties with
the words: with high probability, denoting that an instance G 4(n, IT) constructed
by A will show property X with a probability higher than 1 — 1/n.

A random graph G(n,p) is a graph with n vertices where every (undirected or
directed) edge is element of E with probability p. A different but related algo-
rithm for constructing random graphs is the G(n, m) family of random graphs
that picks m pairs of vertices and connects them with each other. Most of the
time an implementation will try to avoid self-loops and multiple edges. Bollobés
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states that for limn — oo all expected properties of both families will be the
same [9]. In the following, the term random graph will always denote an instance
from the G(n,p) model.

3 Data—Driven, Mechanistic, and Game Theoretic
Network Models

There are principally different ways of modeling real-world network data: one
way tries to model one data set as closely as possible, resulting in a very accurate
model of a given system. We call this the data—driven approach to network mod-
eling. The other way searches for a structure that is common in many different
systems, a so—called universal structure, and tries to explain the emergence of
this structure with as few parameters as possible. These models follow the mech-
anistic approach. A third approach that is also often called a network formation
game models complex systems in which networks emerge between independent
agents. In most of these models the mechanism by which individual agents form
bonds is given and the resulting network is in the focus of the analysis. In the
following we will discuss these three types of network models and argue why and
how mechanistic networks can be helpful in computer science.

Given an empirical data set, e.g., a social network that is explored by giving
questionnaires to a group of people, it is necessary to model it as closely as
possible while allowing some randomness. The random element allows for missing
or false data which is often a problem in survey—based data and it also allows
for deducing from the model the general behavior of other social networks with
a similar overall structure. E.g., by exploring one email contact network in one
company general statements might be possible about email contact networks in
other companies with the same structure. These kind of graph models that try
to describe a given empirical data set as closely and with as little parameters
as possible can be called data—driven graph models. A very popular approach of
this kind is the exponential random graph model [A2/43] and block modeling [39)].

A very different perspective on modeling originates in the physics community:
instead of modeling the details of a given graph they try to find an essential,
mechanistic model that explains how a given structure could emerge in many
different systems. These models are rather simplistic and will thus not provide
very realistic models for any specific data set. But since they are so simplistic
they can often be very easily adjusted to a specific system by adding back the
peculiarities of that system.

Note that game—theoretic models of network formation are also very popular,
but their perspective is in a way opposite to that of data—driven and mechanistic
network models [7]: they define some kind of mechanism that determines how
so—called agents decide which edges to build. The main question of these models
is then which kind of network structures are stable in the sense that none of
the agents would prefer to alter its own edge set. Thus, whereas data—driven
and mechanistic network models start from a given structure that is modeled,
game—theoretic approaches start with a presumed network formation mechanism
and analyze the resulting network structure.
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In this chapter we will concentrate on mechanistic graph models that explain
universal network structures with the least number of parameters necessary to
produce them. Since these models are so simple but the resulting networks still
show some very helpful properties, they can easily be adapted to be used in
different computer—aided networks, e.g., P2P— or sensor—networks. We will thus
concentrate on these mechanistic models in the rest of the chapter. We start by
discussing the most common universal network structures and sketching some of
the simple, mechanistic models that describe a reasonable mechanism for their
emergence.

4 Real-World Network Structures and Their Mechanistic
Network Models

Among the structures found so far, the following four seem to be quite universal
in many kinds of complex networks:

1. Almost all complex networks are small-worlds, i.e., locally they are densely
connected while the whole graph shows a small diameter [48] (s. Subsect. E.1]);

2. Most of all complex networks are scale—free, i.e., most vertices have a low
degree but some have a very high degree [6] (s. Subsect. A2l);

3. Many of them are clustered, i.e., it is possible to partition the graph into groups
of dense subgraphs whose interconnections are only sparse [T6/23I37140];

4. At least some of them seem to be fractal [44].

Other structures, especially small subgraphs in directed networks, so—called net-
work motifs, have been identified in only a few networks, especially biological
networks [35J36]. We will concentrate on the first two structures since it has
already been shown that these properties influence processes on networks that
are relevant in computer science as we will sketch in the following.

4.1 Small-Worlds

In 1998, Watts and Strogatz reported that in many real-world networks the
vertices are locally highly connected, i.e., clustered, while they also show a small
average distance to each other [48]. To measure the clustering they introduced
the so—called clustering coefficient cc(v) of a vertex v to be:

_ 2e(v)
deg(v)(deg(v) — 1)

where e(v) denotes the number of edges between all neighbors of £ Since the
denominator gives the possible number of those edges, the clustering coefficient
of a single vertex denotes the probability that two of its neighbors are also con-
nected by an edge. The clustering coefficient CC(G) of a graph is the average

2)

ce(v)

2 The clustering coefficient of vertices with degree 1 is set to 0 and it is assumed that
the graph does not contain isolated vertices.
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over all the clustering coefficients of its vertices. A high average clustering coef-
ficient in a graph seems to indicate that the vertices are connected locally and
that thus the average distance of the according graph will be large. This is, e.g.,
the case in a simple grid, where vertices are only connected to their next four
neighbors and thus the diameter scales with /n. Astonishingly, the diameter
of the real-world networks analyzed in the paper of Watts and Strogatz was
more similar to that of a corresponding random graph from the G(n,p) model,
despite their high average clustering coefficients. A random graph is said to be
corresponding to a real-world network if it has the same number of vertices and
expectedly the same number of edges. Such a graph can be achieved by setting
p to 2m/(n(n — 1)). Of course, the expected clustering coeflicient of vertices in
such a graph will be p since the probability that any two neighbors of vertex v
are connected is p. It now turned out that the real-world networks the authors
analyzed had a clustering coefficient that was up to 1,000 times higher than that
of a corresponding random graph.

The first mechanistic model to reproduce this behavior, i.e., a high average
clustering coefficient combined with small average distance, was given by Watts
and Strogatz (s. Fig. [[l): They start with a set of n vertices in a circular order
where each vertex is connected with an undirected edge to its k clockwise next
neighbors in the order. Such a graph is also called a circulant graph. Each edge
is subsequently rewired with probability 0 < p < 1. To rewire an edge e = (v, w)
a new target vertex w’ is chosen uniformly at random, and (v, w) is replaced by
(v,w"). Tt is clear that with p = 0, the clustering coefficient is given by:

ce@) = 23((2]“]{__11))7 138, p.289)] (3)

which approaches 3/4 in the limit of large k. The average distance between pairs
of vertices is n/4k which scales linearly with the number of vertices. If now the
average clustering coefficient and the average distance is analyzed with respect
to p (s. Fig. @), it is easy to see that the average distance drops much faster

(a) Ge(24,3), p =

Fig. 1. a) A circulant graph of 24 vertices where each vertex is connected to its three
nearest neighbors. b) Each edge has been rewired with probability p = 0.1. ¢) Each
edge has been rewired with p = 1.0.
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than the average clustering coefficient. Thus, for small p, the average clustering
coefficient is still quite high while the average distance has already dropped to a
value comparable to that of a corresponding random graph. The regime in which
that happens defines the set of networks showing the small-world effect or, for
short: the set of small-world networks. Note that this very blurry definition has
never been stated more rigorously. As Newman, Watts, and Barabdsi put it,
nowadays the term ”small-world effect” has come to mean that the average
distance in the network increases at most (poly—)logarithmically with n while
the average clustering coefficient is much higher than p = 2m/(n(n — 1)).

HE E Nl = Emg 1.0
0 | .. 0.8
. s 8| m /o)
0.6
o = o L/L(0)
DD .
o - 0.2
Pog UNm o oml

0.0001  0.001 0.01 0.1

Fig. 2. Shown is the average clustering coefficient (denoted by C here) and the average
distance (L) in the Watts—Strogatz—model, in dependence of the rewiring probability
p and normalized by the resulting value for p = 0 (C(0), L(0)). The average clustering
coefficient is quite stable as long as not too many edges are rewired, while the average
distance drops very fast, even at very low values of p.

Next to this rewiring model, other authors suggested to model small-world
networks by composing something like a local, grid—like graph with a very sparse
random graph, e.g., Kleinberg [26)25] and Andersen et al. in their hybrid—graph
model [4T4]. The simplest model is to take a d-dimensional grid graph on n
vertices and additionally connect each pair of vertices with probability p. This
hybrid graph model is denoted by G4(n, p). Of course, if p is around (logn)!*¢/n
for some constant € > 0 the edges constituting the random graph part alone will
induce an average distance of O(logn) [10]. As we could show, also much smaller
values of p suffice to reduce the diameter (and thus the average distance) to a
poly-logarithmical term:

Lemma 1. [29/79] Forp = !, c € RT and e > 0 the diameter of Gq(n,p) is

cn’

asymptotically bound with high probability by at most

d- (R/C (logn)lﬂ—‘ B 1) . ((1 +¢) lolgolign — log 2 + 1) ' )

Very broadly speaking: the diameter of a combined graph is linearly dependent on
the dimension d of the underlying grid and on (very broadly) O(logn!+(1+e)/d),
This result can be generalized as follows:
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Lemma 2. [29]79] For any function (logn)~0+9) < f(n) <n'=% €6 > 0 and
p= f(i),n the diameter of Gq(n,p) approaches asymptotically with high proba-

bility
o ([t ) (L) o

Roughly speaking, if p is set to 1/(nlogn), i.e., only every logn-th vertex is
incident with a random edge, the average distance in the Gg4(n,p) model for
large n and d = 2 is given by O(\/logz""E nlogn), i.e., O(logQ'H/2 n). This result
is important for network design: let us assume that the cost for connecting
two communication devices scales with their distance. If only connections up
to a certain distance are built, the diameter of the resulting network will scale
approximately linearly with the largest distance. Our result now shows that
only a small amount of random-like edges has to be built in order to shrink the
network’s diameter to a quadratic logarithmic term.

It could be shown that small-worlds are ubiquitious. Especially important
for computer scientists, all technical communication networks, like the Internet
and various overlay—networks, have the property that they show a small average
distance together with a high clusteredness. Thus, if a new kind of Internet
protocol or a new P2P—system is simulated, it is very important to simulate
them on a network model that comprises these two properties.

As stated above, the small-world effect assumes that the average distance is
bound by O(log® n) for some constant k. The models given above will essentially
show a growing average distance for increasing numbers of n. In 2005, Leskovec
et al. analyzed the average distance in growing real-world networks [30/31]. They
found that actually the diameter of growing graphs shrinks in some cases instead
of growing (poly—)logarithmically with increasing n. They also present some new
network models that describe this behavior. We refer the interested reader to
their paper [30].

Another, even more important structural property of networks was found in
1999, the so—called scale—freeness of real-world networks.

4.2 Scale—Free Networks

Given a graph G let P(k) denote the probability to choose a vertex with degree
k uniformly at random from all vertices of the graph. A complex network is said
to be scale—free when P(k) scales with k=7 where 7 is a positive constant [0].
This distribution is also said to follow a power laut]. For real-world networks,
v is often between 2 and 3, see [38, Table 3.7] for an overview of n,m, and
~ of around 30 different network types. The easiest way to detect a scale—free
distribution is to compute P(k) and to display it in dependence of k in a dou-
ble logarithmic diagram. Since log P(k) ~ —~vlogk the resulting plot shows a

3 Note that power laws have different names like 'Lotka’s law’ or 'Zipf’s law’ and
were investigated much earlier in other disciplines. E.g., 1926 Lotka observed that
citations in academic literature might follow a power law [34].
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straight line. Note however that if the available data does not span a large or-
der of magnitudes it is actually hard to differentiate between power—laws and
other possible distributions. Clauset et al. describe how to make more accurate
estimates of the parameters governing a power—law distribution [I7]. One such
scale—free degree distribution in a real-world complex network was observed by
the Faloutsos brothers in 1999 when they analyzed a sample of the weblink
graph [20].

As is obvious by the construction of a random graph, its degree distribution
follows a normal distribution (for large n). In comparison with this, a scale—free
graph with the same number of vertices and edges as a corresponding random
graph has much more low—degree vertices and also some vertices with a much
higher degree than to be expected in a random graph. These high—degree vertices
are also called hubs.

The first model that explained how such a scale—free degree distribution can
emerge is the preferential attachment or the—rich—get—richer model by Barabasi
and Albert [6]: it is a dynamic network model where in each step i one new
vertex v; is added together with k incident edges. It starts with a small random
graph of at least k vertices. Subsequently, each new vertex v; chooses k vertices
from the already existing ones, each with a probability that is proportional to its
degree at this time point and creates an edge to it. More precisely, the probability
that the newly introduced vertex v; chooses vertex w is proportional to deg(w)
at that time point. Thus, if a vertex already has a large degree, it has a higher
chance to get a new edge in each time step, a process which is called preferential
attachment. This procedure produces a scale—free network in the limit of large
n [I]. Note that the original model is not defined in every detail, especially
the starting graph and the exact choice mechanism are not fully defined. As
Bollobas and Riordan point out, different choices can lead to different results
[10]. Their LCD model is defined rigorously and can thus be analyzed more
easily [II]. For an overview on other scale—free producing network models see
also [1].

Many real-world networks are reported to have scale—free degree distributions,
the Internet [20], the weblink graph [6], or the web of human sexual contacts
[32033], to name just a few. Especially the findings on the sexual contact network
have important consequences: first, it can explain why sexual diseases are so
easily spread and second, it can also help to prevent the spreading, by finding
especially active hubs and treat them medically. This follows from the fact that
scale—free networks are most easily disconnected if only a small fraction of the
high—degree vertices are removed as we will discuss in Section L3l The scale—free
nature of email contact networks can also explain why some (computer) viruses
stay nearly forever in the network: Pastor-Satorras and Vespignani discuss a
model of virus spreading over a scale—free network and show that in this network
there is no epidemic threshold, i.e., no minimal infection density to enable the
infection of nearly the whole network [41]. Thus, in such a network, every virus
can potentially infect the whole network.
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4.3 Robustness of Random and Scale—Free Networks

One very interesting finding of Albert et al. is that different network struc-
tures show very different robustness against random failures and directed at-
tacks against their structure [2]. They defined the robustness of a network as the
average distance after a given percentage of the vertices were removed from the
network. The removal is modeled in two ways: to model a random failure of, e.g.,
a server in the internet, any vertex is chosen uniformly at random to be removed
from the network; to model a directed attack of some malicious adversary that
knows the network structure, the vertex with highest degree is removed from the
network. Albert et al. could show that in a random failure scenario the robust-
ness of a scale—free network is much higher than that of a corresponding random
graph. Furthermore, after removing more and more vertices, the random graph
finally disconnects into many small connected components while most vertices in
the scale—free network are still forming a big connected component. But for an
attack scenario, the reverse is true: while the random graph stays connected and
shows a rather low average distance, the scale—free network will decompose after
just a few high—degree vertices are removed. This behavior is easily explained:
in a random failure scenario, most of the removed networks in a scale—free net-
work will have a very small degree since most vertices in a scale-free network
have a small degree. In a random graph, almost all vertices have the same de-
gree and the same importance for the connectedness of the graph. This property
saves the network in the case of directed attacks. But the scale—free network
will lose a high percentage of its edges very quickly if its high—degree vertices
are removed which makes it very vulnerable to this kind of attack. This result,
although very easily explained when it was discovered, is quite devastating since
most of our communication and even some of our transportation networks, es-
pecially flight networks, are scale—free. Thus, Albert et al. showed how easily
these networks might become disconnected. We will show in the following sec-
tion that this problem can be alleviated by allowing the network to react to the
attacks.

5 Network Design for Systems with Independent Agents

In many complex systems there is no central authority, they are decentrally
organized. In these networks, it is, e.g., very hard for a single participant to
understand whether a missing neighbor is missing due to a random failure or a
directed attack since this requires a global overview. Nonetheless, because of the
different robustness of random and scale—free network structures (s. Subsec. 3
it would be very convenient if a network could change its structure according
to the situation it is in, i.e., to a random network in the case of attacks and
to a scale—free network in the case of random failures. In the following section
we will show that this can be achieved in a decentrally organized network. In
Sec. we will then show how carefully a network generating protocol has to
be implemented in a decentrally organized system because a subtle change can
make the difference between an efficient and an inefficient network evolution.
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5.1 Adaptive Network Structures

In [50] we considered the question of whether a decentrally organized network
can adapt its network structure to its environmental situation, i.e., a random
failure scenario or an attack scenario, while the single participants are oblivious
of this situation. The first thing to observe is that it is not necessary to have
a really random network structure in the case of attacks, it suffices to have a
network in which almost every vertex has the same degree. It is also not necessary
to make a real scale—free network in which the degree distribution is described
by P(k) ~ k~7. It suffices if the degree distribution is sufficiently right-skewed,
i.e., if most of the vertices have a low degree and some a very high degree.
The second observation to be made is that in the case of attacks, the wanted
change towards a more uniform degree distribution is essentially achieved by
the nature of the attack itself: since it removes high—degree vertices it smoothes
the degree distribution. A third observation is that in the model of Albert et
al. the vertices are not allowed to react to the situation. Thus, in the scale—free
network the attack on only a few high—degree vertices already removes a high
percentages of the edges. We will now present a network re—generating protocol
that is decentral and oblivious of the situation in which the network is in and
achieves to adapt the network’s structure to the one best suited for the situation.
Consider the following model: In each time step remove one vertex x at random
(random failure scenario) or remove the vertex with the highest degree (attack
scenario). A vertex v notices if its neighbor « is missing. Vertex v will now build
one edge to any of its neighbors w in distance 2 with probability 0.5. Let this
set of neighbors in distance 2 be denoted by Na(v). The probability with which
a vertex v chooses w is computed by the following generic formula:

deg(w)’

Z deg(w')’

w’ €Nz (v)

(6)

pi(v,w) =

Thus, if ¢ = 0 all second—hand neighbors have the same probability to be cho-
sen, if 2 = 1 the process resembles a local preferential attachment. Algorithm [
describes this re-generating behavior in pseudo code. In the following A0 will
denote this algorithm where p;(v, w) is computed with ¢ = 0 and Al denotes the
algorithm where ¢ is set to 1.

Note that to be able to compare the robustness of the resulting networks it is
necessary to keep the number of vertices and edges constant. Thus, the removed
vertex x is allowed to re—enter the network, building edges at random to other
vertices. To keep the number of edges (at least approximately) constant z will
build half as many edges as it had before the removall. Thus, since every of its
former neighbors builds a new edge with probability 0.5 and itself builds another
deg(x)/2 edges, the number of edges stays approximately constant.

4 We tried many different variations of re-inserting the removed vertex. The general
outcome did not seem to be influenced by the details of this procedure. It should be
noted that the method sketched here neither introduces a skewed nor a very narrow
degree distribution on its own.
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Algorithm 1. Algorithm for rewiring a deleted edge to one of the second
neighbors
procedure NODE.REWIRE(NODE V) >
if (any neighbor of node v is deleted) then
if (random.nextDouble() < 0.5) then
target «— choose second neighbor w with probability P;(v,w));
create edge between node v and target;
end if
end if
end procedure

Consider now a random graph that suffers from random failures. In this sce-
nario, we would like the graph to establish a right-skewed degree distribution.
Fig. Blshows that algorithm A1 is faster in building a right—skewed degree distri-
bution than A0. This implies that also a local preferential attachment is enough
to create something like a scale—free degree distribution.

Remember that a real scale—free network structure stabilizes the network
against random failures, i.e., it keeps a low average distance even if a substantial
part of the vertices are removed at random. It also makes the network more
fragile against directed attacks. To measure this effect we use Albert et al.’s def-
inition of robustness: the robustness of a graph as introduced by Albert et al. [2]
is measured by the average distance between all vertices after a given percentage
of nodes is removed from the graph (without any rewiring). In the following we
will set this value to 5%. If robustness against attacks is measured, the removed
vertices are the 5% vertices with highest degree, in the case of random failures
the set is chosen uniformly at random. The robustness measures are denoted
by Ra(G) for attack robustness and by Rgr(G) for random failure robustness.
Note that this measure as introduced by Barabési and Albert is a bit unintuitive
since a higher value denotes a less robust network and a lower value denotes a
more robust network.

To analyze whether A1l creates a robust network against random failures and
a fragile network with respect to attacks, we started with a random graph with
1,000 vertices and 5,000 edges. This network then experiences 20,000 random
failures. After 1,000 failures each, the resulting graph is taken and R4 (G) and
Rrr(G) are measured. After that, the next 1,000 random failures are simulated
together with the re-generating algorithms A0 and A1, respectively.

In a pure random graph with 1,000 vertices and 5,000 edges R4(G) is 3.4
and an Rrr(G) is 3.3, i.e., as expected the increase in the average path length
is very similar and only slightly higher in the attack scenario than in the random
failure scenario. In a pure scale—free network with the same number of vertices
and edges, Ry is higher than that in a random graph, namely 3.5. As expected,
the robustness against random failures in a pure scale—free graph is much better
than that of the random graph with Rrr(G) being 3.0. Thus, we expect that
after some random failures the robustness measures after applying A0 and Al
should match that of a pure scale—free graph, i.e., approach 3.5 for R4(G) and
3.0 for Rrr(G) (s. Fig. H).
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Fig. 3. Exemplary evolution of the degree distribution of one random graph after 5, 000
random failures, plotted after every 1000 deletions. @ Since both runs start with the
same random graph with n = 1000 and m = 5,000, the degree distribution is the same
for both algorithms. |(b)} Each diagram compares the resulting degree distribution
after applying algorithm AOQ and Al. It is clear to see that Al results in a degree
distribution that is more right-skewed than the one created by A0. For example, in
diagram f, the highest degree in the graph resulting from procedure Al is around 250,
that of AO is around 50.

Algorithm A0 does not achieve this goal, even after 20,000 random failures
its robustness in both cases, random failures and attacks, is worse than that
of a pure random graph or a pure scalefree graph (s. Table[I]). Algorithm Al
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Fig. 4. Evolution of R4(G) and Rr7r(G) in a long random failure scenario with 20, 000
events and application of A0 and Al. Starting graph is a random graph with 1000 ver-
tices and 5000 edges. @ Algorithm AO creates a graph that is less robust against
attacks than a pure random graph: its average path length after removing 5% of the
vertices is 3.6 compared to 3.4 in a pure random graph. It is also higher (less robust)
than the value in a pure scale—free graph which has Ra(G) = 3.5. The graph’s robust-
ness against random failures is worse than that of a pure random graph (3.4 vs. 3.3).
@ As expected, algorithm Al is able to create a graph that is at least as robust against
random failures as a comparable scale—free graph (Ra(G) ~ 2.9 — 3 compared to 3.0
of a pure scale-free graph). Accordingly, its robustness against attacks is even worse
than a comparable scale—free graph (=~ 4 vs. 3.5), i.e., the resulting graph’s short paths
are strongly depending on the high degree vertices. Note that jumps in the curves are
caused by deletion of a high degree vertex by chance.
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Table 1. Comparison of the robustness of pure random graphs and pure scale—free
networks with the networks that result after applying 20,000 random failures and
either regenerating algorithm AO or Al. It is clear to see that the network resulting
with algorithm AO performs worse than both the pure random and the pure scale—free
graph, while the graph resulting from Al comes near to the robustness of a pure scale—
free graph in the case of attacks. On the other hand, it is even more fragile in the case
of directed attacks. This is due to the localized structure of the network regenerating
algorithm.

Random Scale-Free A0 after Al after
Graph  Graph 20, 000 steps 20, 000 steps
RA(G) 34 35 3.6 3.9
Rrr(G) 3.3 3.0 3.4 3.1

produces a network that is nearly as robust against random failures as the pure
scale—free graph which is astonishing since it only uses local information. On
the other hand it produces networks that are even more fragile with respect to
attacks than pure scale—free graphs. But, as we could show, this is not a huge
problem since the nature of the attack will very quickly move the network’s
degree distribution back to a narrow and thus robust distribution.

In summary, this model shows that the fragility of scale—free networks can be
alleviated if the network is allowed to react to missing vertices. Of course this
is not always possible on a short time-scale, e.g., in street networks. But for
example in flight networks, a redirection of airplanes is only a minor problem.
Also in P2P-networks a new edge can be built fast and without high costs.

As we have shown in the previous paragraphs, many relevant technical net-
works show specific network structures that influence the behavior of processes
running on top of them. To analyze the behavior of a new communication pro-
tocol or the runtime of a graph algorithm on real-world networks, it is very
important to analyze the network’s structure and to model it as closely as pos-
sible. But sometimes computer scientists face the opposite perspective, namely
to design a network such that its structure supports the processes on top of it.
This is already a difficult task if the network is static and centrally organized,
but nowadays it becomes more and more important to design network gener-
ating rules between independent and maybe even mobile agents, like in sensor
networks, peer—to—peer networks [28], or robot swarms. In the following section
we will show how difficult this design task can be, even in a toy example.

5.2 The Sensitivity of Network Generating Algorithms in
Decentrally Organized Systems

Social systems are among the most complex systems to explore because their
global structure depends on the individual decisions of the humans that consti-
tute them. We can assume that humans will interact with each other when both
profit from this interaction in a way, i.e., we will assume that the human agents
are selfish. In internet—based communication networks, foremost P2P—networks,
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these decisions are mediated by the software that manages the communication
over the internet. A P2P-network can be seen as an overlay network of the in-
ternet, i.e., every user has a buddy list of other participants with which she can
communicate directly. If a query, e.g., for a file, cannot be answered by one of
her neighbors, the query will be redirected to (all or a choice of) the neighbors
of her neighbors and so on. The complex network of this system thus represents
each participant p; as vertex v;, and v; is connected to those vertices that rep-
resent the participants on the buddy list of p;. As already sketched above, some
network structures are more favourable than others. For example, it might be
wanted that a P2P-network has a small diameter. This sounds like a network
property that has to be managed centrally. On the other hand, we know that if
every participant had only one random edge the diameter would already scale
poly—logarithmically. But why should a random edge be valuable for a single par-
ticipant? In the example of P2P-networks, especially file-sharing networks, it is
much more valuable to be connected to those participants that have a similar in-
terest than to any random participant which may never have any interesting file
to share. Thus, the question is: what kind of control can be excerted to guide the
decisions of each single user such that an overall favourable network structure
arises? Especially in software mediated communication networks, the designer
can indeed excert some control, namely by the information about the current
network structure the software feeds back to the users. Consider the following
toy example: The initial starting configuration is a tree. Each participant v is
told its eccentricity ecc(v), i.e., its maximal distance to any other participant in
the network:

ecc(v) := max d(v, w). (7)
Given this information, a vertex is satisfied if this eccentricity does not exceed
some constant k. In each step, one participant v is chosen at random. If its
eccentricity is larger than k, it tries to improve its position in the network: to do
s0, let No(v) denote the vertices in distance 2 from v that are no leaves. Now, v
chooses one of these vertices z uniformly at random. Let w denote the mediating
neighbor of v and z (s. Fig. Bl).

The edge (v, w) is then temporarily removed and the edge (v, z) is temporar-
ily built. If the eccentricity of v does not increase by this new edge, v will
keep the edge and otherwise the original edge (v,w) is re—established. It can
be shown that this procedure will eventually form a tree with diameter k&, i.e.,
a tree in which all participants are satisfied [49, Lemma 6.1]. Of course, it is
important how fast this globally satisfying structure will be achieved. Let now
k be equal to 2, i.e., the globally satisfying network structure is a star. Unfor-
tunately, the following theorem shows that this will take expectedly exponential
time:

Theorem 1. [27[{9, Theorem 6.1]
Starting with a tree with diameter larger than 2, the expected runtime to generate
the star with the above sketched mechanism is bounded from below by 2(2").
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Fig. 5. One vertex v is chosen at random in every time step. If its eccentricity is greater
than k it will try to connect to a non-leaf vertex in distance 2 (black vertex). Let z be
the second neighbor chosen and w be the vertex connecting both. Then edge (v, w) will
be replaced by edge (v, z) if the eccentricity of v does not increase due to this process.

This situation can be greatly improved by feeding back the closeness close(v) of
each participant instead of its eccentricity:

close(v) := Z d(v,w). (8)

weV

By assuming that each participant will only accept a new edge if its closeness
is strictly decreased, it can first be shown that a globally satisfying network is
finally achieved [27J/49, Lemma 6.2]. Furthermore, the expected time until this
happens is polynomial:

Theorem 2. [27[79, Theorem 6.2]
If the closeness is fed back to each participant, the expected runtime until an
overall satisfying network structure is generated is bounded by O(n®).

By a more involved analysis, Jansen and Theile [24] improved the upper bound
to O(n®/?) [Th. 4] and could show that the runtime is bounded from below by
2(nlogn) [Th. 3]. Of course, this toy model of a complex system generated by in-
dependent, selfish agents is not easily applied to realistic situations, in which we
have to deal with graphs instead of trees, in which agents change the network at
the same time (asynchronous behaviour), and in which it is also unlikely to be able
to compute the closeness or eccentricity. But it proves the following two points:

1. Even in a system comprised of independent agents, a designer can excert
some control over the network generating process by feeding back a well-
designed subset of structural information.

2. The choice of which information to feed back must be made very carefully
since it can make the difference between an exponential and a polynomial
runtime until a satisfying network structure is achieved.

6 Summary

The last years have shown that real-world networks have a distinct structure
that is responsible for the behavior of various processes that take place on them.
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We have cites some papers that indicate that these structures also influence the
behavior of technical networks, especially the internet or peer—to—peer networks.
It could additionally be shown empirically that a small-world structure is likely
to change the runtime of algorithms solving NP-hard problems on these graphs
[45]. On the other hand, the complexity of, e.g., coloring a graph is unchanged
on scale—free networks [21]. In any case, we think that further research should
be directed to find and analyze those real-world structures that can be used to
design more efficient algorithms or that make a problem even harder to solve in
practice. As cited above, scale-free networks show a distinct behavior in computer
simulations for, e.g., virus spreading, and thus simulations of similar processes
should be based on an appropriately chosen network model that captures the
essential structures of the according real-world network. Last but not least,
computer scientists are more and more asked to design communication networks
between humans and large swarms of mobile and independent devices. We have
shown that it is indeed possible to control the network generating process even in
a decentrally system of independent agents to achieve various, globally satisfying
network structures, but we have also shown that a careful network generating
protocol design is needed to do so. In summary, complex network science is
important for computer scientists, as well in algorithm engineering as in the
design of technical networks.

7 Further Reading

As sketched in Sec. [Tl the field of complex network science can be divided into
three areas: analysis, models, and processes on complex networks. At the moment
there is no textbook that comprises all of these fields. We will thus refer to some
review articles or books in each of the fields.

Network analysis was done long before the 1990s, especially in the social
sciences. The textbook by Wasserman and Faust [46] is a classic book in that
realm. The book edited by Brandes and Erlebach covers most of these older and
some of the newer results and moreover makes the effort to present them in a
well-defined, formal framework [I3]. The classic book on the analysis of random
graph models is of course the one by Bollobés [9]. A new one that takes other,
more recent random graph models into account is that by Chung and Lu [I5].

Also the later results that are predominantly published by physicists have not
yet found their way in one, comprehensive textbook. The early book by Doro-
govtsev and Mendes covers almost only scale—free networks [I8]. It is helpful
since it explains some of the physics models used in this approach quite nicely.
Watts has published his Ph.D. thesis which covers small-world network models
[47]. Albert and Barabési have published a long review article (based on Albert’s
thesis) which is very readable and covers mostly scale—free network models and
their behavior [I]. An interesting overview of applied complex network science
is given in a handbook edited by Bornholdt and Schuster [12]. A very good
collection of original papers, partitioned into five chapters alongside with a com-
prehensive introduction to each, was edited by Barabéasi, Watts, and Newman
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[38]. Alon has published a book that covers his findings on patterns in biological
networks [3].

To our knowledge there is no comprehensive article or book that covers the

behavior of processes on networks in dependency of their structure. Thus, we
refer the reader to the last chapter of the article collection by Barabasi, Watts,
and Newman where at least some of this work can be found [3§].
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Abstract. This chapter presents a number of different aspects related
to a particular kind of large and complex networks: A Wireless Sen-
sor Network (WSN) consists of a large number of nodes that individu-
ally have limited computing power and information; their interaction is
strictly local, but their task is to build global structures and pursue global
objectives.

Dealing with WSNs requires a mixture of theory and practice, i.e.,
a combination of algorithmic foundations with simulations and experi-
ments that has been the subject of our project SwarmNet. In the first
part, we describe a number of fundamental algorithmic issues: boundary
recognition without node coordinates, clustering, routing, and energy-
constrained flows. The second part deals with the simulation of large-
scale WSNs; we describe the most important challenges and how they
can be tackled with our network simulator Shawn.

1 Introduction

Our modern world has grown immensely complex, much beyond what any group
of human experts could have designed. A major part in this is played by decen-
tralized networks, which form a robust yet dynamic mechanism that is able to
handle a large variety of challenges. In the following we give a brief overview of a
particular type of decentralized network, as well as the corresponding algorithmic
and simulation challenges.

1.1 Decentralized Networks

Traditional computing systems are based on a centralized algorithmic paradigm:
Data is gathered, processed, and the result administered by one central author-
ity. On the other hand, in today’s communication world, wireless networks such
as the mobile phone network GSM in the wide area and WiFi in the local area
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© Springer-Verlag Berlin Heidelberg 2009
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range have become ubiquitous. So far, most applications using these networks
rely on a thoroughly managed infrastructure, e.g., base stations in GSM or access
points in WiFi. Many research activities, however, already go one step further
and make use of the fact that more and more mobile devices with radio com-
munication capabilities are available. These devices are not necessarily bound to
communication infrastructures, but can instead create a spontaneous network,
a so-called ad-hoc network, in order to allow communication among all partic-
ipating nodes (and not necessarily to the outside). In its sophisticated form,
some of the nodes in an ad-hoc network act as relay stations and transport data
from a source to a destination that is not in direct radio range (multihop ad-hoc
network).

Based on the ad-hoc kind of network setup, another new kind of network is
currently in the focus of many research activities: the sensor network. Its purpose
is the recording, transport and interpretation of phenomena of the environment,
such as measuring temperatures, monitoring areas, etc. Many people claim that
this new technology is so substantially different from today’s networks that from
the scientific point of view a paradigm shift for design, implementation, deploy-
ment and management of such networks and their nodes is necessary. A number
of facts support this view: Sensor networks usually consist of a large number
of nodes, while their communication mode is usually ad hoc without infrastruc-
ture. It may be necessary that after potentially uncontrolled deployment (e.g.,
throwing nodes out of a plane), nodes have to organize themselves into a net-
work without the help of an administrator. During the network’s lifetime, nodes
might move, run out of energy or may even be destroyed. Sensor nodes have
very limited computing and storage capacities; on the other hand, algorithms
have to be devised with limited energy supply in mind. Finally, sensor networks
usually provide enormous amounts of data. In order to get meaningful results
from their operation, powerful data aggregation and interpretation facilities have
to be created.

1.2 Algorithmic Challenges

From an algorithmic point of view, the characteristics of a sensor network require
working under a paradigm that is different from classical models of computa-
tion: absence of a central control unit, limited capabilities of nodes, and limited
communication between nodes require developing new algorithmic ideas that
combine methods of distributed computing and network protocols with tradi-
tional centralized network algorithms. In other words: How can we use a limited
amount of strictly local information in order to achieve distributed knowledge of
global network properties?

This task is much simpler if the exact location of each node is known. Com-
puting node coordinates has received a considerable amount of attention. Unfor-
tunately, computing exact coordinates requires the use of special location hard-
ware like GPS, or alternatively, scanning devices, imposing physical demands
on size and structure of sensor nodes. As we demonstrated in our paper [I],
current methods for computing coordinates based on anchor points and distance
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estimates encounter serious difficulties in the presence of even small inaccuracies,
which are unavoidable in practice.

Our work shows that even in the absence of coordinates, there is some under-
lying geometric information that can be exploited. As we discuss in Section 2,
boundary recognition without node coordinates, clustering, routing, and energy-
constrained flows allow algorithmic solutions.

1.3 Simulation Challenges

To acquire a deeper understanding of these networks, three fundamentally dif-
ferent approaches exist: Analytical methods, computer simulation, and physical
experiments. Designing algorithms for sensor networks can be inherently com-
plex. Many aspects such as energy efficiency, limited resources, decentralized
collaboration, fault tolerance, and the study of the global behavior emerging
from local interactions have to be tackled.

In principle, experimenting with actual sensor networks would be a good way
of demonstrating that a system is able to achieve certain objectives, even under
real-world conditions. However, this approach poses a number of practical diffi-
culties. First of all, it is difficult to operate and debug such systems. This may
have contributed to the fact that only very few of these networks have yet been
deployed [213,/4]. Real-world systems typically consist of roughly a few dozen
sensor nodes, whereas future scenarios anticipate networks of several thousands
to millions of nodes [B,[6]. Using intricate tools for simulating a multitude of
parameters, it may be possible to increase the real-world numbers by a couple
of orders of magnitude. However, the difficulty of pursuing this approach obfus-
cates and misses another, much more crucial issue: The vision of an efficient,
decentralized and self-organizing network cannot be achieved by simply putting
together a large enough number of sensor nodes. Instead, coming up with the
right functional structure is the grand scientific challenge for realizing the vision
of sensor networks. Understanding and designing these structures poses a great
number of algorithmic tasks, one level above the technical details of individual
nodes. As this understanding progresses, new requirements may emerge for the
capabilities of individual nodes; moreover, it is to be expected that the tech-
nical process and progress of miniaturization may impose new parameters and
properties for a micro-simulation.

In Section 3 we discuss a powerful alternative: Our simulator Shawn focuses
on the algorithmic effects of interaction within the network, rather than trying to
simulate the physical basics. This allows a large-scale simulation of algorithmic
approaches to large and complex networks.

2 Topology-Aware Algorithms

An important issue in WSNs is Localization or Positioning, i.e., letting the nodes
know where they are. This essentially adds geometry to what would otherwise
be conceivable only as a graph. It is often assumed that location knowledge
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can only be established by providing coordinates in 2- or 3-dimensional space
to the nodes. Unfortunately, it is not generally possible to equip all nodes with
positioning devices such as GPS receivers, due to size and cost constraints, and,
most importantly, because GPS receivers only function in environments that
allow line-of-sight connections to satellites.

Practically all relevant localization scenarios boil down to the following set-
ting: Given some (or even zero) nodes that know their position, and a graph
following geometric constraints, find consistent positions for the other nodes.
Sometimes, inter-node distance or angles are given. It is well known that these
problems are NP-hard if there is any inaccuracy in the data [7]. In a prestudy [I]
we confirmed that available heuristics produce unusable results also in realistic
scenarios.

This motivated us to seek location knowledge that does not consist of coordi-
nates, but topological and geometric structures instead.

2.1 Boundary Recognition

One topological problem is Boundary Recognition: Given a sensor network, find
the boundary of the covered area. There is no formal definition of the problem,
as there are many different meaningful definitions for the boundary. We are
especially interested in networks without available position information, i.e., we
are given a graph defined by a geometric embedding, but the embedding itself
is unknown. It is easy to construct a graph that can be defined via different
embeddings, each of which has a different boundary.

We consider the following setup: The network populates a geometric region
A C R?, i.e., no “large” piece of A is unoccupied. Now we identify nodes that
are located close to the region’s boundary dA. We assume that the nodes follow
the d-Quasi Unit Disk Graph model [8, Chapter 2|, where nodes can always
communicate when their distance is at most d < 1, can never communicate when
their distance is more than 1, and nothing is assumed for distances in between.
This model is a more realistic generalization of Unit Disk Graphs (which arise
as the special case d = 1), as it allows for non-circular communication ranges.

Randomized Settings: A straightforward approach is the following: Assume the
nodes are distributed on A following a uniform distribution. Nodes close to A
will have fewer neighbors than the average, as parts of their communication
range lies outside of A. We developed an algorithm that detects nodes close to
0A with high probability, provided sufficient density [9]. The algorithm works
well in very high densities (over 100 neighbors on average), which are unlikely
to appear in practice. We improved the algorithm with a set of heuristics in
the same spirit [I0], exploiting measures from social network analysis that are
sensitive to how close a node is to the boundary. In experiments we confirmed
that they work sufficiently in networks with as few as 20-30 neighbors.

Deterministic Settings: The major issue with randomized approaches such as
the previous ones are that they assume a specific distribution of the nodes.
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Fig.1. A 5-flower

To overcome this, we proposed a deterministic algorithm that sidesteps all diffi-
culties. Consider the graph shown in Figure [Tl which is an example of a class of
graphs called flowers. Flowers are beautiful because of the following fact [T1]:

Theorem 1. In every embedding as a d-Quasi Unit Disk Graph for v/2/2 <
d < 1, the outer cycle of a flower describes a polygon that contains the flower’s
central node on the inside.

Proof sketch. Any embedding will have a number of properties: First, taking a
cycle in the graph and all cycle neighbors produces a cut that cannot be crossed
by any edge in the graph. This property vanishes when d < v/2/2, which is the
reason why d is constrained in the theorem. Consider a connected set U in the
graph and such a cycle C' with neighbors N(C), where U N (C U N(C)) = 0. Tt
is obvious that either all of U is located outside of the polygon defined by C, or
all of U is on the inside. At the same time, a set of independent nodes I C U
requires a certain area for the embedding, as the nodes cannot be placed close to
each other. So, if |I| is larger than a specific threshold defined by |C|, it can be
concluded that U is located outside of the polygon. This is independent of the
actual embedding. By applying this argument to cycles connecting the central
node of a flower with one of the outer paths, one can prove the claim. a

Theorem [ provides a new way to detect boundaries: While a flower does not
indicate anything about the network boundary, it does identify a subnetwork,
and for it a meaningful and provably correct boundary.

We extend this idea to a global boundary recognition algorithm. We start
by identifying one or more flowers, establishing a local “explored” region. From
there, we successively enlarge the region by augmenting the flowers with small
appendices. These also have the property that there is a cycle that provably
surrounds some nodes. Thereby the algorithm extends the explored area until
no further augmentation is possible. In the end, the algorithm produces one
or more boundary cycles (if there are holes) and a set of “explored” nodes.



Algorithms and Simulation Methods for Topology-Aware Sensor Networks 385
Our algorithm has two important properties that make it stand out:

— It is able to recognize the region for which it can identify the boundary; if
the network has parts of very low density, the algorithm will only fail there.

— The boundary is described by a set of connected cycles instead of as a un-
ordered set of nodes. This links the discrete representation to the topological
shape of the explored region’s boundary.

Figure [ visualizes our algorithm when applied to a network in an urban sce-
nario. Figure [2(a)] shows the network, consisting of 50000 nodes with an average
neighborhood size of 20 in the lighter and 30 in the darker regions. The following
three pictures show the identified flowers, an intermediate state where explored
regions are growing and merging, and finally the resulting boundary and the
explored area.

® ® @Q ] & ®
@ 5o 0%
® @
Y 09
% ¢ @oige®a
@ &% © 5
® 89286, 09" ¢
6 5 e % s
O 0@ So em
& & @@@ & ]
@ g 2Se®
® o 3
o Lovs@y O
©@
o® @@@ &
Las 075 P @ G0

(b) Identified flowers

E @ e

.@ﬁ?@ o
e Bk
P

(c) Growing the explored region (d) Final boundary

Fig. 2. Stages of the boundary recognition algorithm



386 A. Kroller et al.

2.2 Clustering

In the following we show how to utilize the detected boundary to provide location
knowledge. Our goal is to segment A C R? into regions A, As,..., Ar. We
then construct a cluster graph whose nodes refer to the region. There is an
edge whenever the corresponding regions meet. Now each sensor node stores the
cluster graph, which is of much smaller size than the sensor network, as well as the
information to which cluster it belongs. If the clusters are constructed carefully,
the resulting location knowledge accurately describes the network topology and
can be applied in a number of applications.

Our clustering scheme is based on the medial azis MA(A) of A, which is the
set of all centers of maximal circles contained in A. See Figure 3l for an example.
The medial axis is a finite geometric graph under very mild assumptions on
A [12]. Furthermore, it describes the topology of A accurately [13].

We construct two types of clusters:

— For every vertex x of MA(A), we construct a vertex cluster. Let C(x) be
the set of all contact points of x, that is C'(xz) = S N AA, where S C A is
a maximal circle centered at x. The set convC(x) becomes one cluster. See
Figure 3 for a visualization.

— After all vertex clusters Aq,..., Ay are constructed, we consider the con-
nected components of A\ (A4;U...UAy ). For each component B, we construct
a tunnel cluster from its closure B.

We can prove that our clusters have certain beneficial shapes [14]. Essentially,
when thinking about A as the streets of a city, i.e., a highly complex topological
shapes, vertex clusters take the role of intersections, and tunnel clusters reflect
the streets. This makes the cluster graph equivalent to the street map of the city.

0A

Fig. 3. Medial axis and vertex clusters for network region A
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Fig. 4. Result of the clustering algorithm

Theorem 2. The clustering adheres to the following properties:

The clusters have pairwise disjoint interiors.

— Vertex clusters are convez.

— The number of clusters is finite.

— The boundary of a vertex cluster convC(x) is a finite alternating sequence of

1. contact components of x and

2. chords of the maximal circle around x.

Let T be a tunnel cluster. Then one of the following holds:

1. Either T = A, or

2. 0T consists of one exit of some vertex cluster and one continuous piece
of a boundary curve, or

3. 9T consists of two vertex cluster exits (possibly two exits of the same
cluster) and two continuous pieces of boundary curves.

To apply the scheme in a discrete WSN, the definition has to be translated from
geometric to network terms. This is easily done by using graph distances (“hop
counts”) as a replacement for Euclidean distances. The only problem lies in the
definition of vertex clusters, where convC(x) has to be computed without avail-
able coordinates. Fortunately, such a cluster has a known shape. Our algorithm
first constructs a cycle O representing dconvC'(z), consisting of shortest paths
and boundary pieces. It then marks the interior by taking all nodes in the me-
dial axis ball around z, and removes all those that can reach the outside without
crossing O.

A sample output of our algorithm is depicted in Figure[dl It is clearly visible
how some clusters exactly describe intersections, while others follow the streets.

2.3 Low-Overhead Routing

A straightforward application of a clustering scheme is message routing. To send
a message to a node that cannot be reached directly, it is necessary to construct
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Fig. 5. Optimal vs. greedy path

a routing path through the network. A simple approach is that every node stores
a successor for every possible destination, resulting in messages travelling along
shortest paths. Unfortunately, such an approach requires a large amount of data
to be stored in every node, if the number of possible destinations is unbounded.

Consider the case of an arbitrary node v communicating with a sink s of a
WSN, that is a base station collecting data: If there is just a limited number of
sinks, it is easy to send messages from v to s over a shortest path P,s, using the
aforementioned approach. However, routing responses (i.e., messages from s to v)
is not as easy. We do not want the nodes on P, to store anything about messages
they pass, because there could possibly be many simultaneous communications
of nodes with the sink. Instead, we want to collect path information in the first
packet from v to s, and use that for routing the responses. Simply collecting all
nodes of P, in the packet is infeasible due to packet size limitations.

Our algorithm exploits a clustering. Assume the Euclidean plane to be par-
titioned into a finite set of convex clusters C1,...,Cx C R. Let v,s € R2. The
optimal, i.e., shortest path from s to v is a straight line segment. The path visits
one or more clusters, let these be C1, C%, ..., Cy, in this order. Now we construct
another v-s-path, called greedy path, as follows: Start at s € C]. Connect s to
the closest point in C} using a straight line. Repeat connecting to the closest
point in C%, CY, ..., until the path enters Cj. Finally connect to v directly. See
Figure [

We were able to prove that the greedy path is an approximation [I5,[16]:

Theorem 3. The greedy path is a c-approrimation to the optimal path, where
T+1<e<b.

This directly translates into an efficient routing scheme: On the route from v to
s, collect the visited clusters in the packet. Every node stores a successor on a
shortest path for every neighboring cluster. In the cluster of v, either employ a
recursive application of the scheme or temporarily store shortest path routes to v.
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Therefore, establishing the greedy path for the sink’s responses is straightforward
and memory-efficient while producing a short message route.

2.4 Energy-Constrained Flows

Next consider the situation where there is urgent data to be sent from one or
more sources to a sink. For example, there could be an event requiring immediate
attention, such as a natural disaster. Nodes generate data about it, but there
is only limited time until the sink has to react. We model this as the follow-
ing objective: Maximize the total information reaching the sink before a known
point in time. Packets arriving later than this point cannot be considered in the
decision process happening at the sink and are therefore useless. Furthermore,
the nodes are equipped with non-rechargeable batteries. When a node runs out
of energy due to excessive communication, it will shut down, thereby leaving the
network.

To model the timing behavior of the sensor network accurately, we introduce
an explicit notion of time: With each edge e, we associate a transit time 7. € IN,
defining how much time it takes a packet to travel e. This puts our problem
into the context of Dynamic Network Flows [17]. We assume that a time horizon
T € N is given. Each edge e € E can be used in both directions. The flow on
an edge is bounded by an edge capacity u., which applies to the sum of both
directions. Let s be the source and ¢ the sink. Let P*! be the set of all directed,
simple s-t-paths in the network. The total transit time of a path P € Pst is
denoted by 7(P) := ) . p Te. We define 7.(P) as the time a packet traveling P
needs until it reaches the edge e € P. We assume that sending one unit of flow
from u to v over uv € E reduces C,, the initial energy level of u, by ¢}, and C,
by c;,,. The aggregated cost ¢, p denotes the total energy cost for a node v € V
when one flow unit is sent over path P.

The Energy-Constrained Dynamic Flow problem (ECDF) can be formulated
as follows, where xp(f) denotes the flow starting to travel P at time 6:

T—7(P)
max Y > ap(0) (1)
PePst 6=0
s.t. > xp(0 —1.(P)) <ucVe € E,0=0,...,T (2)
0<9776(IE;2T*T(P)
T—7(P)
Y Y aprp(0) <Gy YoeV (3)
P>v  6=0
zp(0) =0 VP eP* 0=0,...,T—7(P). (4)

It should be noted that our treatment [I8] of the problem is the only one
addressing energy-constrained dynamic flows so far, so there are many problem
variants left unsolved.

An important special case of the problem is 1-ECDF, where we assume all
transit times to be 1. This case reflects the store-and-forward message passing in
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WSNs accurately. We showed that two important problem variants are hard [18]:

Theorem 4. Finding an integral solution for 1-ECDF is NP-hard. The original
ECDF with arbitrary transit times 7 € INF is also NP-hard.

We were not able to decide whether the fractional 1-ECDF problem is hard.

We presented some evidence that there may not be a polynomial-size encoding

scheme for optimal solutions [I8]. If this could be verified, it would prove that the

problem is indeed PSPACE-hard. Unfortunately, this remains an open problem.
Our most important result on this problem is the following:

Theorem 5. 1-ECDF admits a distributed FPTAS.

Proof sketch. Consider a solution to 1-ECDF, where for given P, zp(6) is con-
stant over all feasible #. Such a solution is called temporally repeated. It can
be shown that temporally repeated flows are (1 — ¢)-approximations to optimal
flows, when the time horizon T is larger than ![V|. We consider LP formula-
tions for temporally repeated flows and large time horizons as well as for 1-ECDF
with small time horizons. Both use an exponential number of variables, yet only
a polynomial number of constraints. Furthermore, both formulations describe
fractional packing problems. Such problems can be solved using the algorithmic
framework by Garg and Kénemann [19], which provides a (1—e&)2-approximation.
This algorithm does a number of flow augmentation steps that are controlled by
solving the dual separation problem for the LP formulation, where the impor-
tant twist is to use exponentially growing dual weights. It can be shown that
each such step corresponds to finding a shortest path P € P*! w.r.t. a nonlinear
path cost function. Finding such a shortest path can be (1 — ¢)-approximated by
using simplified linear path costs. Our algorithm therefore provides a (1 — £)*-
approximation in polynomial time, by iteratively augmenting flow over shortest
paths. The algorithm is easily distributed and requires little more storage at the
nodes than the solution itself. O

3 Shawn: A Customizable Sensor Network Simulator

Software for WSNs must be thoroughly tested prior to real-world deployments,
because sensor nodes do not offer convenient debugging interfaces and are
typically inaccessible after deployment. Furthermore, successfully designing al-
gorithms and protocols for WSNs requires a deep understanding of these com-
plex distributed networks. To achieve these goals, three different approaches are
commonly used: analytic methods, real-world experiments, and computer simu-
lations.

Analytic methods are typically not well-suited to support the development
of complete WSN applications. Despite their expressiveness and generality, it is
difficult to grasp all details of such complex, distributed applications in a purely
formal manner.

Real-world experiments are an attractive option as they are a convincing
means to demonstrate that an application is able to accomplish a specific task
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in practice—if the technology is already available. However, due to the unpre-
dictable environmental influences it is hard to reproduce results or to isolate
sources of errors.

Computer simulations are a promising means to tackle the task of algorithm
and protocol engineering for WSNs. Existing simulation tools such as Ns-2 [20],
OMNeT++ [21], TOSSIM [22], or SENSE [23], reproduce real-world effects in-
side a simulation environment and therefore mitigate required efforts for real-
world deployments. However, the high level of detail provided by these tools
obfuscates and misses another, much more crucial issue: The large number of
factors that influence the behavior of the whole network renders it nearly im-
possible to isolate a specific parameter of interest.

For example, consider the development of a routing protocol. The cause for
low throughput is not clear at first sight, as the sources for the error are manifold:
the MAC layer might be faulty; cross-traffic could limit the bandwidth; or the
routing protocol’s algorithm is not yet optimal. Therefore, it is not only sufficient
to simulate a high number of nodes with a high level of detail. Instead, developers
require the ability to focus on the actual research problem.

When designing algorithms and protocols for WSN it is important to under-
stand the underlying structure of the network—a task that is often one level
above the technical details of individual nodes and low-level effects. There is
certainly some influence of communication characteristics. From the algorithm’s
point of view, there is no difference between a simulation of low-level networking
protocols and the alternative approach of using well-chosen random distributions
on message delay and loss. Thus, using a detailed simulation may lead to the
situation where the simulator spends much processing time on producing results
that are of no interest at all.

To improve this situation, we propose a novel simulation tool: Shawn [24]
25126]. The central idea of Shawn is to replace low-level effects with abstract
and exchangeable models so that simulations can be used for huge networks
in reasonable time, while keeping the focus on the actual research problem. In
the following, Section Bl discusses fundamental design goals of Shawn while
Section shows how these goals reflect themselves in Shawn’s architecture.
Finally, Section B3] compares Shawn’s performance with two other prominent
simulation tools (Ns-2 and TOSSIM).

3.1 Design Goals

Shawn differs in various ways from the above-mentioned simulation tools, while
the most notable difference is its focus. It does not compete with these simula-
tors in the area of network stack simulation. Instead, Shawn emerged from an
algorithmic background. Its primary design goals are:

— Simulate the effect caused by a phenomenon, not the phenomenon itself.
— Scalability and support for extremely large networks.
— Free choice of the implementation model.
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Simulate the effects. As discussed above, existing simulation tools perform a
complete simulation of the MAC layer, including radio propagation properties
such as attenuation, collision, fading and multi-path propagation. A central de-
sign guideline of Shawn is to simulate the effect caused by a phenomenon, and
not the phenomenon itself. Shawn therefore only models the effects of a MAC
layer for the application (e.g., packet loss, corruption and delay).

This has several implications on the simulations performed with Shawn. On
the one hand, they are more predictable and there is a performance gain, because
such a model can be implemented very efficiently. On the other hand, this means
that Shawn is unable to provide the same detail level that, e.g., Ns-2 provides
with regard to physical-layer or packet-level phenomena. However, if the model
is chosen well, the effects for the application are virtually the same.

It must be mentioned though that the interpretation of obtained results must
take the properties of the individual models into account. If, for instance, a
simplified communication model is used to benchmark the results of a localization
algorithm, the quality of the obtained solution remains unaffected. However,
the actual running time of the algorithm is not representative for real-world
environments, because no delay or loss occurs.

Scalability. One central goal of Shawn is to support numbers of nodes that are
orders of magnitudes larger than the currently existing simulators. By simplifying
the structure of several low-level parameters, their time-consuming computation
can be replaced by fast substitutes, as long as the interest in the large-scale
behavior of the system focuses on unaffected properties. A direct benefit of this
paradigm is that Shawn can simulate vast networks.

To enable a fast simulation of these scenarios, Shawn can be custom-tailored
to the problem at hand by selecting appropriate configuration options. This
enables developers to optimize the performance of Shawn specifically for each
single scenario. For example, a scenario without any mobility can be treated
differently than a scenario where sensor nodes are moving.

Free model choice. Shawn supports a multi-stage development cycle, where de-
velopers can freely choose the implementation model. Using Shawn, they are not
limited to the implementation of distributed protocols. The rationale behind this
approach is that—given a first idea for a novel algorithm—the next natural step
is not the design of a fully distributed protocol. In fact, it is more likely to per-
form a structural analysis of the problem at hand. To get a better understanding
of the problem in this phase, it may be helpful to look at some exemplary net-
works to analyze their structure and the underlying graph representation. This
allows developers to start from an initial idea and gradually leads to a fully
distributed protocol.

3.2 Architecture

Shawn’s architecture comprises three major parts (see Figure Bl): Models, Se-
quencer and Simulation Environment.
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Fig. 6. High-level architecture of Shawn and overview of its core components

Every aspect of Shawn is influenced by one or more Models, which are the key
to its flexibility and scalability. The Sequencer is the central coordinating unit in
Shawn as it configures the simulation, executes tasks sequentially and controls
the simulation. The Simulation Environment is the home for the virtual world
in which the simulated sensor nodes reside. In the following, the functionality of
these core components is described in detail.

Models. Shawn distinguishes between models and their respective implementa-
tions. A model is the interface used by Shawn to control the simulation without
any knowledge on what a specific implementation may look like. Shawn maintains
a repository of model implementations that can be used to compose simulation
setups by selecting the desired behaviors. The implementation of a model may
be simplified and fast, or it could provide close approximations to reality. This
enables the user to select the most appropriate implementation of each model to
fine-tune Shawn’s behavior for a particular simulation task.

As depicted in Figure [6] three models form the foundation of Shawn: Com-
munication Model, Edge Model and Transmission Model. In the following, these
models and their already included implementations are explained in detail. Other
models of minor importance are briefly introduced at the end of this section.

Communication Model. Whenever a simulated sensor node in Shawn transmits a
message, the potential receivers of this message must be identified by the simula-
tor. Note that this does not determine the properties of individual transmissions
but defines whether two nodes can communicate at all. This question is answered
by implementations of the Communication Model.

By implementing an instance of such a model, arbitrary communication pat-
terns can be realized. Shawn comes with a set of different Communication Model
implementations, such as the Unit Disk Graph Model, in which two nodes can
communicate bidirectionally if the Euclidean distance d between the nodes is
less than 7y,44; or the Radio Irregularity Model (RIM, [27,[28]), which is based
on real-world experiments.
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The FEdge Model provides a graph representation of the network. The sim-
ulated nodes are the vertices of the graph, and an edge between two nodes is
added whenever the Communication Model returns true. To assemble this graph
representation, the Fdge Model repeatedly queries the Communication Model.
It is therefore possible to access the direct neighbors of a node, the neighbors
of the neighbors, and so on. This is used by Shawn to determine the potential
recipients of a message by iterating over the neighbors of the sending node. Sim-
ple centralized algorithms that need information on the communication graph
can be implemented very efficiently as in contrast to other simulation tools, no
messages must be exchanged that serve as probes for neighboring nodes.

Depending on the application’s requirements and its properties, different stor-
age models for these graphs are needed. For instance, mobile scenarios require
different storage models than static scenarios. In addition, simulations of rel-
atively small networks may allow storing the complete neighborhood of each
node in memory. Conversely, huge networks will impose impractical demands
for memory and hence supplementary edge models trade memory for runtime,
e.g., by recalculating the neighborhood on each request or by caching a certain
amount of neighborhoods. Accordingly, Shawn provides different Fdge Model
implementations.

Transmission Model. Whenever a node transmits a message, the behavior of the
transmission channel may be completely different than for any other message
transmitted earlier. For instance, cross traffic from other nodes may block the
wireless channel or interference may degrade the channel’s quality. To model
these transient characteristics inside Shawn, the Transmission Model determines
the properties of an individual message transmission. It can arbitrarily delay,
drop or alter messages. This means that a message may not reach its destination
even if the Communication Model states that two nodes can communicate and
the Fdge Model lists these two nodes as neighbors.

Again, the choice of an implementation strongly depends on the simulation
goal. In case that the runtime of an algorithm is not of interest but only its
quality, a simple transmission model without delay, loss or message corruption is
sufficient. Models that are more sophisticated could take contention, transmission
time and errors into account at the cost of performance.

Shawn’s built-in transmission models cover both abstract and close-to-reality
implementations. The Reliable transmission model delivers all messages immedi-
ately, without loss or corruption to all neighboring nodes. Random drop discards
messages with a given probability but it neither delays nor alters messages. Addi-
tionally, an implementation is available that models the effect of the well-known
CSMA/CA [29/[30] medium access scheme.

Sequencer. The sequencer is the control center of the simulation: It prepares
the world in which the simulated nodes live, instantiates and parameterizes the
implementations of the models as designated by the configuration input and con-
trols the simulation. It consists of Simulation Tasks, the Simulation Controller
and the Event Scheduler.



Algorithms and Simulation Methods for Topology-Aware Sensor Networks 395

Simulation Tasks are pieces of code that are invoked from the configuration of
the simulation supplied by the user. They are not directly related to the sim-
ulated application, but they have access to the whole simulation environment
and are thus able to perform a wide range of tasks. Example uses are man-
aging simulations, gathering data from individual nodes or running centralized
algorithms.

Shawn exclusively uses tasks to expose its internal features to the user. A
variety of tasks is included in Shawn that supports the creation and parameteri-
zation of new simulation worlds, nodes, routing protocols, random variables, etc.
Even the actual simulation is triggered using a task.

The Simulation Controller acts as the central repository for all available model
implementations and runs the simulation by transforming the configuration in-
put into parameterized invocations of Simulation Tasks. In doing so, it mediates
between Shawn’s simulation kernel and the user. In line with most other com-
ponents of Shawn, the Simulation Controller can be customized by a developer
to realize an arbitrary control over the simulation. The default implementation
reads the configuration commands from a text file or the standard input stream,
while a second one allows the use of Java scripts to steer the simulation. While
providing the same functionality, it allows more complex constructs and evalua-
tions already in the configuration file.

Event Scheduler. Shawn uses a discrete event scheduler to model time. The
Event Scheduler is Shawn’s time-keeping instance. Objects that need the notion
of time can register with the Event Scheduler to be notified at an arbitrary
point in time. The simulation always skips to the next event time and notifies
the registered handlers. This process continues until all nodes signal either that
they have powered down or until the maximum configured time has elapsed.

This has some performance advantages compared with traditional approaches
that use fixed time intervals (such as a clock-tick every 1ms): First, handlers are
notified only at the precise time that they have requested avoiding unnecessary
calls to idle or waiting nodes that have no demand for processing.

Simulation Environment. The simulation environment is the home of the
virtual world in which the simulation objects reside. As shown in Figure [6 the
simulated Nodes reside in a single World instance. The Nodes themselves serve
as a container for so-called Processors. Developers using Shawn implement their
application logic as instances of these Processors. By decoupling the application
inside a Processor from the Node, multiple applications can easily be combined in
a single simulation run, without changing their implementations. For instance,
one processor could implement an application-specific protocol while another
processor gathers statistics data.

It is often the case that an algorithm requires input that is produced by mul-
tiple (potentially very complex) other algorithms. To avoid waiting for the same
results of these previous steps repeatedly in every simulation run, Shawn offers
the ability to attach type-safe information to Nodes, the World and the Simu-
lation Environment. Simulation Tasks provide the ability to load tags from and
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to save tags to XML documents. A benefit of this concept is that it allows de-
coupling state variables from member variables in the user’s simulation code. By
this means, parts of a potentially complicated protocol can be replaced without
code modification, because the internal state is stored in tags and not in member
variables of a special implementation.
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3.3 Evaluation

This section evaluates the performance and adaptability of Shawn by comparing
Shawn with Ns-2 and TOSSIM. Because the exchange of wireless messages is
the key ingredient in wireless sensor networks, a simulator’s ability to dispatch
messages to their recipients determines the speed of simulations. In the following,
measurements are presented that show the amount of memory and CPU time
required to simulate a simple application that broadcasts a message every 250ms
of simulated time.

The communication range of the sensor nodes is set to 50 length units and
each simulation runs for 60 simulated time units. The size of the simulated area is
500x500 length units. A number of simulations with increasing node count were
performed. Therefore, the network’s density increases steadily as more nodes
are added to the scenario. This application has been implemented for Ns-2,
TOSSIM and Shawn. All simulation tools were used as supplied by the source
repositories with maximal compiler optimization enabled. The simulations were
run on standard, state-of-the-art i686 PCs.

Figure [1 depicts the required CPU time in seconds and the maximally used
amount of RAM for the three simulation tools at different node counts. It should
be noted that this kind of comparison is biased in favor of Shawn, because the
two other simulators perform much more detailed computations to arrive at
the same results; it should be seen primarily as an indication how application
developers can benefit from using Shawn when these detailed results are not in
the focus of interest. (Note that these and the following figures use a logarithmic
scale on both axes. )

The first thing to notice is that Shawn outperforms both other simulation
tools by orders of magnitude. Ns-2 hits the one-day barrier where Shawn is still
finishing in less than one minute with a considerably smaller memory footprint.
As mentioned above, this is because Ns-2 performs a very detailed simulation
of lower layers such as the physical and the data-link layer, while Shawn simply
dispatches the messages using a simplified model. Nearly the same situation
applies to TOSSIM that simulates an underlying TinyOS-supported hardware
platform. This clearly shows that Shawn excels in its specialty: the simulation of
large-scale sensor networks with a focus on abstract, algorithmic considerations
and high-level protocol development.

3.4 Conclusions and Future Work

The above measurements show that Shawn’s central design goal (simulate the
effect caused by a phenomenon, and not the phenomenon itself) indeed leads
to a high scalability and performance when compared to traditional approaches
to simulation. Therefore, developers must carefully select the simulation tool,
depending on the application area. When detailed simulations of issues such as
radio propagation properties or low-layer issues should be considered, Shawn is
obviously not the perfect choice. This is where Ns-2 and TOSSIM offer the de-
sired granularity. However, when developing algorithms and high-level protocols
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for WSNs, this level of detail often limits the expressiveness of simulations and
blurs the view on the actual research problem. This is where Shawn provides the
required abstractions and performance.

Shawn is currently in active development and used by several universities
and companies to simulate wireless (sensor) networks. It was and continues
to be an invaluable tool for over 20 research publications and more than 30
bachelor and master theses. Shawn is also the enabling means behind the de-
velopment of algorithms and protocols for WSNs in the SWARMS [31], the
SwarmNet [32] and the EU-funded FRONTS [33] and WISEBED [34] projects.
It supports recent versions of Microsoft Windows and most Unix-like oper-
ating systems, such as Linux and Mac OS X. In addition, Shawn is easily
portable to other systems with a decent C+4+-compiler. It is licensed under
the liberal BSD Licensdl] and the full source code is available for download at
http://www.sourceforge.net/projects/shawn.
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